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ABSTRACT understanding the interactions that take place between the build-

A new approach is presented for the construction of behavioral "9 Plock and its surroundings. To this account, behavioral models
models for harmonic oscillators and sets of coupled harmonic os- Shoﬁl_d both be accurate and aIIowheIflcEn:]ev_alua}tlona i th
cillators. The models can be used for system-level simulations and | S Paper presents an approach for behavioral modeling of har-

trade-off analysis. Besides the steady-state behavior, the model alsgnonic oscnla_tors "?md sets of coupled harr_nor_uc os_(:lllgtor_s. The

takes the transient behavior of the oscillation amplitudes and phaseterm harmonic OSC'”a.tor means that the osc!IIaFlon prlnt_:lple Is based

differences into account. This behavior is modeled using a set of YPON €Nergy resonating between a magnetic field (an inductor) and
an electric field (a capacitor). Harmonic oscillators are used in

linear differential equations. Their extraction from a netlist descrip- L ; ) :
tion is based upon the ideas of perturbation analysis and stochastid"nY RF-applications [12] because of their good linearity and phase

averaging. The modeling equations are valid in the neighbourhood noise performance. Couple_d harmonic oscillators occur for exam-
of the oscillator’s steady-state operating point and can be evalu- ple in zero- and low-IF receiver systems where one n_eeds both an
ated at very low computational cost. Another major advantage of in-phase a_nd a_quadrature oscillation [2]. The modeling approa_ch
the approach is that it explicitely separates the fast-varying Steady_presen_ted In th's. paper r_:lllows to capt'ure the steady-state, transient
state behavior and the slow-varying transient behavior. This allows @"d noise behavior of this type of oscillators. . .

for straightforward application of multi-rate simulation techniques, When looking at the behavioral oscillator models published in

greatly boosting simulation speeds. The technique is illustrated for lIttérature, oscillators are often treated as simple phase-integrating
a quadrature oscillator elements [3, 10]. In these models, amplitudes and phase differ-

ences are treated as constants. They neglect all of the oscillator’'s
transients. Also, there is no systematic way of incorporating the

Categories and Subject Descriptors influence of noise into the behavioral modeling equations. In re-
G.1.7 Mathematics of Computing]: Ordinary Differential Equa- cent years, more systematic modeling approaches have emerged as
tions; 1.6.5 Computing Methodologieg: Model Development— people investigated the oscillator's phase noise behavior [4, 6, 7].
modeling methodologies That work, however, has only been concerned with the behavior of
the (common-mode) phage Although [7] also discusses ampli-
General Terms tude variations, the behavior of the phase differences of coupled
oscillators is never adressed. Another interesting approach towards
Algorithms, Theory oscillator analysis was presented in [11], where one uses a multi-
variate method to separate the fast-varying, steady-state, time con-
Keywords stants and the slow-varying, transient, time constants. That work,

however, only addresses the simulation issue and not the extraction
of a compact behavioral model.

The work presented in this paper builds upon the multi-variate
idea to generate separate models describing the fast-varying, steady-
1. INTRODUCTION state, and the slow-varying, transient, behavior. More precisely, it

Compact behavioral models of system-level building blocks, like iS shown that the behavior of a set of coupled harmonic oscillators
filters, mixers and oscillators, are needed for several reasons. Fronfan be modeled as
a bottom-up point of view, they allow for efficient system-level ver-
ification. From a top-down point of view, they can be used for vosc(t) = Ak(t) COS(wosct + 0(t) + Adk(1)) @)

trade-off analysis and specification translation. They also assist in .
where the amplitudef(t), the common-mode phasgét) and the

phase differencea¢y(t) —measured with respect to the phase of

some reference oscillator— are slow-varying compared to the os-
Permission to make digital or hard copies of all or part of this work for ~ Cillation time constant. In a first-order approximation, these slow-
personal or classroom use is granted without fee provided that copies arevarying processes are shown to be governed by a system of lin-
not made or distributed for profit or commercial advantage and that copies ear ordinary differential equations (ODEs). This provides a very
bear this notice and the full citation on the first page. To copy otherwise, to compact model which is evaluated at low computational cost. The

republish, to post on servers or to redistribute to lists, requires prior specific ., 1 qa| extraction procedure builds upon the ideas of perturbation
permission and/or a fee.

