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ABSTRACT

Sum of Pseudoproducts (SPP) is a three level logic synthe-
sis technique developed in recent years. In this framework
we exploit the “regularity” of Boolean functions to decrease
minimization time. Our main results are: 1) the regular-
ity of a Boolean function f of n variables is expressed by
its autosymmetry degree k (with 0 < k < n), where k = 0
means no regularity (that is, we are not able to provide any
advantage over standard synthesis); 2) for k¥ > 1 the func-
tion is autosymmetric, and a new function f; is identified
in polynomial time; fj is “equivalent” to, but smaller than
f, and depends on n — k variables only; 3) given a mini-
mal SPP form for f;, a minimal SPP form for f is built in
linear time; 4) experimental results show that 61% of the
functions in the classical ESPRESSO benchmark suite are au-
tosymmetric, and the SPP minimization time for them is
critically reduced; we can also solve cases otherwise practi-
cally intractable. We finally discuss the role and meaning of
autosymmetry.

Categories and Subject Descriptors

B.6.3 [Logic Design]: Design Aids—Automatic synthesis,
Optimization.

General Terms
Algorithms, Design, Theory.

Keywords

Three-Level logic, Synthesis, Autosymmetry.

1. INTRODUCTION

The standard synthesis of Boolean functions is performed
with Sum of Products (SP) minimization procedures, lead-
ing to two level circuits. More-than-two level minimization
is much harder, but the size of the circuits can significantly
decrease. In many cases three-level logic is a good trade-off
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among circuit speed, circuit size, and the time needed for
the minimization procedure. Note that, in all cases, algo-
rithms for exact minimization have exponential complexity,
hence the time to attain minimal forms becomes huge for
increasing size of the input.

Two level minimization is well developed [10, 4, 9]. Sev-
eral techniques for three level minimization have been pro-
posed for different algebraic expressions. Among them EX-
SOP forms, where two SP forms are connected in EXOR
[5, 6]; and Sum of Pseudoproducts (SPP) forms, consisting
of an OR of pseudoproducts, where a pseudoproduct is the
AND of EXOR factors [8]. For example (zo - z1 + zo - T2) ®
(z2 - w3+ x1 - x4) is an EX-SOP form, and (zo ® T1) - 2 +
(zo ® x2 @ z3) - (x2 & Ta) + 1 - x4 is an SPP form. Ex-
perimental results show that the average size of SPP forms
is approximately half the size of the corresponding SP, and
SPP forms are also smaller than EX-SOP [2]. As a limit
case each EXOR factor reduces to a single literal in SPP,
and the SP and SPP forms coincide.

In this work we refer to SPP minimization. Initially this
can be seen as a generalization of SP minimization, and in
fact an extension of the Quine-McCluskey algorithm was
given in [8] for SPP. In particular the pseudoproducts to
be considered can be limited to the subclass of prime pseu-
doproducts, that play the same role of prime implicants in
SP. The algorithm for SPP, however, was more cumbersome
than the former, thus failing in practice in minimizing very
large functions. A deeper understanding of the problem, to-
gether with the use of ad hoc data structures, has allowed
to widely extend the set of functions practically tractable
[2]. Still a number of standard benchmark functions can be
hardly handled with this technique.

In fact the aim of this paper is to exploit the “regularity”
of any given Boolean function, in order to decrease the time
needed for its logical synthesis. Our main results are: 1)
the regularity of a Boolean function f of n variables can be
expressed by an autosymmetry degree k (with 0 < k < n),
which is computed in polynomial time. £ = 0 means no reg-
ularity, that is we are not able to provide any advantage over
standard synthesis; 2) for k¥ > 1 the function f is said to be
autosymmetric, and a new function fy, is identified in polyno-
mial time. In a sense fi is “equivalent” to, but smaller than
f, and depends on n — k variables only (a function f with
k = 2, and its corresponding function f>, are shown in Fig-
ure 1); 3) given a minimal SPP form for fi, a minimal SPP
form for f is built in linear time; 4) experimental results
show that 61% of the functions in the classical ESPRESSO
benchmark suite are autosymmetric: the SPP minimization
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Figure 1: A 2-autosymmetric function f, in a Karnaugh
map (on the left) of four variables. The corresponding
reduced function f>, which depends on the variables z;
and z3, and the linear substitutions are on the right.

