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ABSTRACT
The closed-form expressions of distributed RLC interconnects are
proposed for analysis of on-chip inductance effects in order to in-
sert optimally the repeaters. The transfer function of a circuit with
driver-interconnect-load structure is approximated by the 5th order
rational functions. The step responses computed by using the pro-
posed expressions give the good agreement with the SPICE simu-
lations.
Categories and Subject Descriptors: B.7 [Integrated Circuits]:
Design Aids
General Terms: Design, Theory.
Keywords: Inductance Effects, RLC Distributed Interconnects

1. INTRODUCTION
Increasing clock speed and low resistance metal on high perfor-

mance integrated circuits make on-chip inductance effects promi-
nent. Since the reactive component is comparable to resistive one
due to the lower resistance, the inductance gives rise to over and
undershoot on propagation signals, which results in fault switch-
ing and large power dissipation. The inductance with complex 3D
structures of integrated circuits is extracted as equivalent circuits
of electromagnetic fields[1]. The resulting equivalent circuits are
very large scale and the timing simulations for evaluating the induc-
tance effects waste huge CPU times. Hence, the model reduction
algorithms of the equivalent circuits have received much attentions
[6]-[11]. On the other hand, since global wires of the integrated
circuits are far from the substrate, they are modeled by RLC dis-
tributed interconnects driven by the load resistance and output par-
asitic capacitance and driving the load capacitance [4]. The global
wires are the most susceptible to large variations in the current re-
turn path. Therefore, suitable repeaters obtained as driven/driving
passive elements must be inserted in order to diminish the on-chip
inductance effects. In advance of the repeater size decision, the
transfer function of the interconnect with linear termination has to
be modeled accurately and efficiently. Some models [4], [5] have
been presented using Taylor expansion, although they are not nec-
essarily sufficient.

In this paper, the closed-form expressions of RLC distributed
interconnects are proposed, where the transfer function of the net-
works are approximated by the 5th order rational functions. These
expressions are based on the analytical functions for hyperbolic
sine and cosine functions and the approximate one for es which
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are composed of powers of complex variable s. Therefore, the pro-
posed expressions are compact and accurate, and these expressions
would be useful for repeater size decision of global wires. In nu-
merical examples, using the proposed closed-form expressions, the
step-responses of the RLC distributed interconnects are computed,
comparing with the SPICE simulations. It will be confirmed that
the proposed closed-form expressions give good approximation re-
sults.

2. PRELIMINARY
On-chip interconnects, especially global wires, are modeled by

an RLC distributed interconnect driven by a repeater of resistance
RS and output parasitic capacitance CP , and driving a repeater
with load capacitance CL as shown in Fig. 1 [4]. The optimum
repeaters size must be determined in order to ease the interconnect
effects such as delay and reflections. In advance of the decision, the
transfer function has to be modeled accurately and the compactness
is also required.

The chain matrix formulation of the circuit shown in Fig. 1 is
given by

�
Vi

Ii

�
=

�
1 RS

0 1

��
1 0

sCP 1

�
×

�
cosh γd Z0 sinh γd
1

Z0
sinh γd cosh γd

��
1 0

sCL 1

��
Vo

Io

�
(1)

where Z0 =
�

(r + sl)/(sc), γ =
�

(r + sl)(sc), d is the length
of the transmission line, and r, l, and c are resistance, inductance,
capacitance per unit length of the line, respectively. The transfer
function of the circuit is written by

Vi

Vo
=

N(s)

D(s)
(2)

= {(1 + sRSCP )(cosh γd + sCLZ0 sinh γd)

+RS((1/Z0) sinh γd + sCL cosh γd)}−1 . (3)

Recently, the compact models of the transfer function (3) have
been proposed, based on the Taylor expansion of hyperbolic func-
tions [4], [5]. Taylor expansion of circuit components is known as
moment generation in the AWE methods [6] that are model reduc-
tion algorithms of large scale linear lumped circuits and distributed
networks. Compact model is not obtained by only the moment gen-
eration, the moment matching technique is imperative. This means
the previous works [4], [5] do not necessarily obtain an accurate
model. The AWE method and other model reduction methods are
classified into the method of numerical analysis. Therefore, we can
not obtain the closed-form expression of the transfer function, us-
ing these model reduction algorithms.

