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ABSTRACT
The ability to control the variations in IC fabrication process is
rapidly diminishing as feature sizes continue towards the sub-100 nm
regime. As a result, there is an increasing uncertainty in the perfor-
mance of CMOS circuits. Accounting for the worst case values of
all parameters will result in an unacceptably lowtiming yield. De-
sign for Variability, which involves designing to achieve a given
level of confidence in the performance of ICs, is fast becoming
an indispensable part of IC design methodology. This paper1 de-
scribes a method to identify certain paths in the circuit that are
responsible for the spread of timing performance. The method is
based on defining adisutility function of the gate and path delays,
which includes both the means and variances of the delay random
variables. Based on the moments of this disutility function, an al-
gorithm is presented which selects a subset of paths (calledundom-
inatedpaths) as being most responsible for the variation in timing
performance. Next, a statistical gate sizing algorithm is presented,
which is aimed at minimizing the delay variability of the nodes in
the selected paths subject to constraints on the critical path delay
and the area penalty. Monte-Carlo simulations with ISCAS ’85
benchmark circuits show that our statistical optimization approach
results in significant improvements in timing yield over traditional
deterministic sizing methods.

Categories and Subject Descriptors:B.8.2 Performance Analy-
sis and Design Aids.

General Terms: Algorithms, Performance, Design.

Keywords: Timing Analysis, Timing Yield, Gate Sizing.

1. INTRODUCTION
The performance of CMOS ICs is becoming increasingly unpre-

dictable due to a significant increase in the variability of the process
parameters [3]. The sources of uncertainty that cause deviations
from nominal performance values are the variations in the fabrica-
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tion process. These disturbances can cause a large spread in the
various performance measures such as speed, power, etc. The para-
metric yield is the number of fabricated chips whose performance
indices lie within a specified acceptable range. Assuming worst-
case values of all the key device parameters can often result in an
unacceptably low parametric yield.

There is a need to modify the existing worst-case design method-
ology to account for process variations [19]. However, this re-
quires incorporation of statistical techniques to predict the para-
metric yield [9], as well as methods to optimize the design so that
its performance falls within the acceptable region with a specified
probability. When the performance metric is circuit delay, the frac-
tion of chips whose delay is at or below a specified value is referred
to as thetiming yield. Some of the more recent works on tim-
ing yield estimation appear in [8, 9, 19]. The approach described
in [8] assumes that path delays are Gaussian random variables. The
means and variances of the delays of critical paths are computed
as functions of the variations of the node parameters on each path.
This is used to obtain a conservative estimate of the timing yield of
the critical paths of the circuit. In [9], timing yield is estimated by
numerically integrating the jointpdfof the process parameters over
the feasible region.

Probabilistic delay analysis on directed graphs has a long his-
tory [6]. Much of the earlier work was done in the context of project
completion times in PERT networks, where completion times of in-
dividual jobs are modeled as random variables. One of the earliest
works on computing the probability distribution function of the cir-
cuit delay appears in [13]. This is an extremely difficult problem
as it involves the maxima of a large number of dependent random
variables. The solution presented in [13] is a method to compute
a bound on the upper tail probability of circuit delay. The method
requires solving an optimization problem that is not practical even
for moderate size circuits.

The recent works [1, 2, 4, 10, 11] involve computation of circuit
delay probabilities. In [10], the authors use symbolic simulation
by representing the potentially longest paths as symbolic delay ex-
pressions. Simulation based approaches are presented in [4, 11]. In
[4], the probability distribution of longest path delay is obtained by
performing timing simulation on the k-most dominant deterministic
critical paths. In [11], a new delay model and sensitization criterion
are proposed, and the probability distribution of circuit delay is ob-
tained by performing Monte Carlo simulations on the sensitizable
longest paths. More recently, in [1], an efficient method for propa-
gation of bounds on the circuit delaypdf is presented. Another ap-
proach to do the same using Bayesian networks is described in [2].

