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ABSTRACT

Symbolicsimulationis attractingincreasingnterestfor the valida-
tion of digital circuits. It allows theverificationengineeto explore
all, or a major portion of the circuit’s statespacewithout having
to designspecificandtime-consumingeststimuli. However, the
compleity andunpredictableun-timebehaior of symbolicsim-
ulation have limited its scopeto small-to-mediuntircuits.

In this paper we proposea novel approachto symbolic simu-
lation that reduceghe size of the BDDs of the statevectorwhile
maintainingan exactrepresentatioof the setof statesvisited. The
methodexploitsthedecompositiopropertieof Booleanfunctions.
By restructuringthe next-statefunctionsin their disjoint support
componentsye gaina betterinsightin therole of eachinput vari-
able. Consequentlywe cansimplify the next-statefunctionswith-
out significantly sacrificingthe simulationaccurag. Our experi-
mentalresultsshavs thatthis approachcanbe usedin effectively
reducingthe memoryrequirementof symbolic simulationwhile
surrenderingnly a smallportionof the designs statespace.

Categoriesand Subject Descriptors
B.6.3[Logic Desigr: DesignAids—\erification, Simulation B.8
[Hardware]: PerformancendReliability
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Design,Verification,PerformanceTheory
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1. INTRODUCTION

Validatingthe functionality of digital circuits and systemss an
increasinglydifficult task. This is dueto the growing compleity
of the designghathasnot beenaccompaniedby improvementsn
functionalverificationtechniques.

Logic simulationis still the mainstreamapproacHor thevalida-
tion of largesynchronousystemg[1, 2]) becaus®f its scalability
: CPUtime is proportionalto the designsizeandtestlength. Sim-
ulationis alsoflexible: Practicalcycle-basedsimulatorsallow for
circuitswith multiple clocksandthe ability to mix cycle-basednd
event-basedimulation.
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Unfortunately the fraction of the designspacewhich can be
explored by simulationis miniscule,especiallyfor large designs.
Only onestateandoneinput combinationof the designundertest
arevisitedduring eachsimulationcycle. Moreover theteststimuli
mustbe handcraftedby the designerto cover thoseareasof the
designthatshewishesto validate.

On the othersideof the verificationspectrumare symbolicex-
plorationtechniques.Thesemethodshave significantlyincreased
the reachof formal verification by makingit possibleto analyze
systemawith mary states.However practicaldesignsarestill out
of the graspof thesetechniques.

Symbolicmethodsattemptto validatea systemby exploringand
checkingits behaior underall the possibleinput stimuli. The ad-
vantageof this approachis that a propertycan be verified for all
the possibleexecutionsof a circuit and without the needfor the
designerto createthe stimuli. However, thesemethodshave not
becomemainstreamsolutionsso far, mainly becauseheir com-
putationalcompleity is very high. As a consequencehey are
only ableto validate successfullydesignsonly up to a few hun-
dredslatches.

Onesymbolicexploration approachthat hasbeenusedis sym-
bolic modelcheding. The basicideaunderlyingthis methodis to
useBDDs ([3]) to representll the functionsinvolvedin the vali-
dationandthe setof stateshathave beenvisited duringthe explo-
ration. The primary limitation of this approachis thatthe BDDs
that needto be constructectangrow extremelylarge, exhausting
thememoryresource®f the simulationhostmachineand/orcaus-
ing severeperformancalegration. In orderto overcomethis limi-
tation, varioussolutionshave beenproposedhattry to containthe
sizeof theBDDsinvolved, for instance{4, 5, 6].

An alternatve approachis symbolicsimulation This me-thod
verifiesa setof scalartestswith a single symbolicvector Sym-
bolic functions(representetly BDD) areassignedo theinputsand
propagatedhroughthecircuit to theoutputs.(seeFigurel. below).
This methodis usedin [7] and hasthe advantagethat large input
spacesanbe coveredin parallel with a singlesymbolicsweepof
the circuit. Again, the bottleneckof the approacHies in the ex-
plosionof the BDD representations/arioustechniquesave been
suggestetb approximatehefunctionsrepresenteah orderto con-
tain the BDDs within reasonabldéimits: [8, 9].