DAC 2002,June 10-14, 2002, New Orleans, Louisiana, USA. theory _[8] and ave_raging [1_, 8,9, 13]. ltis four_1d to be especially
Copyright 2002 ACM 1-58113-461-4/02/0006 ...$5.00. well suited for oscillators with a moderate to highitfactor of the
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turbation theory
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Figure 1: Decomposition of a harmonic oscill_ator into a lossless Figure 2: For a single harmonic oscillator, each solution of the
resonance tank anql external sources c_hanglng the tank energy. unperturbedsystem is characterized by an amplitude and an
Inductor and capacitor losses are considered to be part of these  jnitial phase 6. Such a solution can hence be represented as a
external sources and are modeled using the resistdR| ss. single point in a 2-dimensional space. The transient behavior
of the perturbedsystem can then be considered as the oscilla-

resonance tank. Current testing has shown the approach to Worktor slipping” from one solution of the unperturbed system to

for Q > 5. By separating fast-varying and slow-varying behavior, another one as indicated by the arrows.
it allows for straightforward application of multi-rate simulation

3

. . ! . !
techniques, greatly boosting simulation speeds. .
The remainder of this paper is organized as follows. Section 1L: Lo
2 outlines the general ideas upon which the modeling approach ilT ! %% ﬁ> izT f—
T Iy 2
\

o
S

is founded. In section 3, perturbation analysis of (coupled) har-
monic oscillators allows us to construct a set of ODEs governing
the behavior of the oscillation amplitudes and phase differences. In
section 4, we apply the averaging technique to separate the fastFigure 3: A system of two coupled harmonic oscillators can be
varying, steady-state, and slow-varying, transient, time constants.decomposed into two independent resonance tanks which are
In section 5, we linearize the equations in the neighbourhood of the coupled through voltage-controlled current sources.

oscillator’s operating point. Section 6, discusses how to extract the

behavioral model from a given netlist, while section 7 experimen-

tally demonstrates our approach on a harmonic quadrature oscilla-in its oscillation amplitude and phase. It is hence the interaction

tor. Finally, conclusions are drawn in section 8. between the resonance tank and the external sources which causes
the oscillator’s transient behavior. This transient behavior can be
2. FUNDAMENTAL CONCEPTS interpreted as the oscillator slipping from one solution of the un-

. perturbed system to another. This behavior is illustrated in Fig. 2.

S_flelparagng_th?l steady-stdate and gansmnt b_eha\ﬂor of "?‘”harmqn'(gince the energy injected per oscillation peribds small, these
os_c:l_ator asmaf 3|/ colmes own to ecorrllposu:jg the OS(]E'“ator C'r'lntransient changes will be slow compared to the period of oscilla-
cuit into a set of lossless resonance tanks and a set of “external” ;o \ore precisely, these changes occur on a time SEale

sources modifying the energy contained in the tanks. This decom-With ¢ determined by equation (2).

position _is lllustrated in Fig. 1 fpr a_single harmpnic oscillator. The From the discussion above, it follows that the behavior of the
pa_rt encircled by the dashed line is the collection of sources mOQ' oscillator is completely determined by the characteristics of the un-
ifying the resonance tank energy. These sources alsp include in- erturbed system, the fast-oscillating resonance tank, and the equa-
ductor and capacitor losses which can be modeled using a paralleting characterizing the slow-varying behavior of its amplitude and
resistorR) oss. phase. As will be discussed in section 4, the ODEs governing this