In this paper, we present a different approach to identify certain
paths (calledundominatedpaths) that are responsible for the spread
of timing performance. The method is based on defining adisutil-

448

28.2



ity function of gate and path delays, which includes both means
and variances of the delay random variables. Using the disutil-
ity function, an algorithm is presented to identify the undominated
paths which are most responsible for the variation in timing perfor-
mance. Next, a statistical gate sizing algorithm is presented, which
is aimed at minimizing simultaneously, the means and variances of
the delays of nodes in the selected paths subject to constraints on
delay and area penalty.

The rest of the paper is organized as follows. Notation and ter-
minology used in the paper appears in Section 2. An explanation
of utility functions is given in Section 3. The method to identify
theundominatedpaths is described in Section 4. In Section 5, the
formulation of the statistical gate sizing problem and the method
of solution is presented. Experimental results are presented in Sec-
tion 6. Concluding remarks are in Section 7.

2. NOTATION & TERMINOLOGY
A circuit is modeled as a PERT network which is a directed

acyclic graphG(N ,A), whereN is the set of nodes representing
the gates of the circuit, andA is the set of arcs representing the
interconnection between the gates. The start node is denoted bys
and the sink node is denoted byt. The weight on each nodei is its
delay, which is denoted bydi ∼ N(ηi, σ

2
i ). A pathp is an ordered

set of adjacent arcs in the network, and|p| denotes the cardinality
of this set. The delay of a pathp is denoted asDp.

P: The set of all paths from nodes to nodet.
Pij : The set of all paths from nodei to nodej. Pi∗ denote the set

of all paths starting ati, andP∗i denote the set of all paths
terminating ati.

Cij : Covariance between delays of nodesdi, dj .
τi: Intrinsic delay of nodei.
si: Sizing factor of the gate represented by nodei, given by the

ratio of aspect-ratio of the transistors in the gate to the aspect-
ratio of unit sized transistor.

li, ui: Lower and upper bounds of the size of nodei.
E(·): Expected value.
Up: Disutility function of delay of pathp. Also, Ui denotes disu-

tility of delay of nodei .
p + q: Concatenation of pathsp andq.
faninsi: Set of all nodesj such thataji ∈ A.
fanoutsi: Set of all nodesj such thataij ∈ A.
FI(i): Set of all nodes in the fanin cone of nodei.
FO(i): Set of all nodes in the fanout cone of nodei.
Pi

U : Set of all undominated paths terminating ati.
γij : minpij∈Pij | pij |.

3. MOTIVATION FOR UTILITY THEORY
The limitation associated with statistical timing analysis is the

complexity involved in computing the exact distribution of longest
path delay. Also, in order to find the critical nodes in the cir-
cuit that are responsible for yield loss, thestochastically longest
paths have to be identified. This requires ordering of random vari-
ables. The strongest ordering isstochastic ordering[18], which
is based on the comparison of the probability distribution func-
tions (pdf’s). For example, ifX andY are two random variables,
thenX is stochastically greater thanY , denoted byX ≥st Y , if
P{X > u} ≥ P{Y > u}, ∀u ∈ (−∞,∞). Figure (1a) depicts
stochastic ordering, whereX ≥st Y . For even simple graphs, it
is practically impossible to order paths using this ordering due to

dependencies among the paths. There are many other (weaker) or-
derings of random variables, such asconvex ordering, hazard-rate
ordering, andlikelihood ratio ordering[18]. Figure (1b) describes
convex ordering. If X andY are two random variables, thenX
is convexly larger thanY if

R∞
u

P{X > u} ≥
R∞

u
P{Y > u},

∀u ∈ (−∞,∞). However, for any practical circuit graph, none of
these can be efficiently established. It appears that it is not practical
to use any of the ordering schemes of random variables to compare
the random delays of the paths of a circuit. For this reason we in-
vestigated simpler techniques to analyze the spread/narrowness of
circuit performance.
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Figure 1: Stochastic and Convex Ordering.