time for them is critically reduced, and we can also solve
cases otherwise intractable. Indeed, although autosymmet-
ric functions form a subset of all possible Boolean functions,
a great amount of standard functions of practical interest
fall in this class. In the last section we speculate on the pos-
sible causes of this fact. Observe that even if we can study
an autosymmetric function f in a n — k dimensional space,
f depends, in general, on all the n input variables, i.e., f
is non degenerated. Whereas all degenerated function are
autosymmetric.

In the next Section 2 we recall the basic definitions and
results of SPP theory, and present a companion algebraic
formulation later exploited for testing autosymmetry. In
Section 3 we discuss the properties of autosymmetric func-
tions, and how the problem of determining their minimal
SPP forms can be studied on a reduced number of variables.
In Section 4 we show how autosymmetry can be tested in
polynomial time, and derive a new minimization algorithm
that includes such a test in the initial phase. In Section 5 we
present an extensive set of experimental results which vali-
date the proposed approach, also proving that the number of
benchmarks practically tractable is significantly increased.
A final discussion on the role of autosymmetry is developed
in Section 6.

2. THE UNDERLYING THEORY

The basic definitions and properties that we now recall
were stated in [8] and extended in [2]. We work in a Boolean
space {0,1}" described by n variables zo, x1, ..., Zn—1, where
each point is represented as a binary vector of n elements. A
set of k points can be arranged in a k X n matrix whose rows
correspond to the points and whose columns correspond to
the variables. Figure 2 represents a set of eight points in a
space of six variables.

A Boolean function f : {0,1}" — {0,1} can be specified
with an algebraic expression where the variables are con-
nected through Boolean operators, or as the set of points
for which f = 1. |f| denotes the number of such points.

From [8] we take the following. Let w be a (Boolean)
vector; & be the elementwise complementation of u; and u
denote u or w. The constant vectors 0 and 1 are made up of
all 0’s or all 1’s, respectively. Vector wwv is the concatenation
of w and v. A vector w of 2™ elements, m > 0, is normal
if m =0, or m >0 and u = vv with v (hence ¥) normal.
For example all the columns in the matrix of Figure 2 are
normal vectors.

A matrix M with 2™ rows is normal if all its rows are
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ro 0 1 0 0 0 1
rr 0 1 0 0 1 0
r» 0 1 1 1 0 1
r3 0 1 1 1 1 0
rp., 1 1 0 1 0 0
rs 1 1 0 1 1 1
r¢ 1 1 1 0 0 O
rr 1 1 1 0 1 1

Figure 2: A canonical matrix representing a pseudocube
P in {0,1}5. The canonical columns are cg, c2, and c4.

different and all its columns are normal. A normal ma-
trix is canonical if its rows, interpreted as binary numbers,
are arranged in increasing order (the matrix of Figure 2 is
canonical). A normal vector is k-canonical, 0 < k < m,
if is composed of an alternating sequence of groups of 2*
0’s and 2% 1’'s. In Figure 2, c¢¢ is 2-canonical, ¢z is 1-
canonical, and ¢4 is 0-canonical. A canonical matrix M con-
tains m columns ¢;g,. .., ¢;,, , of increasing indices, called
the canonical columns of M, such that c;; is (m — j — 1)-
canonical for 0 < j < m — 1. The other columns are the
noncanonical ones.

If M represents a set of points in a Boolean space (where
the rows are the points and the column ¢; corresponds to
the variable z;), canonical and noncanonical columns corre-
spond to canonical and noncanonical variables, respectively.
We have:

DEFINITION 1. (From [8]) A pseudocube of degree m is
a set of 2™ points whose matriz is canonical up to a Tow
permutation.

The matrix of Figure 2 represents a pseudocube of 2% points
in {0,1}°. Note that a subcube in {0, 1}" is a special case of
pseudocube where the noncanonical columns are constant.

