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ABSTRACT1 
In this paper we develop an approach to model interconnect 

delay under process variability for timing analysis and physical 
design optimization. The technique allows for closed-form 
computation of interconnect delay probability density functions 
(PDFs) given variations in relevant process parameters such as 
linewidth, metal thickness, and dielectric thickness.  We express 
the resistance and capacitance of a line as a linear function of 
random variables and then use these to compute circuit moments. 
Finally, these variability-aware moments are used in known closed-
form delay metrics to compute interconnect delay PDFs.  We 
compare the approach to SPICE based Monte Carlo simulations 
and report an error in mean and standard deviation of delay of 1% 
and 4% on average, respectively. 

Categories and Subject Descriptors 
B.7.2 [Integrated Circuits]: Design Aids, B.8.2 [Performance 
and Reliability]: Performance Analysis and Design Aids 

General Terms 
Performance, Design 

1. INTRODUCTION 
With process technologies shrinking to the nanometer regime, 

the impact of process variation on performance has become 
extremely critical [1]. Process variation can have a significant 
impact on both device (front-end of the line) and interconnect 
(back-end of the line) performance [2]. The effects of device 
parameter variations are typically captured by using a corner-based 
analysis. However, it has been shown that the corner-based analysis 
cannot be applied to interconnect due to their context dependent 
nature [3]. It was shown in [3] that for two different interconnect 
structures, when metal thickness is increased, the delay of the one 
structure increases while that of the other structure may reduce. 
This makes it very difficult to capture the impact of variability on 
interconnect delay using a traditional corner-based method.  

Recently, work was proposed to capture the effect of 
interconnect variability on timing. Reference [4] proposes a 
reduced order modeling approach that includes manufacturing 
variations. The authors suggest an analytical framework to perform 
variational analysis using model order reduction approaches such 
as PRIMA [5]. However, the proposed approach is computationally 
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Figure 1: Basics of moment-based delay metrics 

expensive due to the lack of closed-from expressions. A second 
drawback of the approach is that it can only be used to predict the 
change in interconnect delay due to deterministic values of the 
changes in the physical dimensions. In reality, the changes in the 
physical dimensions are not deterministic values but are random 
variables. Therefore, it is required that an interconnect analysis 
framework be developed that takes in probability density functions 
(PDFs) of the changes in physical dimensions and outputs the PDF 
of the change in the interconnect delay. In this paper, we propose a 
methodology to achieve this objective. 

This type of statistical interconnect modeling approach should be 
computationally efficient in order to be useful in incremental 
timing analysis and physical design optimizations. This is the 
reason why there has been substantial effort in developing closed-
form metrics for nominal interconnect delay calculation [7-11]. The 
existing delay modeling methodology and some of the existing 
moment-based metrics for delay computation are summarized in 
Figure 1. In this paper, we incorporate variability into these metrics 
and propose the use of closed-form variational delay metrics that 
can be used to efficiently predict the mean and variance of 
interconnect delay in the presence of uncertainty in the geometric 
dimensions.  

2. VARIATIONAL INTERCONNECT METRICS 
In this section we discuss our approach for modeling 

interconnect delay while considering variability in the physical 
dimensions. In our methodology, we express delay directly as a 
function of changes in the physical parameters. The advantages of 
such a formulation are that it preserves all correlations and that it 
can be very useful in evaluating delay sensitivities due to changes 
in various physical dimensions. Our approach is based on the 
observation that the interconnect delay distribution with process 
variation considered is Gaussian. This implies that interconnect 
delay can be expressed as a linear function of variations in physical 
dimensions. This point allows us to simplify complex expressions 
by truncating them to their linear terms. The basic methodology of 
delay computation remains the same as the conventional approach 
of Figure 1. The steps in our approach are summarized below. Each 
of these steps is then discussed in detail in the following sections.  

1. Express electrical parameters (resistances and capacitances) in 
terms of changes in physical dimensions. 
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2. Express moments in terms of electrical parameters and hence 
in terms of changes in physical dimensions. 

3. Express interconnect delay as a function of moments and 
therefore in terms of changes in physical dimensions. Find 
mean and variance of delay distribution as a function of the 
statistics of variability in physical dimensions. 