Consider thepdfsshown in Figure (2). Intuitively,f2(X) is nar-
rower or more concentrated at the mean as compared tof1(X).
To formalize this notion and provide a framework that will allow
us to compare designs based on variability or yield loss, we de-
fine a suitable function of the underlying random variables and use
their moments to compare the random variables. These functions
are calledutility functions. The fundamental drawback is of course
the difficulty in making precise probabilistic comparisons of the
random variables. The intuitive justification for our approach is a
set of axioms that imply the existence of utilities with the property
that the expected utility is an appropriate measure for consistent
decision-making [16]. One of the basic axioms is stated below.

AXIOM 1. If an appropriate utility is assigned to each possi-
ble consequence and the expected utility of each alternative is cal-
culated, then the best course of action is the alternative with the
highest expected utility.

With respect to the problem of choosing the path that causes high
yield-loss, the choices for a utility function are continuous random
variables (delay of the path), each characterized by a specific proba-
bility density function. Because yield-loss is an undesirable quality,
we use the termdisutility associated with each path.

DEFINITION 1. The Disutilityof a path is a functionUp of the
delay along the pathp. If each path is assigned the expected value
of its disutilty function (E(Up)), then the path that corresponds
to maximum expected disutility is responsible for maximum timing
yield loss.

F1(X)

F2(X)
f2(X)

f1(X)

f1(X)

F2(X)

F1(X)

f2(X)

(a)

(b)

Figure 2: Comparison of spread/narrowness of random vari-
ables.
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Two important properties of utility functions are monotonicity
and risk.
Monotonicity:The disutility for the delay of a path should increase
with delay. Therefore, we are interested in a monotonically increas-
ing disutility function. That is,[d1 > d2]⇔ [U1 > U2].
Risk:The shape and the functional form of a utility function reveals
a great deal about how muchrisk (uncertainty) is tolerated. A de-
cision maker may be classified as beingRisk Averse, Risk Prone,
or Risk Neutral. A circuit designer trying to identify the paths that
are responsible for yield-loss is bound to choose the paths that re-
sult in maximum uncertainty. Therefore, the decision maker in this
scenario would berisk prone[16].

THEOREM 1. For increasing utility functions, a decision maker
is risk prone if and only if his utility function is convex [16].

Based on the above axioms, we choose a quadratic function to
assess the disutility of delay as the expected value of this function
will involve both mean and variance of path delay. Higher order
convex functions can be used as well, with a possible significant
increase in computational cost.

DEFINITION 2. Given a pathp, with delayDp, its disutilityUp

is given by,Up = D2
p + Dp.

4. IDENTIFYING UNDOMINATED PATHS
Identifying the probabilistic shortest paths in PERT networks us-

ing concave quadratic utility functions was first discussed in [12].
Node delays are assumed to be uncorrelated. This problem is anal-
ogous to that of identifying the stochastic longest paths in a PERT
network representing the circuit using a convex quadratic disutility,
under the assumption that the gate delays are uncorrelated.

However, the assumption of independent gate delays is unten-
able. The delay of a gate depends on the capacitive load pro-
vided by the gates it drives. Also process variations lead to spa-
tial/structural correlations. So we derive the expressions for ex-
pected disutility of path delay, given an arbitraryN×N covariance
matrix describing the correlation between node delays.

Let d1,p, d2,p, . . . , dn,p be the random variables that denote de-
lay of the nodes on pathp. Let ηi,p = E(di,p). The delay of a
pathp is the sum of delays of the nodes that appears in the path, i.e.
Dp =

P
i di,p. The expected value ofDp is E(Dp) =

P
i ηi,p.

DEFINITION 3. For two pathsp andq, p is said to dominateq
if E(Up) > E(Uq).

DEFINITION 4. A subset of pathsPU ⊆ P is called the set of
undominated paths, if for every pathp ∈ PU E(Up) > E(Uq)
∀q 6∈ PU .

The expected disutility of a pathp is given by:

E(Up) = E(D2
p) + E(Dp). (1)

The second moment of the delay of pathp is given by

E(D2
p) =

 X
i∈p

ηi

!2

+
X
i∈p

σ2
i + 2

X
i,j∈p

Cij . (2)

Therefore, the expected disutility of a path can be expressed as
a function of means, standard deviations and covariances of the
delays of nodes that appear in the path.