The function with value 1 in the points of a pseudocube
P is a pseudoproduct, and can be expressed as a product
of EXOR factors in several different forms, one of which is
called the canonical ezpression (briefly CEX) of P. For the
pseudocube P of Figure 2 we have:

CEX(P)=z1 - (x0®x28T3) (w0 ®waPws). (1)

Refer to [8] for the nontrivial rule for generating CEX(P).
We simply recall that each EXOR factor of the expression
contains exactly one noncanonical variable directed or com-
plemented, namely the one with greatest index (1, x3, and
x5 in the example), and each noncanonical variable is con-
tained only in one EXOR factor; all the other variables in
the expression are canonical (zg, x2, and x4 in the exam-
ple); and some canonical variables may not appear in the
expression. Note that the minimal SP form for the above
function IS ToT1T2T3TaTs +ToT1T2T3T4T5 + ToL1L2L3T4T5 +
TOL1L2L3L4T5+ToT1T2L3T4T5+TLoL1T2L3L4L5+LoL1L2T3T4T 5
+zox122T3x4x5, much larger than CEX(P).

If P is in fact a subcube, each EXOR factor in CEX(P)
reduces to a single noncanonical variable, the canonical vari-
ables do not appear, and the whole expression reduces to the
well known product expression e.g. used for implicants in SP
forms.

A general property of the algebraic representation of pseu-
docubes is given in the following:



THEOREM 1. In a Boolean space {0,1}": (i) the EXOR
factor of any subset of variables (directed or complemented)
represents a pseudocube of degree n — 1; (i1) the product of
k < n arbitrary EXOR factors represents either an empty
set or a pseudocube of degree > n — k.

Point (i) of the theorem can be easily proved by induction
on the number of variables in the EXOR factor. Point (ii)
then follows from a theorem of [8] which states that the in-
tersection of two pseudocubes of degrees p, r is either empty,
or is a pseudocube of degree > p+r — n.

For the example of Figure 2, the EXOR factors z1, zo &
T2 ® T3, and xo ® x4 D x5 in the Expression (1) represent
three pseudocubes of 2° points, and their product represents
the pseudocube P of 2% points.

Note now that an equality of the form EXOR;-EXORs -
...-.EXORy, = 1, satisfied by all the points of a pseudocube,
can be equivalently written as a system of k linear equations:

EXOR; =1, 1<i<k (2)

that is an instance of a general linear system Az = b with
b € {0,1}, * = {wo,...,&n-1}, A is a k X n matrix of
coefficients 0, 1, and the sum is substituted with EXOR. As
known [3, 1] such a system specifies an affine subspace of the
linear space {0,1}". Then, from the existence of CEX(P)
for any pseudocube P, and from Theorem 1, we have:

COROLLARY 1. In a Boolean space {0,1}" there is a one-
to-one correspondence between affine subspaces and pseu-
docubes.

This corollary allows to inherit all the properties of affine
subspaces into pseudocube theory. In particular, a pseu-
docube containing the point (vector) O corresponds to a lin-
ear subspace.

The structure of a pseudocube P, denoted by STR(P), is
CEX(P) without complementations. For the pseudocube P
of Figure 2 we have: STR(P) = z1 - (x0 ® x2 ® x3) - (x0 ®
x4 @ z5). Let us now extend the symbol & to denote the
elementwise EXOR between two vectors. Then a@®f is the
vector obtained from 3 complementing in it the elements
corresponding to the 1’s of a. For a vector a € {0,1}" and
asubset S C{0,1}", letad S={a @ s|seS} We
have:

THEOREM 2. (From various results in [2]) For any pseu-
docube P C {0,1}" and any vector a € {0,1}", the subset
Q= a ® P is a pseudocube with STR(Q) = STR(P).

Finally recall that an arbitrary function can be expressed as
an OR of pseudoproducts, giving rise to an SPP form.

For example if we add the two rows (points) rs =110101
and rg = 110110 to the matrix of Figure 2, we have a new
function f that can be seen as the union of two partially
overlapping pseudocubes: namely P (already studied), and
@ associated to the rows r4, rs,rs, ro. Note that ) is in fact
a cube, and we have CEX(Q) = zox1T2z3. In conclusion f
can be expressed in SPP form as:

CEX(P)+CEX(Q) = z1(x0®z28T3)(20BxaDTs)+T0T1T223.