In this paper we presenta novel techniquefor symbolic simu-
lation that usesa new, parametricepresentatioffor the functions
at the sequentiaklementsof the circuit. This representatiompro-
ducesBDDs that are more compact(i.e., have fewer nodes)than
the original ones,while at the sametime constitutean exact rep-
resentatiorof the stateof the circuit. It is generatedlynamically
during the simulationexploiting the propertiesof disjoint support
decompositiorof a Booleanfunction.



In the remainderof the paperwe review the ideasof symbolic
simulationandof disjoint supportdecompositionWe thenpresent
our new techniquegor containingthesizeof theBDDsin symbolic
simulation. We concludeby presentingexperimentalresultsand
directionsfor futurework.

2. BACKGROUND

Let B denotethe set{0,1}. A symbolicvariableis a variable
definedover B. A logic function F is a mappingF : 3™ — 3",
Therange of afunctionF is thesetof n-tuplesthatcanbeasserted
by F. It will bedenotedby % (F). Thei" componenof F will
be denotedoy f; : B™ — B. We uselower casefor single output
functionsanduppercasefor multiple outputfunctions.

The 1-cofactorof afunction f w.r.t. avariablev is thefunction
fy—1 obtainedby substitutingl for vin f. Similarly, the 0-cofactor
is obtainedby substituting for vin f.

We saythata function f : 3™ — B dependson a variablex; iff
the Booleandifferenced f /0x; = fy, @ fx- is notthe constanfunc-
tion 0. In themostgeneralkcasewhenF is a multiple outputfunc-
tion, we saythatF : B™ — B" depend®n a variablex;, if atleast
oneof its components; depend®nit.

The support of a logic function is the set of variablesf de-
pendson andit is indicatedby S( f).Two functionsf, g aretermed
disjoint-support if they shareno supportvariables,i.e., S(f)N
S(g) = 0. Thesizeof asupportsetis indicatedby |S(f)|.

We assumdunctionsto berepresentedly their Binary Decision
Diagrams.We referthereaderto [3, 10] for a tutorial introduction
to BDDs.

A synchronouslogic circuit is definedby a 6-tuple:

e anorderedset(iy, ---, im) and(og, ..
andoutputsymbols,

., Op) of Booleaninput

e anorderedset(sy, - .., Sn) of Booleanstatesymbols,

o next-statefunctiond: Sx | : 8MM 5 S: 3",
e outputfunctionA : Sx | : 8™ 5 O: BP,

e andaninitial assignmeng, of the statesymbols.

Thenext sectiornreviewsthesymbolicsimulationalgorithm,which
appliesto a synchronoudogic circuit. Section2.2 provides an
overview of disjoint supportdecompositiongaswe will usethem
in presentingur approach.

2.1 Symbolic Simulation

Symbolicsimulationrefersto theiterative symbolicexploration
of the statespaceof a synchronousircuit. Thecircuit is initialized
at time stepO with theinitial assignmeng, to the statesymbols
andwith the setof variablesiN go = {i1@o,*** ,im@o} for thein-
put symbols. At eachtime stepk, the expressionof the primary
outputsandstatevariablesis computedin termsof thevariablesin
{in@o, - ,in@k}. At theendof thetime step thevectorof Boolean
functionsfor the statesymbolsSgy : B™K — B" representsll the
statesthat canbe visited by the circuit at stepk . Figurel shavs
theflow just describedisingatime-unrolledversionof the circuit.

Bugsarefoundby checkingatevery stepthatthefunctionOUT gy :
{in@o,-- ,ingk} — BP representa setof legal valuesfor theout-
putsof the circuit. Whenanillegal outputcombinationis found,
ougy reportsall the possibleinput combinationsthat exposeit.
Theoreticallythe iteration can be repeatedndefinitely, although
typically the BDDs for Sgx andOUT gy outgrav the memoryre-
sourcesvailable.
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Figure 1: Iterati ve model of symbolic simulation

2.2 Disjoint Support Decompositions

Thedisjointsupportdecompositionf ascalafunctionF : 3™ —
B, consistof finding other simplerfunctionsL andA; suchthat:

F(Xla' o ,Xm) = L(Al(Xl,' r 7XA1)7A2(XA1+]."" aXAz)a--)

with S(A)NS(Aj) =0, Vi, j.