E(Up) =

 X
iεp

ηi

!2

+
X
iεp

σ2
i + 2

X
i,j∈p

Cij +
X
iεp

ηi. (3)

In the deterministic longest path problem, at each intermediate
nodei, the delays along the paths inPsi are compared, and the
critical paths responsible for maximum delay are propagated for-
ward to the nodesn ∈ fanoutsi.

This procedure does not work in the statistical scenario. At any
intermediate node, if a path is dominated by another path, it is not
guaranteed that this dominance relation between the two remains
valid until the nodet is reached. For this reason, the notions of
temporary preferenceandpermanent preferenceare used [12].

DEFINITION 5. If p1, p2 ∈ Psi, thenp1 is said to be temporarily
preferredoverp2 if E(Up1) > E(Up2).

DEFINITION 6. If p1, p2 ∈ Psi, thenp1 is said to be permanently
preferredoverp2 if E(Up1+p) > E(Up2+p), ∀p ∈ Pit

LEMMA 1. Given two pathsp1, p2 ∈ Psi in a PERT network,
where the nodes are correlated,p1 is permanently preferred over
p2, if

E(Up1)− E(Up2) + 2E(Dp)(E(Dp1)− E(Dp2))

+2(
X

i∈p1,j∈p

Ci,j −
X

i∈p2,j∈p

Ci,j) > 0 ∀p ∈ Pit. (4)

Proof: From Definition (6), the conditions for permanent prefer-
ence can be derived as follows:

E
`
(Dp1 + Dp)2

´
+ E (Dp1 + Dp)

> E
`
(Dp2 + Dp)2

´
+ E (Dp2 + Dp) ∀p ∈ Pit. (5)

This gives,

`
E(D2

p1) + E(D2
p) + 2E(Dp1Dp)

´
+ (E(Dp1) + E(Dp))

>
`
E(D2

p2) + E(D2
p) + 2E(Dp2Dp)

´
+ (E(Dp2) + E(Dp)) . (6)

In Equation (6), the expectations of products are given by

E(Dp1Dp) =
X

i∈p1,j∈p

Ci,j + E(Dp1)E(Dp), (7)

E(Dp2Dp) can be expressed in a similar manner. The condition
for permanent preference given by Equation (4) follows from the
above. �

The brute force approach to establish permanent preference re-
quires enumeration of all the pathsp ∈ Pit. This is not necessary
if we prune the space by studying the circuit correlation structure.
Various attributes of nodes are generally correlated. This correla-
tion might be due to logical dependencies, or caused by the fabri-
cation process. For example, the nominal delay of two otherwise
independent gates might be correlated if they are placed close to
each other. For this reason we identify a set of nodes that might
be correlated with a given node. This is done so that propagation
of path information to determine permanent preference need not
proceed beyond the set of correlated nodes.

DEFINITION 7. The correlation front of nodei, denoted byFi(α)
is the set of nodes in the fanout cone ofi that are farthest fromi
and have a covariance with any node in the fanin cone ofi greater
thanα.
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The front identifies the set of nodes in any path that emanates out
of nodei and is strongly correlated to atleast one node in the paths
that terminate at nodei.

LEMMA 2. Given two pathsp1, p2 ∈ Psi in a PERT network,
where the nodes are correlated,p1 is permanently preferred over
p2, if

E(Up1+pil) > E(Up2+pil), and

E(Dp2+pil)− E(Dp1+pil) <
E(Up1+pil)− E(Up2+pil)

2(maxp∈Plt E(Dp))

∀pil, l ∈ Fi(α). (8)

Proof: Any pathp ∈ Pit will contain at least one nodel ∈ Fi(α).
Each pathp ∈ Pit is partitioned into two sections,pil andplt,
such that the nodel ∈ p andl ∈ Fi(α), then pathsp1 andplt are
uncorrelated, and so are pathsp2 andplt. To establish preference,
it is to be shown that,E(Up1+pil+plt) > E(Up2+pil+plt). This
can also be expressed as,

E(Up1+pil)− E(Up2+pil) + 2E(Dplt)

(E(Dp1+pil)− E(Dp2+pil)) > 0. (9)

Equation (8) follows from the above. �
The algorithm begins at nodes, and at each intermediate nodei,

computesPsi andFi(α). Each pair of paths inPsi are compared
to each other and if the conditions of Equation (8) are satisfied for
eachp ∈ Pil, ∀l ∈ Fi(α), then permanent preference is estab-
lished. The set of undominated paths are propagated forward to
fanoutsi.