In practlcaL reallza}_lor}s, dthe energt))/l |njt:=rct|(_)ns" byl the external slow-varying behavior can be separated from the fast steady-state
sources are kept as limited as possible. Typically, larger sources ¢ 4tion using the averaging technique. This technique relies on

generz_ate More noise, contrlbutmg for example to ba'd phase NOIS€he assumption that, over a single oscillation period, amplitudes
behavior. In most cases, the active elements are designed to be justng phases can be considered constant. This yields a model for the
large enough to compensate for the tank losses diRgt@. This transient behavior that can be solved on a time sEte
design "T‘p"es that the currentg,iernal injected by the _external The discussion above can easily be extended to a systétn of
sources into the resonance tanlf are an order of magnitude Smalle'E:oupled harmonic oscillators. In this case, the system is separated
than the current already circulating within the tank, or into K independent resonance tanks which are mutually coupled
through controlled current sources. Fig. 3illustrates thikfes 2.
) This template will serve as a starting point for our analysis in the
with € <« 1. next sections. In section 6, we will discuss how to map a given
‘When left unperturbed, the resonant tank voltages and currents cjrcyit topology on this template. Note that it is also possible to deal
will settle onto a circular orbit in phase space. Such a solution of \yith other types of resonance tanks, like capacitor-inductor series

the unperturbed system is completely characterized by its ampli- connections. Adjustments are straightforward but are not discussed
tude and initial phase, or equivalently by the initial voltageover within this text.

the capacitor and the initial curreng through the inductor. It can
hence be represented as a single point in a two-dimensional space

for exampleS; in Fig. 2. Injection of the currentfeyternal Will . PERTURBATION ANALYSIS

however disturb the energy in the resonance tank, causing changes A system ofK coupled harmonic oscillators, as depicted in Fig. 3

lexternal ~ €ltank (2



for K = 2, is described by the normalized system of equations by substituting the signal model (10) into the ODEs (5). Up to first
order ine, this yields

di| di|
d—fk = 5k+€5kd—fk (3) dp
- _ _ _ — =¢€hp(t; p) (112)
dok - (s dvy _ duvo £) 4 es dok dt
— = —lg—c¢€ s U2, =, ., €0k —= . .
df k K\" a0 "2 T Kt with hp(t; p) € R x R?K — R2K determined by
fork = 1,..., K. The normalized quantities are related to the hott: p) 9Xs (t )71 ( D) 9Xs tp) t) (12)
i T i P = Xs(t; p), ——(t; P),
actual voltages and currendts through = %E ik = W(ki_kvi pt:p ap P) g *s(tip), = (L
_ — vl ;
Ik (51, %Ut_l, e t) = w andt = wqt. Furthermore, As the Jacobian matri%x—s (t; p) in equation (12) is concerned, it
k,max . . p . .
| is easy to show that it has a block-diagonal structure with
k,max
= — (4) sintt +6) Ak cost + 6
CkV, D) — k k COS(t + 6y)
“ok=k Yk (P _[ cost + ) — A sinct + 6y) (13)

Here,wok = 1/V/LkCk = wg (1+ €dy) is the resonance fre-

quency of thek-th tank. We assume these resonance frequencies being the (block)-diagonal elements. Its inverse is also block-diagonal

with the diagonal elements equal to
to be clustered around their geometric megn= ([ a)o,k)l/k, g ) a
or 8y < 1. Furthermore)y is an estimate for the magnitude of Iy (& p)*l _ i Agsin(t +6x)  Ax c_os(t + 6k) (14)
the voltage swing over the capacit®k. It should be chosen such ’ A | cost+6)  —sint+6k)

that (4) yields the same for all k. Iy max is a measure for the
maximum current delivered by the active elements. Using vector
notation, the system (3) looks like