In this paper, we propose the closed-form expressions of the
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Figure 1: An RLC distributed interconnects driven by some
passive elements

Table 1: Coefficients of denominator polynomials of transfer
functions obtained from infinite product expansions.

degree coefficient
0 1

1 1
2 RT CT + RSCP + RT CL + RSCT + CLRS

2 1
2 LT CT + 1

2 RSCP CT RT + CLRT RSCP + CLLT

+ 1
6 CLR2

T CT + 1
6 RSC2

T RT + 1
2 CLRSRT CT

1
2 RSCP CT LT + CLLT RSCP + 1

6 CLRT LT CT

3 + 1
6 CLR2

T RSCP CT + 1
6 CLLT RT CT + 1

6 RSC2
T LT

+ 1
2 CLRSLT CT

4 1
6 CLRT RSCP LT CT + 1

6 CLL2
T CT + 1

6 CLLT RSCP RT CT

5 1
6 CLL2

T RSCP CT

transfer function using the following scalar functions [14], [15].

sinh z = z
∞�

n=1

�
1 +

z2

n2π2

�
(4)

cosh z =
∞�

n=1

�
1 +

z2

{(2n − 1)π/2}2

�
(5)

cosh z

sinh z
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1

z
+ 2z
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n=1

1

z2 + (nπ)2
(6)

1

sinh z
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z
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(−1)n
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ez =

	M
j=0

(M+N−j)!M !
(M+N)!j!(M−j)!

zj	N
j=0

(M+N−j)!N !
(M+N)!j!(N−j)!

(−z)j
(8)

The first two formulae (4) and (5) are infinite product expansions
of hyperbolic functions, the second two formulae (6) and (7) are
partial fraction expansions, and (8) is Páde approximation.

The three compact models of the transfer function (3) are pro-
vided with good accuracy in Sect. IV.

3. FORMULATION OF GENERAL LOSSY
TRANSMISSION LINES

Before providing the closed-form expressions of RLC distributed
interconnects, the formulations of general lossy transmission lines
are obtained without loss of generality, where the transmission lines

Table 2: Coefficients of denominator polynomials of transfer
functions obtained from partial fraction expansions.

degree coefficient
0 π2

1 RT CLπ2 + 3RT CT + RSCP π2 + 8RSCT + CLRSπ2

2 3LT CT + R2
T CT CL + LT CLπ2 + RSCP RT CLπ2

+3RSCP RT CT + 3RT CT CLRS

3 2RT LT CT CL + 3RSCP LT CT + RSCP R2
T CT CL

+RSCP LT CLπ2 + 3LT CT CLRS

4 2RSCP RT LT CT CL + L2
T CT CL

5 RSCP L2
T CT CL

are assumed to be frequency dependent and arbitrary number of
conductors. Since we focus on global wires on VLSI circuits in
this paper, single conductor transmission line is enough to be con-
sidered. However, the formulations being presented here would be
very useful for crosstalk modeling considering the coupling induc-
tance effects [3].

3.1 Infinite Product Expansion
The Telegrapher’s equations of n-conductor lossy transmission

lines are described by

d� (x)

dx
= −�s�(x),

d�(x)

dx
= −� p� (x) (9)

where

�s = �(s) + s�(s), � p = �(s) + s�(s).

In (9), � (x) and �(x) are voltage and current vectors at x, and
�(s), �(s), �(s), and �(s) are respectively resistance, induc-
tance, capacitance, and conductance matrices per unit length which
are assumed to be frequency dependent and symmetric matrices.

The multiport networks of the transmission lines are described
in admittance, impedance, and chain matrices [12], associated with
the eigenvalue problem:


�s� p − γ2
i �
�
�i = 0, (i = 1, . . . , m). (10)

Assuming the transform matrix and diagonal one with the eigen-
values as

	 = (�1, . . . ,�m) (11)

Γ2 = diag


γ2
1 , . . . , γ2

m

�
, (12)

we write the multiport networks using the chain matrix as�
� (0)

�(0)

�
= 
 (s)

�
� (d)

�(d)

�
(13)

where


 (s) =

�
	�1	

−1 	�2	
−1�s

�−1
s 	�3	

−1 �−1
s 	�1	

−1�s

�
(14)

�1 = diag (cosh γ1d, . . . , cosh γmd)

�2 = diag

�
sinh γ1d

γ1
, . . . ,

sinh γmd

γm

�
�3 = diag (γ1 sinh γ1d, . . . , γm sinh γmd) , (15)

and d is the length of transmission lines.
The closed-form expression of the chain matrix 
 (s) in a ra-

tional matrix form of s is obtained by using the infinite product ex-
pansions (4) and (5). Let us consider first the submatrix	�1	

−1.
Using (5), we write it as

	�1	
−1 = 	 diag

� ∞�
n=1

�
1 +

{γ1l}2

{(2n − 1)π/2}2

�
,

· · · ,

∞�
n=1

�
1 +

{γml}2

{(2n − 1)π/2}2

��
	

−1

= 	�1�2 · · ·�∞	−1 (16)

where

�i = diag

�
1 +

{γ1d}2

{(2n − 1)π/2}2
, · · · , 1 +

{γmd}2

{(2n − 1)π/2}2

�
.