Algorithm (1) is the pseudo code for this procedure. A dynamic
programming approach can be used for propagating the set of un-
dominated paths from the start node to the sink node. Starting
at nodes, at each intermediate nodei, we compare all the paths
p ∈ Psi for permanent preference. Any dominated path is dropped
from further consideration. Paths constitutingPi

U are propagated
forward to the allj ∈ fanoutsi. At the nodet, we are left with
the set ofundominatedpaths in the circuit. In the worst-case, the
algorithm is exponential in complexity (if all the paths are retained
as undominated). However, the ISCAS benchmark circuits were
solved very efficiently. (See Table(1)).

5. STATISTICAL GATE SIZING TO
IMPROVE TIMING YIELD

Gate sizing involves optimal assignment of drive strength to in-
dividual gates of a circuit for a given objective function and con-
straints. The deterministic gate sizing problem is generally formu-
lated tominimize delaysubject toarea constraints[7, 17]. The
statistical gate sizing algorithm is aimed at minimizing the tim-
ing yield loss subject to constraints on the mean delay of each
path in the circuit, and the total area consumed. Typically, de-
terministic gate sizing speeds up the nodes on the timing-critical
paths in order to meet the timing constraints. In our algorithm, we
minimize the disutilityof the nodes that appear in the undominated
paths that are responsible for timing yield loss of the circuit. To
minimize the area overhead and to assign the hardware resources
judiciously, a criticality index is assigned to each node, based on
the frequency of its occurrence in the set of undominated paths.
The criticality indexof nodei, CIi, is the number of undominated
paths that contain nodei.

In the statistical gate delay model, the delay of a node is assumed
to be a Gaussian random variabledi ∼ N(ηi, σ

2
i ). The mean delay

Algorithm 1: Undominated Paths
UNDOMINATEDPATHS(G(N, A))
(1) LIST← LIST∪{s};
(2) while LIST!=NULL
(3) i = Extract a node fromLIST;
(4) Paths(i) = ∅;
(5) foreach (nodej ∈ faninsi)
(6) foreach (pathq ∈ Pj

U )
(7) p← q;

(8) Appendi to p;

(9) Compute E(Up);

(10) Paths(i)← Paths(i) ∪ p;
(11) ComputeFi(α);
(12) foreach (p ∈ Paths(i))
(13) foreach (q ∈ Paths(i), q 6= p)
(14) if (p >P q)
(15) ∀pil, l ∈ Fi(α);
(16) Pi

U ← Pi
U ∪ p;

(17) foreach j ∈ fanoutsi

(18) LIST← LIST∪j;
(19) end;

ηi of nodei is taken to be equal to its nominal delay. The expression
for the nominal delay of a nodei as a function of its size is given by
Equation (10), in whichτi is the intrinsic delay of the gatei, si is
the sizing factor of nodei, {sj : j ∈ fanoutsi} are the sizing fac-
tors of nodes in the fanout of nodei, and constantsc andcj ’s relates
the propagation delay to sizes of transistors in the gates. There-
fore from Equation (10),ηi = fηi(τi, si, {sj : j ∈ fanoutsi}).
This is to emphasize the fact thatηi is a function ofτi, si, and
{sj : j ∈ fanoutsi}.