For simplicity, in the following discussion, we consider 
variations only in metal width (W), metal thickness (T) and 
interlayer dielectric thickness (H). We explain our approach for 
these three dimensions but there is no restriction on the number of 
variables in our methodology. The approach can be easily extended 
to include other variation sources. We assume that the geometric 
variations are expressed as Gaussian distributions and that variation 
in one dimension is mutually independent with variations in other 
dimensions. 

2.1 Mapping Physical Dimensions to Electrical 
Parameters 

 To first order, delay through an interconnect can be expressed as 
the RC product of its resistance and capacitance. With any change 
in the physical dimensions of the wire, its resistance and 
capacitance also change, causing interconnect delay to fluctuate. In 
order to model the impact of variability on wire delay, we need to 
capture the effect of geometric variations on the electrical 
parameters. The change in electrical parameters due to variations in 
geometric dimensions can be captured by the simple linear 
approximation shown in Equation 1:  

        TaWaRR nom ∆+∆+= 21    

HbTbWbCC nom ∆+∆+∆+= 321
     (1) 

Here, Rnom and Cnom represent nominal resistance and 
capacitance values, computed when the wire dimensions are at their 
nominal or typical values. ∆W, ∆T, and ∆H represent the change in 
metal width, metal thickness, and ILD thickness respectively. The 
coefficients ai and bi are the modeling coefficients in the linearized 
model. This linear approximation shows a high degree of accuracy 
for our purpose while remaining very simple to use. Linear models 
similar to Equation 1 have been proposed in earlier works on 
interconnect variability [12]. Reference [12] proposes a 
methodology that requires a one-time nominal capacitance 
extraction after which look-up tables are used to calculate delta 
capacitances due to geometric parameter variations. In this paper, 
we use empirical capacitance modeling equations [13] to compute 
linear coefficients but any look-up table-based linear modeling 
approach can be used in a similar manner. We now discuss how 
these electrical parameters can be mapped to the moments. 

2.2 Mapping Electrical Parameters to Moments 
Once interconnect dimensions are mapped to the circuit 

parameters, the next step is the computation of circuit moments. 
For deterministic resistance and capacitance values in an RC tree, 
the circuit moments can be computed easily by path tracing [6]. 
However, with interconnect variability the resistances and 
capacitances are now random variables. If changes in physical 
dimensions (∆W, ∆T, etc.) are considered independent normal 
random variables, then the resistance and capacitance calculated 
using Equation 2 are correlated normal random variables. This adds 
complexity in the moment computation process especially for 
higher order moments. We illustrate moment computation with 
variability for the simple RC tree example shown in Figure 2. 

The first moment at any node can be expressed as a function of 
resistances Ri’s and capacitances Ci’s. For example, the first 
moment at node 3 (without considering variability) in the above 
circuit is given by 

 R3 
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Figure 2: A simple RC tree 
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With variability, the resistances Ri and the capacitances Ci are 
linear functions of random variables (∆W, ∆T, etc). 
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  (3) 
Here, Ri(nom) and Ci(nom) are nominal resistance and capacitance 

respectively. The coefficients Ri(W), Ci(W) model change in the 
resistance and capacitance with a change in width. Similarly, other 
coefficients capture the delta resistance and delta capacitance with 
respect to each physical dimension. All such coefficients can be 
computed as discussed in Section 2.1. Substituting Ri and Ci from 
Equation 3 into Equation 2 gives 

( )2)(11 2 WkHkTkWkmm
WHTWnom ∆+∆+∆+∆+=  

        ( ) ( ) ( ) ( )HTkHWkTWkTk THWHWTT ∆∆+∆∆+∆∆++∆+ 2
2

  (4) 

Here m1(nom) is the first moment evaluated at nominal resistance 
Ri(nom) and nominal capacitance Ci(nom). We express this by the 
following notation: 

),( )()(1)(1 nominominom CRmm =             (5) 

The coefficients in Equation 4 can be calculated by evaluating 
the first moment at different values of R’s and C’s. For example, 
the coefficient kW

2 can be computed by calculating the first moment 
when all resistances and capacitances are replaced by the 
corresponding Ri(W) and Ci(W). The expressions for each coefficient 
in terms of first moment computation are given below. 
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  (6) 
Equation 4 shows the first moment expression as a function of 

normal random variables representing variations in back-end 
physical dimensions. Equation 4 contains higher order terms and 
cross product terms, thereby implying that the distribution of first 
moments is not exactly Gaussian. However, experimentally, we 
find that the higher order terms are not significant and can be 
neglected without loss of accuracy (results are detailed later in this 
section). By neglecting higher order terms, the first moment 
expression from Equation 4 reduces to the following equation: 