In a final step, we change variables, reformulating (12) in terms
of one common-mode phageand the phase differencesp be-
tween the oscillators. The reason for this reformulation lies in the

dx fact that, for most practical applications, the phase differences be-
at Lx +€g (X’ dt’ t) ®) tween the oscillators are of greater interest than their absolute val-
ues. These phase differences are often required to converge to some
wherex(t) = [ T1(t) vi) T2t) Tp(t) --- ]T eR — R2K, fixed value, a property we will use later on in our model extraction
L € R2Kx2K andg(., -, ) € R?2K x R?2K x R — R2K| The na- procedure. Introducing the vector
ture of the oscillation is characterized by the parametelefined q = [ Al - Ak Ady - Apk 0 ]T (15)

by equation (4). I « 1, the oscillation is essentially one where
energy resonates between an electric and a magnetic field, with the = Talp (16)
active elements only weakly involved to compensate for dissipa-

tive losses. I > 1, the active elements dominate the oscillating With & = 61, Agx = 6 — 61 andTq € R2K*2K the ODE (12)
behavior, and we get a relaxation type oscillator. For harmonic os- can be recast into

cillators with a sufficiently highQ-factor, i.e. the type of oscillators dg ha(t: ) a7
being considered in this text, it holds that- % < 1. at ~d -

In constructing a compact behavioral model equivalent to the where

original system (5), we proceed along the same lines of reasoning 9% -1 9%
as outlined in [1, 9]. Foe — O, i.e. for the unperturbed oscillator, hq(t; @) = Tq [a_ps(t; Talq)} 9 (X& s t) (18)

(3) is solved by ot
k@) = Agsin( +6y) (6) Here xs stands short faxg (t; Talq). Inwhat follows, (17) serves
vk(t) = Agcos(t + k) ) as a starting point for extraction of a compact behavioral model for

o - . . h nami havior of f led harmoni illators.
with ik (t) andvk(t) 2 -periodic processes. In vector notation this the dynamic behavior of a set of coupled harmonic oscillators

becomes

4. AVERAGING

X(®) =Xs (&5 p) ®) Equation (17) learns that the transient changes(in occur on
wherexs € R x R?K — R2K and a time scald /e. This means that, over one oscillation periqd;)
T can be considered a constant. This observation is the foundation of
p=[ AL~ Ac 6 o Ok ]| eR¥ ©) the averaging technique in [1, 9], where it was first discussed for
For unperturbed oscillators, amplitudes and phases are determinedleterministic systems, and [5], where itis extended to include noisy
by the initial conditions and remain constant with respect to time, inputs. In what follows, we use the results obtained in [5] to extract
i.e. they can be considered as constants of motion characterizing & set of equations describing the oscillator’s transient behavior.
particular periodic solution. In order to apply the averaging technique properly, we need to
Under the influence of weak perturbations, i.e. do 1, the separate the deterministic and stochastic processes at the oscillator
oscillation amplitudes and phases will no longer remain constant, input. To this account, we assume that the perturbation part in the
but will slowly change values with time. This is the “slipping”  right-hand side of equation (5) can be written as
behavior as outlined in section 2 and illustrated in Fig. 2. This

implies that the solution of the perturbed system can be modeled as dx dx dx
(x, —,t) =0q (x, -, u) + Gn (x, —, u) n) (19)
X(t) = Xs (t; p(1)) (10) dt dt d

where the vectop(t) is no longer a constant, but is evolving with  Here,u(t) € R — RY represents a vector of slow-varying, deter-
time. The equations governing this “slipping” behavior are found ministic inputs anch(t) € R — RN is a vector of uncorrelated,



standard (normalized) white noise sources. The assumption of the

deterministic inputsi(t) being slow-varying, i.e. varying on a time
scalet/e, seems justified by the fact that these inputs are typically

control signals which should never vary faster than the transients of

the oscillator they try to control. Combining the equations (18) and
(19), the right-hand sidlq (t; q) in equation (17) can be split into
a determistic and a stochastic component, or

hq(t; @) = hg (t; g, u) + Hn (t; @, u) n(t)

where bothhq(t, -, -) € - —> R2K andHn(t; -) € - — R2K*N gre
27-periodic int. Using furthermore the fact that the last component
of the vectorq, i.e. the reference phasge will always appear in
combination with the time variableast + 6, and withqq being

definedbyg=[ q] 6 ]T, The ODE (17) is transformed into

|

(20)

d
dt

a1

P ] = e (hg (t+0; 1, W) +Hn (t+6; q1, Wy N())

1)
which, because of the noise terms, is a system of stochastic differ-

ential equations.