An exactsolutionto this problemhasbeenproposediy Ashen-
hurst[11] and Curtis [12] using decompositiorcharts This de-
compositionalgorithmhasexponentialcompleity on the number
of variablesin $(f). Ashenhursialsoprovedin [11] thatthereis
a uniquedecompositiorfor a function oncewe pick a canonical
representatiofor associatie operations.

More recently methodsbasedon the BDD representationf a
functionhave beensuggestedh [13, 14]. In particular the method
in [13] hascompleity quadratidn thesizeof theBDD of thefunc-
tion to decomposen theworstcase.

Thedisjointsupportdecompositiortanbeappliedrecursvely to
eachof the Aj componentdeadingto a block treerepresentation
of a Booleanfunctionasin Figure2, whereeachblock represents
a Booleanfunction with a single outputandinputsthat have pair
wisedisjoint support.The leavesof thetreearetheinput variables
of thefunction.

Basedon the namingconventionin [13], eachblock canrepre-
senteither an associatve operator (AND/OR/XOR) or a prime
function , thatis, a comple functionthat cannotbe decomposed
ary furtherwith disjoint supportinputs.
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Figure 2: Block tr eerepresentationof a Booleanfunction

3. STATE FUNCTION RE-ENCODING

Themethodwe proposén this paperis basedntheobseration
thatat eachsymbolicsimulationstepk, it is possibleto substitute
the statefunction Sgi : 8™ — B" with anew function DSg such
that R (Sagk) = R(DSgk) without affecting the resultsof the sim-
ulations; namely: 1) The setof outputsthat canbe generatedy
the circuit and2) the setof statesthe circuit canreachat eachcy-
cle. If we canfind a suitablefunction DSgy thatalsohasa smaller
BDD representatiofi.e., fewer BDD nodes)thenwe cancontrol
thesizeof theBooleanexpressiorandimprove ontheperformance
of symbolicsimulation.



We now presenvarioustransformationshataccomplistthis ob-
jective. Thefirst techniqueappliesto the statefunctionasawhole,
the other two are specificto the decompositiortype of a block:
eitherprime function or associatie operator For reason®f read-
ability, the proofsof thetheoremsgpresentedrereportedn the Ap-
pendix.

3.1 Reductionat FreePoints

By producingthedisjointsupportdecompositiornf eachcompo-
nentof Sgi, we obtaina vectorof block trees.While eachelement
of the vector hasa tree decompositiorwith no recorvergence,it
is now possiblethattwo or more elementsntersectat someinter
mediatenodeof their trees. An examplesituationis producedin
Figure3. We call this structurea decompositiongraph.

Fromnow on,we usethetermsdecompositiographF andfunc-
tion F interchangeablyo referto a multiple outputfunctionF. We
alsodropthe subscriptgx wheneer referringto the statevectorS
atstepk.

‘ free point ‘

Figure 3: The decompositionof a vector of functions

Definition1. A freepoint p in adecompositiorgraphof F is a
function correspondindo an outputof a blockin thegraph.It has
the propertythat, if we substitutethe sub-graphrootedat the point
with anew inputvariablew, the new functionG is disjoint support
with thefunctionrootedat p:

F(Xl,"',Xm):G(p,Xp_Fl,--',Xm)op(Xl,"',Xp) (1)
andsS(G)NS(p)=0.

Figure 3 shavs threefree pointswith darkenedcircles. Note that
the outputof p is a free point sincenone of the variablesin the
supportof p appearsn the supportof otherpartsof the graph.On
theotherhand thedashectircle atq is notafreepointsince,if we
split the graphat thatnode,the functionsG andq obtainedwould
still sharetheinput ;. Thefollowing theoremshaws thatwe can
usefree pointsto simplify thedecompositiorgraph.

THEOREM 1. Givena decompositiomgraphfor a multipleout-
putBoolearfunctionF (xg,- - -
BP — Binit, andthefunctionG(p, Xps+1, "+ ,Xm) : B™ P+ — B,
obtainedby substitutingthe function p() with the new input vari-
able pin thegraphof F, R (F) = R (G).

Thus, we can substituteall the free points with new variables

andgeneratea new statefunction G with a smallerrepresentation.

A simpletraversalof the graphis sufficientto discover all the free

pointswith maximalsupportthatis, all thefree pointswhosesup-

port is not containedn ary otherfree point of the decomposition
graph. The transformatiorof free sub-graphaith new variables
producesa new functionG, with |S(G)| < |S(F)|.