3)
The minimal SP form for f contains 40 literals, while the
SPP Expression (3) contains 11 literals. Passing from SP
to SPP, however, amounts to passing from a two-level to a
three-level circuit. This fact has always to be taken into
account and will not be further repeated.

3. AUTOSYMMETRIC FUNCTIONS

The class of autosymmetric functions introduced in [8]
seems to be particularly suitable for SPP minimization. The
present work is addressed to these functions, for which we
give an alternative definition.

DEFINITION 2. A Boolean function f in {0,1}" is closed
under «, with a € {0,1}", if for each w € {0,1}", w & «
€ fif and only if w € f .

Each function is obviously closed under the zero vector 0.
As proved in [8], if a function f is closed under two different
vectors a1, az € {0,1}", it is also closed under ;@ .
Therefore the set Ly of all the vectors 8 such that f is closed
under 3 is a linear subspace of {0,1}". In fact, combining in
EXOR, in all possible ways, k linearly independent vectors
ai,. .., ay, we form a subspace of 2% vectors that is closed
under @, and contains the vector 0 generated as a; & «;, see
for example [3]. Ly is called the linear space of f, and k is
its dimension. By Corollary 1, Ly is a pseudocube, and we
will refer to CEX(Ly) and STR(Ly).

DEFINITION 3. A Boolean function f is k-autosymmetric,
or equivalently f has autosymmetry degree k, 0 < k < n, if
1ts linear space Ly has dimension k.

THEOREM 3. Let f be a k-autosymmetric function. There
ewist £ vectors w', w?,..., w' € f, with £ = |f|/2¥, such
that

[ .
f=Uw oLy (4)

i=1
and for each i, j, i # j, (w' @ Ly) N (w’ @& Ly) = 0.

PRrOOF. Let w! be any vector in f. By Definition 2, w'®
Ly C f. Consider the set f' = f\(w'@Ly). If f* = §, then
f=w'®L; and f is a pseudocube of degree k with |f] = 2.
Otherwise, let w? be any vector of f!. Again by Definition 2,
w? @ Ly C f. Observe that (w' & Lf) N (w? & Ly) = 0
(by contradiction: let v € (w' @ Ly) N (w? @ Ly), then
v =w'Ga = w’@P, with a, B € Ly; then w® = w' Cadf,
that is w? € (w' @ L) which is a contradiction). Therefore
we have:

f=@ @L)Uw’ @L)uUf\((w' @L)u(w’eLy)),

and using the same argument on the set f\ ((w' & Ly) U
(w? @ Ly)) the theorem easily follows. [

From the proof above we see that the number of points of a
k-autosymmetric function is a multiple of 2¥. Indeed, each
affine subspace w'@ Ly contains 2* points. Recalling that Ly
is a pseudocube, and from Theorems 2 and 3 we immediately
have:

COROLLARY 2. A k-autosymmetric function f is a dis-
joint union of |f|/2¥ pseudocubes w' @ Ly of degree k all
having the same structure STR(Ly), and the same canoni-
cal variables of Ly.

This corollary has two immediate consequences. First we
can extend the definition of canonical variables to autosym-
metric functions. Namely, the canonical (respectively: non-
canonical) variables of Ly are designated as the canonical
(respectively: noncanonical) variables of f. Second, note
that the 2¥ points of each pseudocube wiEBLf contain all the
2% combinations of values of the canonical variables, hence
in exactly one of these points all such values are 0. We have:



COROLLARY 3. The vectors w,..., w' of Theorem 3 can
be chosen as the points of f where all the canonical variables
have value 0. Moreover, for 1 < i < ¢, CEX(w" & Ly)
is obtained from STR(Ly) complementing the noncanonical
variables with value 0 in w".