Using the averaging principle [1, 5], it can be shown thatefor
being small, the solution of (21) converges to that of the “averaged”
equation

d

" |: (:191 ] =€ (ﬁd (dg, u) +Hn (g, u) ﬁ(t)) (22)

with
_ 1 (27
o @0 =5 [ haCanwd @)
0

and

_ 1 (27
Hn(QlaU)Z\/Zfo Hn (t; 91, u) Hn (5 g, w) T dt - (24)

In equation (22)n(t) € R x RN again is a vector of uncorrelated,
standard white noise processes.

5. LINEARIZATION

With its right-hand side independent@fthe system (22) can be
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Figure 4: Basic quadrature oscillator topology used to illus-
trate the numerical methods involved in extracting the behav-
ioral model.

d1,0p + Ady(t) andu(t) = uop + Au(t), this yields
dAQs

ai = A1AqQy + By, 1AuU(t) + Bp 1N(1)

(28)

with Aq = ¢ %‘f (d1.0p: Uop) € REK=Dx(ZK=D) ‘etc. Note that
for the operating poin(ql,op, uop) to be stable, all eigenvalues of
the matrixA1 should be located in the left half plane.

In the neighbourhood of the operating pofftt; op. Uop). the
behavior of the common phasas likewise determined by

de
a(t) = Awg + A2AQ1(1) + By 2AuU(t) + Bp 2N(1) (29)

= ah,
whereAwq = €hg 2(01,gp. Uop) € R, Ap = erf(ql,op, Uop) €

R1*x2K-1) etc. For a free-running oscillator in steady-state regime,
i.e. with Agq(t) = 0 andAu(t) = 0, equation (29) implies that

0(t) = Awpt + ,/Bn,ZBI,ZB(t)

with B(t) being a standard Brownian motion. In (3Qwq rep-
resents the deviation of the actual oscillation frequency from the
natural frequency of the resonance tank. The second term is the
phase-noise component as discussed in [4].

Equations (28)-(29) specify a behavioral model that completely
characterizes the transient behavior of a set of coupled harmonic os-
cillators in the neighbourhood of the operating pc(m,op, Uop).
OnceAq, Ap, By 1, By 2, Bn.1, Bn,2 and Awg have been deter-
mined, something which needs to be done only once, evaluation of

(30)

separated into two subsystems, one modeling the transient behaviogne model comes at a minimal computational cost. This is partic-

of the vectorqq, i.e. the amplitude#\x and the phase differences

ularly interesting when long (or repetitive) simulations need to be

Ay, and another one modeling the behavior of the common phase performed.

0. These systems are given by

daa

& = (i@ w+Hi@uny) (@)
do — —
pra (hd,z (A1, W) +Hn 2 (@1, U)ﬁ(t)) (26)

wherehq 1, hq 2 are the first R — 1 rows, respectively the last row
of the vectothg andHy, 1 , Hp, 2 are likewise extracted from .

For a properly designed, stable oscillator and for a constant input
u(t) = upp (the nominal control voltage of a VCO), the solution
of the system (25) converges to the neighbourhood of a fixed point
d1,0p determined by

Ed,l(ch,opa Uop) =0 (27)

6. NUMERICAL COMPUTATIONS

In extracting the model equations (28)-(29) from a given circuit-
level description, we need to map the circuit topology on the tem-
plate of Fig. 3 (where it is illustrated fd = 2). Here, the current
sourced should include all energy dissipating elements, also the
ones arising from capacitor and inductor losses. Furthermore, we
must find a way to evaluate the functidmg(q, u) andHn(qy, u).