,Xm) : BT — B", afreepoint p(x,- - ,Xp) :

Example 1. Considetthe decompositiorgraphof Figure4. Figure
4(a) shaws all the free points of the graph. Only the circled free
pointsaremaximal. Figure4(b) shavs the new, reducedfunction
obtained.Notethatwe canre-useary input variableof afree sub-
graphasthe new variableatthefree point. O

4(a) 4(b)
Figure 4: Freepoints reduction

3.2 Elimination of Prime functions

As mentionedin Section2.2, eachblock of a decompositioris
eithertermeda prime functionor it is anassociatie operator We
foundthat, if a prime function satisfiescertainconditions,we can
remove it from the decompositiorgraph,alongwith all of its sub-
graphandsubstitutet with a freshinputvariable.

THEOREM 2. Givena primefunctionr(rq,---,ry) in adecom-
positiongraph F, if all of its inputs, exceptat mostone are free
points, than the decompositiorgraph G obtainedby substituting
the new variabler for functionr(), F(Xq,---,Xm) = G(r,--+ ,Xm) ©
r(ry,---,re) issudthat R (F) = R (G).

A possiblestructureof thegraphF is representeih Figure5(a):
All theinputto blockr arefree points,exceptfor r1. We canthen
remove the block r andsubstitutet with a new input variableob-
taining the graphin Figure5(b) without affecting the rangeof the
function. Note thatinput variablesr, andrs arenot neededary-
more.
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Figure 5. General casefor prime function elimination: (a) be-
foreand (b) after

Example 2. The testbenchs1196from the IWLS suite contains
the blocks reportedin Figure 6 in its next statefunction at step
10 of symbolic simulation. The variablesnamesare just indices
correspondindo the variablesin the supportof the statefunction.
Sincetheprimefunctionhastwo inputsthatarefree pointsandonly
oneinputthathasmultiple fanout,we cancompletelyeliminatethis
portionof thegraphandjust substitutet with aninputvariable.OI
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Figure 6: Prime elimination for Example 2.

3.3 Removal of non-dominant variables

Undercertainconditions,aninputvariablecanberemoredfrom
thedecompositiomgraphwithout affectingits range.

Example 3. Considethefollowing 3-outputsunction: f; = AND(b, e),

f, = AND(e,OR(a, b,d)), f3 = XORa,c).

The rangeof this functionis 3%\ {101,100}. Notice that we
canremove the variablea from the function, by assumingt has
value0, withoutchangingherangespannedby F : f1 = AND(b, e),
fo = AND(e, OR(b,d)), f3 = c hasstill range3®\ {101, 100}.

We coulddothis simplificationbecaus¢herangeof thefunction
for a= 1is asubsebf therangefora= 0.0

Definition2. An input variableof a decompositiorgraphhasa
non-dominant value O iff it fansout only to blocksthat are de-
composedhroughOR or XOR associatie operatorsit hasanon-
dominant value 1 iff it fansout only to blocksthatare AND or
XOR decompositionsOtherwiseit doesnot have a non-dominant
value.

Notein particularthatavariablemayhave anon-dominantvalue
0 andanon-dominanvaluel simultaneouslyf it fansout only to
XOR decompositionsThe theorembelov shavs thatin the most
generalcase a variablethatfansout only to associatie operators
canbe removed from the decompositiorgraphif it hasa unique
non-dominantaluefor thewholegraph.

THEOREM 3. If adecompositiographF hasaninputvariable
v with non-dominanvaluek € {0,1}, andead of the blocs (i.e.,
intermediatesingle-outpufunctions)thathavev in their faninhave
atleastonefreepointin their fanin, then: R (F) = R (F=k)

3.4 Approximating

Evenwhenall of the previous techniquedail, we still wantto
maintainacompactepresentationf thestatefunctionSgy, sothat
we cankeepprogressingn thesimulation.Whenthestatefunction
exceedsa configurablethresholdvalue, we choosea variable to
setto a constantvalue. The variablewith fanoutto the maximum
numberof blocksis selectedto maximizeour ability to discover
a reducedexact parametricrepresentatiorat the next attempt. In
choosingthevariable,we only considerdecompositiorblocksthat
have input variablesin their fanin, the intuition beingthat these
blocksarecloserto becomefree points.