ExampLE 1. Consider the function f = {00001, 00100,
00110, 01000, 01010, 01101, 10001, 10011, 10100, 11000,
11101, 11111}, It can be easily verified that the linear space
of f is Ly = {00000, 01100, 10101, 11001}, where each vec-
tor can be obtained as the EXOR of the other two. f is then
2-autosymmetric. We have STR(Ly) = (zo @ z1 D x2)x3
(zo ® x4), where xo, 1, and, T2, T3, T4, are the canonical
and noncanonical variables, respectively. From Corollary 38
we have w! = 00001, w? = 00100, w® = 00110, hence:

£=(00001& L;)U (00100 & L) U (00110 5 Ly).  (5)

From this we derive the following (nonminimal) SPP form
for f, where each term w' @ Ly of Ezpression (5) is trans-
formed into an EXOR factor derived from STR(Ly) com-
plementing the noncanonical variables with value 0 in w":

(o @ 1 © Ta)T3(x0 © x4) + (To © 21 @ 22)T3(w0 O Ta)
+(xo ®x1 B x2)23(T0 B T4a).

We will study any k-autosymmetric function f with k > 1
through a simpler function fr. We state:

DEFINITION 4. For a (k > 1)-autosymmetric function f,
the restriction fi consists of the |f|/2* points of f contained
in the subspace {0,1}" ™% where all the canonical variables
of f have value 0.

Note that f; depends only on the n — k noncanonical vari-
ables of f. Once Ly has been computed (see next section),
the canonical variables of f are known, and f; can be im-
mediately determined applying Definition 4. For instance,
for the function f with £k = 2 of Example 1, f» depends
on the noncanonical variables z2, z3, 4. To build fo we
take the subset {00001, 00100,00110} of the points of f for
which the canonical variables zo, 1 have value 0, and then
project these points into the {0, 1}3 subspace relative to 2,
x3, x4, where we have fo = {001,100,110}. f; is ToTsza+
T2T3Ta+ T2x3T4. Note that the same expression is obtained
setting x¢o = x1 = 0 in the last expression of Example 1. We
now show that the SPP-minimal form of any autosymmetric
function can be easily derived from the SPP-minimal form
of its restriction. Note that finding the latter form is easier
because the restriction has less variables and points. In the
example above f depends on 5 variables and has 12 points,
while fo depends only on 3 variables and has only 3 points
(represented by the minterms ToTsx4, ©2T3T4 and T2T3T4).
An easy extension of Theorem 6 of [8] is the following

LEmMA 1. A (k > 1)-autosymmetric function and its re-
striction have the same number of pseudoproducts in their
manimal SPP forms.

In fact we can prove a stronger property, namely not only
fr and f have the same number of pseudoproducts in their
minimal forms, but a minimal form for f can be easily de-
rived from a minimal form for fr. Let z..,...,2., , ,
be the noncanonical variables of f, and let STR(Ly) =
Pop1 - - Pn—k—1, where p; is the EXOR factor containing z,,
1<i<n-—k—1 (recall that each noncanonical variable is
in an unique EXOR factor).

THEOREM 4. If SPP(fi) is a minimal SPP form for fy,
then the form SPP(f) obtained by substituting in SPP(fi)
each variable x.; with the EXOR factor p; s a minimal SPP

form for f.

ProoF. By Lemma 1, the number of pseudoproducts in
SPP(f) is minimum, then we have only to prove that this
form covers exactly all the points of f. When we transform
f into fi, we select the vector w' with all canonical variables
set to zero from each affine subspace w' @ Ly. Call v* the
vector ' without the canonical variables, i.e., its projection
onto a subspace {0,1}"7*. When we apply the linear sub-
stitutions z., ¢ po,..., %z, , ,  Pn—k—1, we force any
pseudoproduct that covers vt in fy to cover all the points in
w' @ Ly in f, and the thesis immediately follows. [

4. THE MINIMIZATION ALGORITHM

In the previous section we have shown that each Boolean
function f is k-autosymmetric, for £ > 0. If £ > 1, f will
be simply called autosymmetric. For minimization purposes
we have an increasing advantage for increasing k > 1, as
minimizing a k-autosymmetric function with n variables and
£ points reduces to minimizing a different function with n—k
variables and £/2% points. Even for k = 1 we have to cover
only one half of the original points.