In what follows, we outline the computational procedures for the
example of the harmonic quadrature oscillator shown in Fig. 4. Ad-

justing this approach for other types of (coupled) harmonic oscilla-

tors is straightforward.
The characteristics of the oscillator resonance tanks, more specif-
ically the effective capacitance and inductance valDgand Ly,

A good approximation of the oscillator’s transient behavior in the are determined by fitting the frequency characteristic of the admit-
neighbourhood of such a fixed point is found by linearizing (25) tanceG(jw) of an RLC tank to the one measured using the simu-
and (26) around the desired operating pajnlp. With q1(t) = lation setup shown in Fig. 5. This setup is simply a single oscilla-
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Figure 5: Measurement setup used to extract the resonance
tank characteristic and the currents I (vl, %”t—l, vy, %”t—z, e t)

exchanged between the resonance tank and the remainder of
the circuit.

y =05m=03] y =05 m=05
Original | Model | Original | Model

A1 251 251 2.62 2.62

Ao 251 251 2.62 2.62

wosc (rad/sec)| 1.010 1.008 1.010 1011
A¢ | 90.1° 9C° 90.0° | 90.0°

Table 1: Comparing operating point values as computed by
solving (27) with the values extracted from Spice-like simula-
tions. Computations were done fore = 0.1.

ticated SPICE transistor models was available. All computations
were done starting from the normalized system of equations (3).
Extraction of the behavioral model takes a few minutes on a Sun
Ultra30.

Besides the characteristics of the resonance tank, there are three
other important parameters specifying the design of the oscillator
in Fig. 4. So different values of these parameters correspond to

tor section, where a given in-phase and quadrature voltage are endifferent designs. Firstly, we have

forced using the voltage sourc¥s andV,. To obtain the circuit’s
G(jw), we use the results of an AC analysis in the neighbourhood
of V4 = V» = 0. This involves applying
V(1)
Va(t)

Av coqwt)
0

(1)
(32)

with Av a sufficiently small voltage. Measuring the (steady-state)
currentlq(t) through the voltage sourdé, allows us to compute
G(jw) = l1/V1. The fitting is performed for frequenciasin the

neighbourhood of the resonance frequengydetemined by
wp = argmin|G(jo)| (33)

All of this needs to be done for the external (control) inputs set to
their nominal DC value, on = ugp. Note that use of the setup in

y = 1/Rioss
Om,1/2

being the ratio between the parallel conducta@¢gs = 1/ Riosss
modeling capacitor and inductor losses, and the transconductance
of the restoring active element (as seen by the resonant tank). Here,
Om1 is the transconductance of the transistar. M second design
parameter is given by

(36)

_ 92
Om1
which is the ratio of the transconductances of the transistors M

and M. It is a measure for the strength with which the two oscilla-
tors are coupled. Finally, theredsthe ratio between the maximum

m (37)

Fig. 5 implies that the transistor capacitances are taken into accountcurrent which can be delivered by the active elements and the cur-

as part of the effective tank capacitarCg.
Computation ohg(qyq, u) andHn(q1, u), for a given set of val-
ues forqq andu, basically requires evaluation of the currehgs

Evaluating, for examplelq (vl, %”t—l, v2, %”t—z, e t) is done by
applying

Vi(t) = Ajcos(wgt + 6) (34)
Vo(t) = Azcos(wot + 6 + A¢po) (35)
in the measurement setup of Fig. 5 (vl, %“t—l, v2, %“t—z, e, t)

then equals the (steady-state) currgrit) flowing through the volt-
age sourcé/q. In computing this currentq, the (slow-varying)
input signalau(t) should be kept at a constant value. The determin-
istic componenhg (qy, u) is separated from the stochastic compo-
nentHn(qq) by first setting all noise sources to zero, which leaves

only the deterministic component to be measured. The stochas-

tic component then follows from (time-varying) linearization in the
neighbourhood of the "large-signal” deterministic component.

7. EXPERIMENTAL RESULTS

The model extraction procedure was implemented in Matlab for

rent circulating in the tank. It roughly equals
_ K
¥Q

whereQ equals the quality factor of the inductor coil and whire
can be shown to be a constant in the ran@50- 1. This makes
e of the same order of magnitude agQ@. For typical Q-factors
and choices of, ¢ is in the range @5 — 0.2. In what follows, we
perform most computations fer= 0.1.