ηi = τi + c

P
j∈fanouts(i) cjsj

si
. (10)

Parametric variations are also functions of designable circuit pa-
rameters such as width and length of the transistors. A widely ac-
cepted model, known asPelgrom’s model[14, 15], relates para-
metric variations to circuit parameters. Generally, the standard
deviation of a device parameter varies inversely with the size of

the gate. Perlgrom’s model states thatσ2
VT H

=
AVT H

s
, σ2

TOX
=

ATOX
s

, σ2
W = AW

s
, σ2

L = AL
s

, where constantsAVT H , ATOX ,
AW andAL are empirically determined and are specific to the fab-
rication process. Since internal and load capacitances are functions
of the model parameters, the standard deviation of delay can be ex-
pressed as a function of the sizing factors of the driving gate and
the gates being driven by the gate.

We can estimate the standard deviation of the Gaussian random
variable corresponding to the gate delay [8] as

σ2
i =

„
∂di

∂Li

«2

σ2
Li

+

„
∂di

∂VTHi

«2

σ2
VT Hi

+ · · ·

X
j∈fanouts(i)

„
∂di

∂Lj

«2

σ2
Lj

+ · · · (11)

The partial differential coefficients in Equation (11) are the sensi-
tivities of delay to the variations in the model parameters. There-
fore, from Pelgrom’s model and (11),σ2

i = fσi(si, {sj : j ∈
fanoutsi}), showing the fact thatσ2

i is a function ofsi and{sj :
j ∈ fanoutsi}.

451



The statistical sizing problem can now be expressed as a non-
linear program given by Equation (12). The objective function is
the sum of the expected disutilities of the nodes, each scaled by their
criticality index. The criticality index for each node is computed
from the set of undominated paths identified from the algorithm
in Section (4). The mean delay of every path is constrained to a
required timeTreq. The expected utility, mean and variance of the
delay of a node are expressed as non-linear functions of the sizes of
the nodes. In the deterministic sizing algorithm, the objective is to
minimize the critical delay of the circuit. But in the statistical case,
the mean critical path delay and area penalty is constrained within
imposed limits. The mean critical path delay is constrained by the
optimal delay obtained by deterministic sizing, denoted byTreq. If
the area used up in the deterministic solution is denoted byA, then
the area penalty in statistical sizing is constrained to∆A, given by
the last constraint in Equation (12) which limits the total area used
to A + ∆A. The sizing factors of the nodes are constrained to be
between1 and4 (li, ui).

Minimize
X
i∈N

CIiE(Ui)

Subject To max
p∈P

E(Dp) ≤ Treq

E(Ui) = (η2
i + σ2

i ) + ηi ∀i ∈ N

ηi = fηi(τi, si, {sj : j ∈ fanoutsi})
σi = fσi(si, {sj : j ∈ fanoutsi})

li ≤ si ≤ ui ∀i ∈ N

Area ≤ A + ∆A. (12)

We solve the deterministic and statistical sizing problems using
a large scale non linear program solver called LANCELOT [5], to
obtain the sizes of all the nodes in the network. The circuit yield
from both the designs are compared using Monte-Carlo Analysis.

6. EXPERIMENTAL RESULTS
We tested the proposed sizing technique on the ISCAS ’85 bench-

mark circuits. The nominal delays of the gates were computed us-
ing the standard cell library for the MOSIS TSMC CMOS 0.25µ
process. The interconnect delays are not included in the analy-
sis. However, the algorithm can be easily extended to incorporate
interconnect delays by adding a node corresponding to each in-
terconnect net in the PERT network. The standard deviation was
computed using the predictions from [3], which presents the data
extracted from ITRS’97 augmented with data from IBM processes.
The constants of the Pelgrom’s model and sensitivity of delay to
the process parameters were assumed such that, the percentage of
total variation of delay of gates is15% of its nominal value.

6.1 Obtaining Covariance Matrix
It is observed that spatial correlations due to process variations

are higher for devices that are close to each other and lower for
those far apart. Due to absence of actual process data describ-
ing the spatial/structural correlations, we assume that the correla-
tion between two nodesi, j diminishes as the minimum number of
edges connectingi andj, (γij) increases. The PERT is assumed
to have ak-degree correlation, i.e., Cij = 0 for any two nodes
{i, j ∈ N} 3 Pij 6= ∅ andγij > k. Then, the correlation front
of nodei is the set of nodes farthest fromi, such thatγi,j ≤ k.
This gives the k-Front of nodei, denoted byFi(k)(See Figure(3)).
Then,Fi(α) is replaced byFi(k) in Equation (8).