HkTkWkmm HTWnom ∆+∆+∆+= )(11
    (7) 

We can perform a similar analysis for the second moment. The 
second moment can be expressed as a function of resistances, 
capacitances, and the first moments. For example, the second 
moment at node 3 (without considering variability) for the circuit in 
Figure 2 is given by 
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With variations in physical dimensions, Ri’s and Ci’s can be 
replaced by their corresponding expressions from Equation 3 and 
similarly m1’s can be replaced by the expression given in Equation 
7. If we again keep only the linear terms, m2 can be expressed as 

HATAWAmm HTWnom ∆+∆+∆+= )(22
          (9) 

Here m2(nom) is the second moment evaluated at nominal 
resistance Ri(nom), nominal capacitance Ci(nom) and nominal first 
moment m1(nom). We express this by following notation. 

),,( )(1)()(2)(2 nomnominominom mCRmm =     (10) 

The coefficients in Equation 9 can be calculated by evaluating 
the second moment at different values of R’s, C’s and m1’s.  
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Here kw, kT, and kH can be computed as shown in Equation 6. We 
again point out that Equations 9 and 11 show only the linear 
coefficients. We can write a full expression of the second moment 
(similar to Equation 4 for the first moment), however we again find 
that the non-linear terms are not significant and can be ignored. 

To test the linearity assumption, we reconsider a simple 5 mm 
long line with a ground plane below the line. Nominal metal width 
and thickness of the line were chosen to be 0.8µm and nominal ILD 
thickness was 0.55µm. We considered a 3-sigma tolerance of 
±0.1µm in width and thickness and ±0.05µm in ILD thickness. 
Given these distributions of ∆W, ∆T, and ∆H, we plot the 
distributions of first and second moments at sink node with and 
without the non-linear terms. Figure 3 shows that the two curves 
are almost identical. The figures also show that the distributions of 
moments are Gaussian and hence the linear approximations of 
Equation 7 and 9 are extremely accurate.  

To this point we have provided expressions for the first and 
second circuit moments as a function of random variables (∆W, 
∆T, etc.). We have also shown that the moments have Gaussian 
distributions and the complicated expressions of the moments can 
be safely truncated to contain only linear terms. This allows us to 
keep the expressions simple and tractable. Furthermore we have 
demonstrated that the coefficients in the expressions of the 
moments can be easily computed in a manner similar to the 
nominal moment computation. We now turn our attention to 
mapping circuit moments to the delay metrics. 

2.3 Mapping Moments to Delay Metrics 
Once moments are expressed as functions of change in physical 

dimensions, the next step is to map the PDF of these moments to an 
interconnect delay PDF. Among existing delay metrics, we chose 
D2M [8] for our analysis in this paper. We explain our 
methodology for D2M but the approach is independent of the 
metric and can be applied to any other closed-form metric as well. 

Using D2M the delay in terms of moments can be expressed as 

( )
HATAWAm

HkTkWkm
MD

HTWnom

HTWnom

∆+∆+∆+

∆+∆+∆+
=

)(2

2
)(1*2ln2    (12) 

Analyzing the D2M expression in Equation 12 is difficult. 
However, if we write a series expansion of the expression and keep 
only the linear terms, then the D2M expression can be re-written as 
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Figure 3: First (left plot) and second (right plot) moment 

distributions with and without considering non-linear terms. 
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Figure 4: Delay distribution using statistical D2M compared to 

Monte Carlo simulations. 
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To test the above expression, we reconsider the test case used in 

Figure 3. We performed 1000 Monte Carlo simulations and 
measured 50% delay in each case. Figure 4 shows the distribution 
of delay measured from the simulations. The figure also shows the 
PDF for delay generated using Equation 13. It is clear from the 
figure that Gaussian nature of the delay distribution is captured 
well by the statistical D2M model. 