We found experimentallythat often, aftereliminatinga variable
by settingit to constanasdescribedwe discoreredadditionalfree
pointsor variableswith non-dominantalues.

4. EXPERIMENT AL RESULTS

We built a symbolic simulatorto experimentwith our solution
andlinkedit to the CUDD packagd15]. At theendof eachsimu-
lation stepwe performedthe decompositiorof the next statesym-
bolic vectorandthe setof reductionsdescribedn Section3. We

set an upperlimit of 2500 nodesfor the statevector size. We
run our simulationon the sequentiatircuits of the IWLS '89/°93
benchmarlsuiteusinga PCbasedon a 1.7GhzPentiumprocessor
equippedwith 2GB of memory Theresultsarepresentedn Table
1.

For eachcircuit we reportthe numberof primary inputs, pri-
mary outputs,sequentiaklementscombinationalogic gatesand
thenumberof cycleswe runthethe simulation.

The next five columnsreporthow mary timeswe wereableto
apply our reductionsof Section3: FP is the numberof free point
substitutionsPR is thenumberof primefunctioneliminations,VD
the numberof non-dominantvariablesremovals, NL countsthe
casesvhereno exacttransformatiorcouldbe applied,but the state
vectorwaswithin thelimit sizeandSV countsthetimeswhenwe
cofactoredout a maximally sharedvariableasdescribedn Section
3.4. Notethatduring a singlesimulationstepwe may apply more
than one techniqueuntil we reducethe statevector within limits
or until thereis no exact parametrizatiorpossible. The valuesre-
portedin Tablel indicatethatthe conditionsthatallow condensing
the statevectorarefrequentlymetin all the circuits.

We thenestimatedhe numberof simulationvectorsthatarerun
in parallel,asfollows: At eachsimulationstep,we produceafresh
setof input symbolsat the primaryinputsof the circuit. At these-
guentialinputs,the numberof stimuli presentedn parallelis equal
to the cardinality of the ® (NS). Thusthe numberof vectorsthat
we simulatein parallelis: #vectos = 29" . ® (S,). ColumnVec-
tors reportsthelogy #vectos, which correspondso the equivalent
numberof input wiresthataremaintainedsymbolicat eachcycle.
The numberof traceswhich we carry forward to the next cycle is
given by: #races= 2#"—#SV. ¢ (S). Again, we reportthe bit-
equivalentvalueof thenumberof traces.In orderto computethese
values,we neededo computethe size of the reachedsetat every
cycle: All thecasesvherestepsis lessthana 100have beerlimited
by this computation.

It is clearfrom thetablethatwe canachieve a high level of par
allelism,in the orderof tensof bits percycle, while keepinga low
memoryprofile.

We comparedour resultswith a plain symbolic simulatorthat
limits the size of the statefunctionsby simply cofactoringout as
mary variablesasneededhttheendof eachcycle: columnplain re-
portsthe numberof variablesevaluatedto constanby this simula-
tor andshouldbecomparedo columnSV. Mostoftenourapproach
allows usto evaluateto constanfewer variablesthana straightfor
ward approach. It’'s worth noting that thereare casedike s1196
whereboth simulatorsdo not needto performary approximation,
but the usageof our tecniqueallowed usto mantainsimplerBDDs
andcompletethe simulationfaster

For thelasttwo columns we re-runthetestswithout calculating
the size of the statespacereachedat every cycle and we report
the memoryprofile in MBytes andthe executiontime neededor
runningthe specifiedsimulations.

5. CONCLUSIONS AND FUTURE WORK

We have presente@ new approacHor constructinga parametric
representatioof the statevectorduring symbolicsimulation. The
constructionexploits the property of disjoint supportdecomposi-
tion of the symbolic statevector It appliestransformationghat
presere therangeof the vectorfunctionwhile reducingthe sizeof
its BDD representation.

Ourexperimentdndicatethatthe conditionsrequiredto perform
thesetransformationsftenexist. Theresultsshav thatthesetrans-
formationsare a valuabletool for improving the performanceof
symbolic simulationwhile maintainingthe quality of its results.