Since 	Γ2	−1 = �s� p, (16) is rewritten by

	�1	
−1 = 	�1	

−1
	�2	

−1 · · ·	�∞	
−1

=

�
� +

d2

{π/2}2
�s� p

�

×
�
� +

d2

{3π/2}2
�s� p

�
· · · �. (17)
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Similarly, using (4) and (5), other submatrices in (13) are expressed
by

	�2	
−1
�s = d

�
� +

d2

π2
�s� p

�

×
�
� +

d2

{2π}2
�s� p

�
· · · ��s. (18)

�
−1
s 	�3	

−1 = d� p

�
� +

d2

π2
�s� p

�

×
�
� +

d2

{2π}2
�s� p

�
· · · �. (19)

�
−1
s 	�1	

−1
�s = �

−1
s

�
� +

d2

{π/2}2
�s� p

�

×
�
� +

d2

{3π/2}2
�s� p

�
· · ·�s. (20)

All submatrices of (13) are represented by matrix polynomials.
Therefore, the chain matrix (13) is written by a rational matrix of s,
if the series impedance�s and the parallel admittance� p matrices
per unit length are described by rational matrices of s.

3.2 Partial Fraction Expansion
The closed-form expression of the admittance matrix � (s) has

been obtained in [13]. However, it is not shown that the derivation
is based on the partial faction expansions of (6) and (7). So, the
derivation is again given based on their expansions.

The admittance matrix of the transmission lines is written by

� (s) =

�
�−1

s 	�4	
−1 −�−1

s 	�5	
−1

−�−1
s 	�5	

−1 �−1
s 	�4	

−1

�

(21)

where

�4 = diag

�
γ1

cosh γ1l

sinh γ1l
, . . . , γm

cosh γml

sinh γml

�
(22)

�5 = diag

�
γ1

1

sinh γ1l
, . . . , γm

1

sinh γml

�
(23)

From (7), the submatrix �−1
s 	�4	

−1 is expressed by

�
−1
s 	�4	

−1 =
1

d
�

−1
s +

2

d

∞�
n=1

�
�

−1
s +


nπ

d

�
�

−1
p

�−1

(24)

Representing the submatrix −�−1
s 	�5	

−1 in the similar form
of (24), we describe the admittance matrix � (s) as

� (s) =
1

d
�

−1
s

�
� −�
−� �

�
+

2

d

∞�
n=1

{�s

+

nπ

d

�2

�
−1
p

�−1
�

� �(−1)n+1

�(−1)n+1 �

�
.

(25)

3.3 Páde Approximation
The third expression is one proposed in [16]. The reciprocal

expression of (13) is expressed by�
� (d)

�(d)

�
= e�

�
� (0)

�(0)

�
(26)

where

� =

�
0 −�s

−� p 0

�
, (27)

and e� is the matrix exponential.
Using Páde approximation (8) for M = N , we can write (26)

into �
� (d)

�(d)

�
= 


−1
�

�
� (0)

�(0)

�
(28)

where

� =
N�

j=0

(2N−j)!N !
(2N)!j!(N−j)!

�
j , 
 =

N�
j=0

(2N−j)!N !
(2N)!j!(N−j)!

(−�)j (29)

The input-output relations are expressed by the two matrix polyno-
mials � and 
 in (28). As same with the previous two expres-
sions, the matrix 
−1� is a rational matrix of s, if �s and � p

are rational matrices.

4. TRANSFER FUNCTION

4.1 Infinite Product Expansion
From (13) and (16)-(20), the element of the ABCD matrix of

single-conductor transmission line is rewritten in the infinite series
as

cosh γd = 1 +
4d2

π2

� ∞�
n=1

1

(2n − 1)2

�
ZsYp + · · · (30)

Z0 sinh γd =

�
1 +

d2

π2

� ∞�
n=1

1

n2

�
ZsYp + · · ·

�
Zsd (31)

1

Z0
sinh γd = dYp

�
1 +

d2

π2

� ∞�
n=1

1

n2

�
ZsYp + · · ·

�
. (32)

where Zs and Yp are series impedance and parallel admittance per
unit length.

To obtain the low order approximation of the transfer function
(3), the infinite series of ZsYp is truncated until the second term.
Using the relation

∞�
n=1

1

(2n − 1)2
=

1

8
,

∞�
n=1

1

n2
=

1

6
(33)

we approximate the transfer function with [0/5] degree rational
function. The coefficients of denominator polynomial are listed in
Tab. 1 and the numerator polynomial is given by N(s) = 1, where
dZs = RT + sLT and dYp = sCT are total series impedance
and parallel admittance of the transmission line. RT , LT , and CT

imply resistance, inductance, and capacitance.