Fortunately, for a given function f, finding the associated
linear space L; and computing the autosymmetry degree k
is an easy task, because the required algorithm is polynomial
in the number n of variables and in the number of points of
f. By Definition 2, a function f is closed under « if for any
w € f there exists v € f such that v = v & . Thus, for all
u € f, there exists a vector v € f such that we can express
a as a = u P v. In other words, a must be searched within
the vectors of the set {u ® v | u,v € f}. More precisely:

THEOREM 5. Let f be a Boolean function. Then Ly =

Nues(we f).
PROOF. Let a € (e ;(w @ f). Then
ac ﬂ(u@f)«;:?Vuef, acudf

uef
<SVuef, Ivefla=udveacly.

O

Based on Theorem 5 we state:

ALGORITHM 1. Construction of Ly (build L; and find
the autosymmetry degree k of a given function f)

1. for all w € f build the set u & f;
2. build the set Ly = Ny, (u & f);

3. compute k =log |Ly|.

The time complexity of Algorithm 1 is ©(| f|*n), because we
must build a set w @ f for all w € f, and the construction
of each such a set requires O(|f| n) time.

Any SPP minimization algorithm can be easily extended
for exploiting autosymmetry. For a given function f we first
compute Ly and k with Algorithm 1. If k =0 (i.e., f is not

!The resulting expressions may be reduced using some prop-
erties of EXOR, in particular s @z =0 and 0 @ = = .



autosymmetric) we proceed with regular minimization, oth-
erwise we compute the restriction fi of f, minimize it, and
finally derive a minimal form SPP(f) from SPP(f;). We
propose the following A (for autosymmetry) minimization
algorithm.

ALGORITHM 2. A-Minimization (build a minimal SPP
form of a given function f)

1. build L; and compute the value of k by Algorithm 1;

2. if K = 0 then minimize f with any SPP synthesis
algorithm

3. else

(a) determine the canonical variables of Ly and com-
pute the restriction fj as indicated in Section 3;

(b) compute STR(Ly) = pop1 - Pn—k—1;

(¢) compute the minimal form SPP(f;) for fi with
any SPP synthesis algorithm;

(d) build SPP(f) by substituting in SPP(f) each
noncanonical variable z; with the EXOR factor
pi of STR(Ly).

By the theory developed in the previous section, Algorithm 2
is correct. Note that the algorithm builds an SPP form
minimal with respect to the number of pseudoproducts. To
obtain the minimal SPP form with respect to the number
of literals we must slightly rearrange steps 3(c) and 3(d),
executing the substitutions of all p; for x., in the prime
pseudoproducts of fi, before selecting such pseudoproducts
in the set covering problem implicit in the minimization al-
gorithm.

EXAMPLE 2. Minimization of the function f of Ezam-
ple 1, using Algorithm 2.

e Derive Ly and k by Algorithm 1. For this purpose,
for all w € f compute the set uw @ f. (For ezam-
ple, for the point 00100 we obtain the set: 00100 &
f = {00101, 00000, 00010, 01100, 01110, 01001, 10101,
10111, 10000, 11100, 11001, 11011}). The intersec-
tion of all the sets uw @ f gives the linear space Ly =
{00000, 01100, 10101, 11001}. We then have k = 2.

e Since k = 2 we proceed with the else branch of Al-
gorithm 2. Ly has noncanonical variables x2, T3, T4,
hence fa s restricted to these variables and we have:
f2 ={001,100,110}.

o The minimization problem mow consists of finding a
minimal SPP cover of the points of f2. Applying the
algorithm of [2] we have the minimal form SPP(f2) =
ToTg+ Ta(x2 D x4).

e Compute: STR(Ly) = (xo ® x1 B x2)x3(xo @ 4).

e Derive the minimal SPP form for f by substituting
Z2, x3 and x4 in SPP(f2) with the EXOR factors of
STR(Ly), respectively (xo & x1 & x2), x3 and (zo @
x4). With some immediate algebraic simplifications we
obtain 2SPP(f) = (xo ® x1 ® x2)(xo ® T4)+ Ta(x1 @
T2 B :v4) .