Circuit | In  Out FF Gates| steps| FP PR VD NL SV | Vectors Traces|| plain || Mem Sec

51196 14 14 18 790| 100 99 5 0 1 0 25.33 25.33 0| 227 16.60
s1423 17 5 74 830 | 100 9 O 1 21 144 3760 35.92| 710( 35.5 108.95
s298 3 6 14 197 100 16 O 0 20 117 10.35 9.31 45 || 16.7 67.95
s641 35 24 19 436 | 100| 52 0 21 6 548 43.94 40.71| 629 | 254.0 740.0
s713 35 23 19 480| 100 40 O 14 10 531 43.98 41.06| 651 154.0 4704
s953 16 23 29 658 | 100 59 O 1 3 527 2295 20.09| 745| 451 106.4
clma 382 82 33 24482 60| 38 O 0 21 1] 390.56 390.53 1] 502 2851
mm4a 7 4 12 310 | 100 0 O 0 82 40 16.10 15.80 88| 30.7 3111
s38417| 38 304 1426 20281 2 2 0 0 0 0 inf inf 15| 334 0.05
s38584| 38 304 1426 20281 2 1 0 0 1 0 inf inf 29 || 42.2 0.06
s5378 | 35 49 163 3232 2 2 0 0 0 0 54.0 54.0 0|l 11.3 1644
s9234 | 36 39 135 3019 7 1 0 5 1 0 63.49 63.49 0| 187 350.5
shc 40 56 27 1143| 100|184 0 214 4 0932 51.05 46.61| 877| 66.1 11235

Table 1: Experimental results

We arecurrentlyworking on finding additionalconfigurationghat
leadto exacttransformationsndon improving the quality of the
fall-backaction(measuredsratio betweemumberof BDD nodes
eliminatedto numberof element®f the statesetlost) whenno ex-

acttransformatiorcanbefound.
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APPENDIX

Proof of Theorem 1. Considerthe functionF (xy,-- - Xm) andcomputeits
rangeby splitting ontheinput variableg16]:

K(F) = R.(Fxlzo) U K(Fxlzl)

By applyingthis equatiorrecursvely overall thevariables(xy, - - - Xp) in
the supportof p, we obtain:
R(F)

U R(Fxlzil,xzziz,---,xp:ip) (2)

(i1,ip)€BP

UsingEquation(1): Fx; =i xo=ip, xp=ip = Gp=iy Whereiw = p(i1,---,ip) €
{0,1} since p evaluatesto a constant. Substitutingin Eq.(2) we finally
obtain: R (F) = Ui,eq0,13 R(Gp=iv,) = R(G) O

Proof of Theorem 2. We distinguishtwo cases:

1. All theinputsof the prime block arefree points. Thenthe outputof
thefreeblockis alsoa freepointandthetheorenreduceso thehypothesis
of Theoreml.

2. Theprimeblockr hasoneinputthatit is notafree-point,sayr, with-
outlossof generality All theotherinputsto theprimefunction: (ro,--- ,ry)
are still free points and we can assumethat have beenreducedto input
variablesby Theoreml. In the mostgeneralcase,r; is a single output
function of otherinput variablesthat are in the supportof both G andr:
S(r1) = (as,--- ,ap). ThefunctionF hasthentheform:

F(al...apy...rh...xm):G(nal...apyrl’...xm)

3

or(ry, -+ ,rr)ors(as, -, ap) ®
Let's proceedagainby computingthe ® (F) by recursvely splitting onthe
inputvariables:

R(F) U R (Fay=iy =i, ~,ap=ip) 4

(i1,5ip)EBP



For eachdifferentassignmentis,--- ,ip), r1 evaluatesto a constanwalue:
ir =r(i1, -~ ,ip) € {0,1}. Substitutinghe expansionof F asin Eq.(3):

Fay=iy,ap=ip = Galzils...,ap:ip,rlzirl orry=ir, 5)

Notethatwe cannotdropthe cofactorsw.r.t. thea; in G because; is nota
free pointandthusits inputsfanoutto othernodesof thegraph.

Now, thefunctionrr,—, (rz,--- ,Ir) is afree pointandassuchit canbe
substitutedby anew freevariabler. We shav now thatit is notpossiblethat
Mry=iry (r2,---,rr) reducedo a constantor ary valueof ir,. Infact,if that
wasthe caser could be expressedasr = rq ® rres(r2,-- ,Ir), where® is
eitherAND or ORands(r1) NS(rres) = 0, andr wouldthenhave adisjoint
supportdecompositiorthroughan associatie operatorandwould notbe a
primefunction.