Equation 13 is a simple linear function of ∆W, ∆T, and ∆H. If 
∆W, ∆T and ∆H are independent random variables with their mean 
values zero and standard deviations of σW, σT, and σH respectively, 
then the mean and standard deviation of delay in terms of the 
standard deviations in physical dimensions can be written as 

( )

( ) ( )222222

)(2

2
)(1

)(2

2
)(1

*2ln)2(

*2ln)2(

HHTTWW

nom

nom

nom

nom

SSS
m

m
MDStdev

m

m
MDE

σσσ ++=

=    (15) 

For the example of Figure 4, the mean and standard deviation of 
delay computed using Equation 15 are 64.9ps and 1.7ps 
respectively. These numbers match well with the 64.7ps and 1.7ps 
found using Monte-Carlo simulations.  The advantage of Equation 
13 lies in its simplicity, making it useful in evaluating delay 
sensitivity to variation in a particular physical dimension. 
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3.  EXPERIMENTAL RESULTS 
In this section, we test our methodology on various test cases. 

First, we test the Gaussian assumption (and hence the linearity 
assumption) when the variations in physical dimensions are large. 
We chose a simple line with nominal metal width and thickness of 
0.6µm and nominal ILD thickness of 0.45µm. We considered 3-
sigma variations of 30% in all the three dimensions, which is 
slightly larger than the expected levels of back-end process 
variability [1]. Figure 5 compares the delay distribution using our 
approach with Monte Carlo simulations. The figure shows that 
even with large variations in geometric dimensions the delay 
distribution remains Gaussian, and the proposed model captures its 
mean and variance very accurately.  

For the next experiment, we revisit the test case discussed in 
Figures 3-4. Modeling this 5mm line using 30 identical segments, 
we look at the various nodes along the line and compute their 
distributions. Table I compares the mean and standard deviation 
computed using Monte Carlo simulations with the proposed model. 
The table shows that the model works well across all nodes. Node 
10 shows a relatively large error in the mean and variance 
computation, but this error is primarily due to the error in D2M in 
nominal delay calculation for near-end nodes. Table I also shows 
the nominal delay computed using SPICE. We observe here that the 
means computed using Monte Carlo simulations are very close to 
the nominal delays for all the nodes, thereby implying that the 
Gaussian assumption is applicable for intermediate nodes as well.  
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Figure 5: Delay distribution using statistical D2M compared to 

Monte Carlo simulations 
 

Table I: Mean and standard deviation of delay distribution 
along various nodes in a simple 30-segment line 

Mean (ps) Stdev (ps) 
Node Nom Delay 

(ps) (SPICE) SPICE Model SPICE Model 
10 20.9 20.8 28.2 0.56 0.73 
15 41.1 40.9 43.4 1.1 1.12 
20 55 54.8 55.2 1.46 1.43 
25 62.5 62.3 62.6 1.67 1.63 
30 64.9 64.7 64.9 1.71 1.69 

Table II: Error statistics on 2900 test cases 

2900 testcases Mean (Delay) Stdev (Delay) 
Avg. Error 1.2% 3.8% 

 
Error Bins Mean(Delay) Stdev(Delay) 

<1% 31.7% 15.7% 
<2% 92.3% 33.9% 
<5% 100% 75.5% 

We also generated a large set of random test cases by varying 
nominal physical dimensions and their 3-sigma variabilities. 
Nominal linewidths and thicknesses were allowed to vary from 
0.4µm to 0.8µm while nominal ILD thickness could take values 
between 0.25µm and 0.55µm. For each test case, the 3-sigma 
variability in each of the three physical dimensions was randomly 
chosen to be between 10% and 30% of the nominal.  Table II 
shows the error statistics for these 2900 test cases compared to 
Monte Carlo simulations. The 3-sigma variation in delay for this set 
of test cases ranged from 5% to 34% of the mean. This implies that 
even with the reverse trends shown by resistance and capacitance 
for a given change in physical dimensions, the delay variability due 
to back-end process tolerances can be large and should be modeled 
accurately. 
4.  CONCLUSIONS 

We describe a simple technique to extend popular closed-form 
moment-based delay metrics to consider back-end process 
variation.  These variational delay metrics are based on the use of 
linearized models of electrical parameters (R,C) that capture 
uncertainty in process parameters.   These models are then used to 
compute moments using known path-tracing techniques – a key 
point is that only terms linear with the random variables (W,T,H) 
were found to be necessary to ensure good accuracy.  These 
variation-aware moments were then used in accurate delay metrics 
such as D2M to capture the distribution of interconnect timing. We 
demonstrate good accuracy in the mean and standard deviation of 
the resulting interconnect delay distribution for a number of test 
cases (1.2% and 3.8% average error, respectively, for 2900 
randomly generated test cases).   
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