’E.g., in the first term of SPP(f;) we have: T4[r4 + (To @
z4)] = (x0 ® x4) = (xo®BT4). In the last term of SPP(fi) we
have: sz Dxa)[r2 ¢ (ToDT1DT2), T4 < (oS x4)] = (oD
21022) B (voPBws) = (oBroPr1Pr2PBw4) = (1 BT2DT4).

[ function || k [[ #L | #PP | Ta | Tc |

max512(0) 1 8 2 20.82 | 2618.02
ZOsym(0) || 1 || 102 17 [ 310.17 %
newtpla2(2) || 2 [ 17 1 171 | 236.89
radd(2) || 3| 16 3 0.22 5.43
addmd(6) || 4| 18 1 0.39 | 79.86
ntb(0) || 5[ 96 12 || 11420.80 %
addmA(7) || 6 6 2 027 | 123.63
ntb(5) || 7 | 38 8| 431.60 %
newtpla(d) || 8 7 1 0.48 | 2893.04
opa(17) [ 10 || 37 7 503.01 %
alcom(5) || 11 6 3 119.67 %

Table 1: Detailed results for a subset of autosymmetric
functions. The last two columns report CPU times in
seconds on a Pentium III 450 machine for Algorithms
A and C (a star indicates non termination after 172800
seconds). The results are relative to single outputs. #L
and #PP are the numbers of literals and of prime pseu-
doproducts in the minimal expression.

5. EXPERIMENTAL RESULTS

The new minimization Algorithm 2, also called Algorithm
A, has been tested on a large set of functions without don’t
cares, taken from the ESPRESSO benchmark suite [11] (the
different outputs of each function have been synthesized sep-
arately). The performance of Algorithm A has been com-
pared with the performance of the best previous algorithm,
that is the one proposed in [2], in the following indicated as
Algorithm C (after Ciriani). In fact, also the minimization
of function fi in Algorithm A (step 3(c)) has been imple-
mented with Algorithm C. For all the functions considered
we have computed the values of the autosymmetry degree
k with Algorithm 1, obtaining the results shown in the first
two rows of Table 2. Surprisingly the overall percentage of
autosymmetric functions (k > 1) is over the 61%. We have
then attempted to run Algorithms A and C for all such func-
tions, recording the CPU times whenever the computation
terminated in less than 172800 seconds (2 days) on a Pen-
tium IIT 450 machine. Results on program termination are
given in the last three rows of Table 2.

Row Avg(Ta/Tc) of Table 2 shows the average reduc-
tion of computing time using Algorithm A instead of C, for
all the benchmark functions for which both algorithms ter-
minated (i.e., for the 546 functions of row #AC). Note the
improvement introduced by the new algorithm for all the
autosymmetric functions in the set, and how such an im-
provement drastically increases for increasing k. For k = 0,
instead, we have Avg(Ta/Tc) > 1, and actually the ratio
(T'a/Tc) is slightly greater than 1 for each such a function.
This is because Algorithm A computes Ly in any case, then
calls Algorithm C. The resulting slowdown is however al-
ways negligible because Ly is computed in polynomial time
by Algorithm 1 (see previous section), while Algorithm C' is
exponential in nature. For all the functions in the table the
forms obtained with the old and the new method coincide.

Finally Table 1 shows the CPU times for a small subset
of the above functions with £ > 1, and other relevant mini-
mization parameters for them.

6. THE ROLE OF AUTOSYMMETRY

To understand the role of autosymmetric functions we
must compare them with the set of all possible functions.



k=] 0 [ 1 | 2 [ 3 [ 4 [ 5 [ 6 | 7 | 8 [910][11]12 ] Tot|
F#funct | 365 | 116 [ 72| 05| 41 [ 43 ] 39 27 16 | 24 [ 58 | 28 [ 18 | 942
%efunct | 38.0 | 12.3 | 7.6 | 10.1 | 4.3 | 46| 41| 29 1.7 [24]62 3.0 [ 1.9 ] 100
#AC | 264 | 82 | 55| 54| 23] 35 21 10 2] 0] 0] 0] 0] 546