In our experiments we used a covariance matrix, where the val-
ues ofCij ’s are inversely proportional to the degree of separation

c

b

d

Fi(2)={p,n,o}
a

Fi(1)={k,m,l}

p

o

n

m

k

l
j

i
h

g

f

e

Figure 3: k-Front of node i, Fi(1) and Fi(2)

γij ’s. In the experimental results, we present the analysis results
for k = 1 case. The cases with higher values ofk are not included
as they did not significantly impact the yield improvements. Also,
the complexity of the algorithm to identify the undominated paths
increases withk. The circuit C6288 can be analyzed successfully
only if it is assumed that the gate delays are not correlated i.e.,
k = 0.

6.2 Sizing using LANCELOT
LANCELOT was used to solve the non-linear programs corre-

sponding to deterministic and statistical sizing methods for each
circuit. In each case, the mean and standard deviation of the delay
of every node was computed as a function of the gate sizes. Ten
thousand runs of Monte Carlo simulations were performed using
normal random number generators to randomly assign delays to
each node in the circuit, and for each sample, the critical path de-
lay of the circuit was computed. The timing yield at a delay value
T ∗ is the number of samples that have a critical delay≤ T ∗. The
timing yield obtained from deterministic and statistical sizing are
shown in the Table (2). Starting with minimal size devices, the de-
terministic sizing problem is solved to minimize the critical delay.
If the solution to the deterministic sizing is denoted asTreq and
areaA, then three runs of statistical sizing is performed, with crit-
ical path delay constrained byTreq and area penalty constrained
by A, 1.2A and1.3A. The value of delay at which the yield is 95
% is observed in both cases and reported astd,0.95 andts,0.95 for
the deterministic and statistical cases respectively. The determin-
istic yield Yd at ts,0.95 is compared with statistical yield atts,0.95,
Ys = 95%, to obtain the yield improvement. (see Figure 4).

From Table (2) we observe that a significant improvement in tim-
ing yield can be achieved by applying the statistical method of siz-
ing as opposed to deterministic sizing. The method is robust, and
gives consistent increase in yield improvement with increase in area
penalty. We also observed that in most cases, the critical path de-
lay distribution of the statistically sized circuit is convexly smaller
(see Section(3)) than that of the deterministically sized circuit(see
Figure (5)).

7. CONCLUSIONS
This paper presents a method based on the concept of utility the-

ory to logically analyze the timing performance of the paths in the
circuit. We developed an algorithm to identify the statistical criti-
cal paths responsible for timing yield loss using expected disutility
of path delay as a measure of spread/narrowness of the delay ran-
dom variable. We also proposed a yield optimization approach by
sizing the gates in the circuit with the objective of minimizing the
disutility of the critical paths with constraints on delay and area.

It has been shown using Monte Carlo simulations that there is
a significant improvement in timing yield of the benchmark cir-
cuits when sized using the statistical method and constrained by
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Table 1: Number of Undominated Paths
Circuit C432 C499 C880 C1355 C1908 C2670 C3540 C5315 C7552

No: of undominated paths (|PU |) 729 3072 190 196608 254 364 344 337 81
Total no: of paths (|P|) 83926 9440 8642 4173216 729057 374270 28676671 1341305 726494

Figure 4: Comparison of Yield of C3540 for∆A = 0.3.

Figure 5: Convex Ordering shown in C3540

the delay and area penalty of the deterministic solution. Also, it is
observed that additional improvement can be obtained by allowing
a further area penalty of 20% or 30% of the deterministic solution.

This work paves the way for the application of more rigorous sta-
tistical methods for design in the nanometer regime, where design
for variability is indispensable. Our future work will explore other
performance issues such as power that are susceptible to variability,
and yield optimization with multiple objective utility functions.
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