By carryingon the substitutionr = Mry=iry (r2,---,rr), Eqg. (5) reduces
10 Fay—ig ap=ip,,ap=ip = Gay=is,ap=is,,ap=ip Which substitutedinto Eg.
(4) provesthetheorem.O

Proof of Theorem 3. For agenericfunctionF, we have:

R(F) = R(F=k) UR(F,_i) (6)

We now shaw thatunderthe conditionsspecified:

R(F_i) € R(Rk) @)

andEq.(6)reducego R (F) = R(F=k)-

Let's considefirst the casewherek = 0 andlet’s labeleachof thefunc-
tions that have v in their fanin x(v, p,X¢ -+ ), Y(va,y1---), W(V,r,wy---)
...wherep, q, r ...arethefreepointsin eachof themandx;, yi, w; ...are
othervariableshefunctionsdependn. Thex,y,w,.. . functionscanonly be
OR or XOR decompositiondy hypothesis.

We canthenexpressF usingthe compositionof thesefunctions: F =
G(X, Y, W=+, X1 -y -+ ) o X(V, Py Xa..) o Y(W, Gy Y1) - -

Notethat,in generalx;, vi, w; ...arealsoin thefaninof G. Let's now
computethetwo cofactorof F w.r.t. v:

Fv:(J:G(X,y,W'” ,Xl"'Ww"')oX(Q p,X1~-)°"'
Fv:1=G(X,y,W"' ,Xl"'Ww"')OX(ly p,Xl..)O“-

In orderto shav theinclusionof therangesof Eq. (7), we aregoingto
represeneachrangeasaunionof rangesby cofactoringthevariablesin the
supportof x, y, w, ...onefunctionatatime startingwith x():

R(F=0)=  J  R(GHx1-)oX(0: )qmisg )
(X-+Xx) €BX

R(F-1)= U R(G(xxa+)ox(L iy )
(X1-+Xx) € BX

We distinguishtwo casedor eachx,y,w,. . . function:

1) x isa OR decomposition Whenall the(xq, - , %) arezero,for R=1,
x evaluatesto the constanwalue 1. For F,—o, X = p. In all theothercases<
evaluatego 1. By groupingall the componentangessothatto distinguish
the specialcasefrom all the others, we cansimplify theexpressions:

R(Fv=0) =R(G(p,---0---))u
U K(G(l7y7"'Xl"')xlzixl,---
(X2, 260
R(Fu1) =R(G(L 0 ))U

U R,(G(lvyv"'Xl"')Xlzixl,---
(X3, %) #0

It canbeeasilyseerthatthefirst reangeor R.—1 is a subsebf thecorre-
spondingrangefor F,—o, while therestof the expressioris identical.

2) x is an XOR decomposition In R,=1, x=XNORp, X, - ,X). For
FR=0, x=XOR(p,X1,--- ,%). We canagaingroupall thecomponentanges
so thatto distinguishthe casesvhere XOR(xy, - -+ ,X) = 0 from the ones

whereXOR(xg, -+ ,X) = 1:

-'R,(Fv:o) = U -‘R.(G(p7y7 Xl"')Xlzixl,"'U
XORXq,+ % )=0
U ROGBY 5 i
XORXq,+,Xx)=1
R(F=1) = U RAG(P,Y,++ X1+ Jxg=ing U
XORXq,+,Xx)=0
U R(G(P, Y, X1+ )xgming o

XOR(X - )=1

And it can be obsered that the two componentf eachexpression
maitch.lt follows: R (Fi=o0) = R(Fu=1).

This procedureanbeappliedrecursiely for eachof the otherfunctions
y, ..., by computingand groupingall the cofactorsfor the setsof input
variables(ys---yy), ....

For the casewherek = 1, thefunctionsx,y,w, ...cannow only be AND
or XOR decompositionsThe proof canbe obtainedby substitutingAND
for OR and1 for 0 in the proof just discussed Finally for the casewhere
theinputvariablev hasbotha non-dominantvalueO and1, we canjustuse
ary of thetwo value-specificproofs. O



	Main Page
	DAC'02
	Front Matter
	Table of Contents
	Session Index
	Author Index