4.2 Partial Fraction Expansion
The closed-form expression (25) using the partial fraction ex-

pansions of (6) and (7) are truncated until the third term (n = 2).
The expression is converted into the chain matrix in order to ob-
tain the transfer function (3). As a result, we can obtain [2/5]
degree rational function. The coefficients of denominator polyno-
mial are listed in Tab. 2 and the numerator polynomial is given by
N(s) = −LT CT s2 − RT CT s + π2.

4.3 Páde Approximation
Putting the coefficients of (8) into qi =

	N
j=0

(2N−j)!N !
(2N)!j!(N−j)!

,
the transfer function of the distributed RLC interconnect is approx-
imated using (28). We can obtain [4/5] degree rational function.
The coefficients of denominator polynomial are listed in Tab. 3 and
the numerator polynomial is given by N(s) = (q2CT LT )2s4 +
2qt

2C
2
T RT LT s3+

�
(q2CT RT )2 + 2q0q2CT LT − q2

1CT LT

�
s2+

(2q0q2CT RT − q2
1CT RT )s + q2

0 .
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Table 3: Coefficients of denominator polynomials of transfer
functions obtained from Páde approximation.

degree coefficient
0 q2

0
1 2q0q2CT RT + q2

1CT RT + 2q0q1CLRT + q2
0RSCP

+q2
0RSCL + 2q0q1RSCT

(q2CT RT )2 + 2q0q2CT LT + q2
1CT LT + 2q0q1CLCT

2 +2q1q2CLCT R2
T + 2q0q2CT RT RSCP + q2

1RSCP CT RT

+2q0q1RSCP CLRT + 2q0q2RSCLCT RT

+q2
1RSCLCT RT + 2q1q2RSC2

T RT

+2q2
2C2

T RT LT + 4q1q2CLCT RT LT + (q2CT RT )2RSCP

3 +2q0q2RSCP CT LT + q2
1RSCP CT LT + 2q0q1RSCP CLLT

+2q1q2RSCP CLCT R2
T + (q2CT RT )2RSCL

+2q0q2RSCLCT LT + q2
1RSCLCT LT + 2q1q2RSC2

T LT

4 (q2CT LT )2 + 2q1q2CLCT L2
T + 2q22RSCP C2

T RT LT

+4q1q2RSCP CLCT RT LT + 2q22RSCLC2
T RT LT

5 RSCP (q2CT LT )2 + 2q1q2RSCP CLCT L2
T

+RSCL(q2CT LT )2
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Figure 2: Step responses of the circuit shown in Fig. 1, where
RS = 457 [Ω], CP = 750 [fF], and CL = 750 [fF]. Results are
obtained from the closed-form expressions based on (a)infinite
product expansion (b)partial fraction expansion (c)Páde ap-
proximation.

5. RESULTS AND DISCUSSION
The closed-form expressions of the transfer function obtained in

the previous section are estimated by a sample which is the 180-
nm technology node (ITRS 1999 [17]) with R = 36281 [Ω/m],
C = 269 [pF/m], L = 4 [µ/m], and 3.3 [mm]. We computed the
step responses of the circuit shown in Fig. 1. The step responses in
the frequency-domain are described by

1

s
+

5�
n=1

kn

s − pn
(34)

where the pole pn is calculated by foot finding algorithm and the
residue kn is obtained by

kn =
N(s)

d/ds(sD(s))

����
s=pn

. (35)

0 1 2

0

1

SPICE
CLOSED(1)

[nsec]

[v
ol

ts
]

0 1 2

0

1

SPICE
CLOSED(2)

[nsec]

[v
ol

ts
]

0 1 2

0

1

SPICE
CLOSED(3)

[nsec]

[v
ol

ts
]

(a) (b) (c)

Figure 3: Step responses of the circuit shown in Fig. 1, where
RS = 0 [Ω], CP = 0 [fF], and CL = 750 [fF]. Results are
obtained from the closed-form expressions based on (a)infinite
product expansion (b)partial fraction expansion (c)Páde ap-
proximation.

Figures 2 and 3 show the step responses of far-end of the trans-
mission line obtained by using the closed-form expressions in the
previous section. For comparisons, the same circuits were analyzed
by Berkley SPICE3, where the transmission line was discretized by
100 T-sections. All expressions capture the profiles of the step re-
sponses as shown in Fig. 2 and 3. Especially, the result obtained
from the expression based on infinite product expansion seems to
be better than other expressions, and the expression based on partial
fraction expansion is somewhat inaccurate in estimating the delay
time.

6. CONCLUSIONS
The closed-form expressions of RLC distributed interconnects

have been presented for analysis of the on-chip inductance effects.
The step responses computed by using the closed-form expressions
give the good agreement with the SPICE simulations. Since these
derivations are based on modeling of general lossy coupled trans-
mission lines, the closed-form expressions would be easily extended
to crosstalk modeling to evaluate the on-chip inductance/capacitance
coupling effects.
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