In a first stage, we solve equation (27) for the operating point
diop=[ A1 A2 A¢ ]andwosc = wp + Awp. These results
are compared with those extracted from SPICE-like simulations.
Table 1 summarizes the results for two sets of valuey fandm.

All operating point values were found to be at least 1% accurate.
This even holds for larger values ©f{up to 0.2).

In a next step, we compare the model’s transient behavior, in
the neighbourhood of the selected operating point, with results ob-
tained from SPICE-like simulations. This is done by starting simu-
lations with initial conditions for amplitudes and phase-differences
deviating about 10% from their steady-state values. Fig. 6 shows
the resulting amplitudes of the in-phase and quadrature oscillations
as computed using the behavioral model (solid line) and as ex-
tracted from the envelope of the SPICE-like simulations (x-marks).

€ (38)

the harmonic quadrature oscillator shown in Fig. 4. We compared In order to evaluate the accuracy of the transient model, we com-
both the behavioral model’s steady-state and transient behavior withputed the ratio of the energy contained in the error component,
the results obtained from SPICE-like simulation algorithms. In i.e. the difference between the result obtained from the behavioral
Matlab, transistor modeling was done based upon the MOST level- model and from the SPICE-like simulations, and the energy con-
1 current equations, as no link between Matlab and more sophis-tained in the transient itself. The accuracy was computed for two
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Figure 6: Amplitudes of the in-phase and quadrature oscilla-
tions as computed using the behavioral model (solid line) and
as extracted from the envelope of the SPICE-like simulations
(x-marks). These result were obtained fore = 0.1, y = 0.5and
m = 0.5.

Relative error (dB)| Relative error (dB)
y=05m=03 | y=05m=05
€ = 0.05 —225 —221
e=01 -219 —204
€ =015 —184 —-193
e=02 —187 -164

Table 2: Ratio of the energy contained in the error component,
i.e. the difference between the result obtained from the behav-
ioral model and from the SPICE-like simulations, and the en-
ergy contained in the transient itself.

sets of values foy andm and for several values ef i.e. for several
values of theQ-factor of the tank. These results are summarized in
Table 2, which shows that, even for larger values,ahe modeling
accuracy is still within 1%.

Table 3 compares the computational complexity involved in the
evaluation of the original oscillator equations and the behavioral
model equations. Both sets of equations were solved with a SPICE-
like solver with variable time step. Results are shown for the two
extreme values of the parameteand indicate a speed gain per os-
cillation periodT ranging from 20-40. As expected, speed gain in-
creases with decreasiaglue to the larger timestep that can be used
in integrating the behavioral model equations. Note that this gain
in simulation speed will even further increase when compared to
circuit simulations involving more complex transistor models than
the level-1 models used in our Matlab experiments. This is due
to an increase in computational cost in evaluating the original cir-
cuit equations, while the cost in evaluating the behavioral model
remains unchanged once it has been computed.

€ =0.05 €e=02
Original | Model | Original | Model
CPU-time/'T (sec)| 0.18 4e-3 0.17 8e-3
KFlops/T 42.5 1.60 42.8 1.93

Table 3: Computational complexity per oscillation period for 2
extreme values ofk.

8. CONCLUSIONS

This paper has presented a novel approach for the construction
of behavioral models for (coupled) harmonic oscillators. The mod-
els can be used for system-level simulations and trade-off analysis.
Besides the steady-state behavior, the model also takes transient be-
havior into account. The modeling equations are valid in the neigh-
bourhood of the oscillator’s steady-state operating point. Once be-
ing constructed, they can be evaluated at very low computational
cost. A major advantage of the approach is that the fast-varying,
steady-state, behavior and the slow-varying, transient, behavior are
explicitely separated. This allows for straightforward application of
multi-rate simulation techniques, boosting simulation speeds with
a factor 20 and more. The modeling approach has been applied to
a harmonic quadrature oscillator. Results, both as steady state and
transient behavior are concerned, were shown to be accurate within
1% as compared to SPICE-like simulations.
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