#A 0 5 1 5 9 7 16 9 14| 24| 58 | 28 | 18 | 197

17101 | 29| 13| 36 9 1 2 8 0] 0] 0] 0] 0] 199
Avg(Ta/Tc) | 1.01 | 0.63 | 0.42 | 0.37 | 0.32 | 0.27 | 0.07 | 0.004 | 0.0001 | - | - | - | - | -

Table 2: Distribution of k-autosymmetric functions in the Espresso benchmark suite. #funct are the total numbers of
functions (single outputs) for any value of k, and %funct are the corresponding percentages. The other rows report the
number of k-autosymmetric functions synthesized with the new Algorithm A, and with the previous best Algorithm
C (#AC); synthesized with A only (#A), since C did not terminate; not synthesized at all since both algorithms did
not terminate (#*). Avg(Ta/Tc) is the average of the ratio Ta/Tc, for the 546 functions of row #AC (k=0 to 8).
Ta and T are the times required by the two algorithms on the same function.

The total number of Boolean functions of n variables is
Np = 22n, corresponding to all the ways a subset of points
can be chosen in {0,1}". This is a huge number, however,
due to the randomness of the above generating process very
many of such functions do not correspond to any signifi-
cant circuit. Autosymmetric functions are just a subset
of the above. By a counting argument (omitted here for
brevity) we can in fact prove that autosymmetric functions
are Na = (2" —1)22" . Therefore, for increasing n, au-
tosymmetric functions constitute a vanishing fraction of all
the functions, as Na/Nr goes to zero for n going to infinity.
Still the question remains on how many significant functions
are autosymimetric.

All what we can say at the moment is that most of the
major benchmark functions are indeed autosymmetric, as
shown in the previous section. The more so when n is small
and the values of Ny and N4 are not too distant. The
reason, we might argue, is that a function encoding a real
life problem must exhibit a regular structure that can be
reflected in some degree of autosymmetry. In fact, also de-
generated functions (i.e., functions that do not depend on
all the variables) are autosymmetric. Some of this functions
are encountered among the benchmark ones; however, this
property is not immediately evident and is not directly used
in the standard minimization process.

This regularity may also allow to define an autosymmetric
function f independently of the number of variables, and
then to state a rule for deriving a minimal form for f valid
for any n. Well known functions as, for example, the ones
counting the parity of n bits, or giving the next-state values
for an n bits Gray code, can be easily expressed in minimal
form for an arbitrary number of variables just because they
are autosymmetric (for the parity see [8]; for Gray codes
elementary considerations suffice).

It might be relevant to examine the relation between au-
tosymmetric functions, and functions which are simply sym-
metric. That is, functions which are invariant under any
permutation of their variables (see for example [7]). The
total number of symmetric functions is Ng = 2"“7 hence
Ngs << Na, but they are not a subset of the autosymmetric
ones. In fact a symmetric function may be autosymmetric
(e.g., the parity function), but there are symmetric functions
that are not autosymmetric (e.g., any symmetric function
with an odd number of points). At the moment we have no
interesting results in this direction.

We observe that the information content of an autosym-
metric function f is represented by its reduction fi together
with the linear transformation x., < po, ..., Tz,_,_,

Pr—k—1 (Section 3), so that the core of the synthesis problem
is the minimization of fi, (Section 4). This suggests a formal
generalization. For a given function g € {0,1}™ — {0,1} we
can define the autosymmetry class Cy4 as the class of all the
autosymmetric functions f € {0,1}* — {0,1},¢ > m, such
that fr = g. Since the information content of any given
function f can be easily found, and a minimal SPP form for
f can then be derived from SPP(f}), minimizing the func-
tion fr corresponds to minimize the entire class C; = Cy, .
Exploiting the full potential of such an approach is currently
a matter of study.

Finally another interesting research direction is the gen-
eralization of the autosymmetry property to functions with
don’t care set. Since the autosymmetry is strictly related to
the points of a function f, the major goal would be select-
ing a subset of don’t cares as points of f to maximize the
autosymmetry degree of the function.
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