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ABSTRACT
Symbolicsimulationis attractingincreasinginterestfor thevalida-
tion of digital circuits. It allows theverificationengineerto explore
all, or a major portion of the circuit’s statespacewithout having
to designspecificandtime-consumingteststimuli. However, the
complexity andunpredictablerun-timebehavior of symbolicsim-
ulationhave limited its scopeto small-to-mediumcircuits.

In this paper, we proposea novel approachto symbolic simu-
lation that reducesthe sizeof the BDDs of the statevectorwhile
maintaininganexactrepresentationof thesetof statesvisited.The
methodexploitsthedecompositionpropertiesof Booleanfunctions.
By restructuringthe next-statefunctionsin their disjoint support
components,we gaina betterinsight in therole of eachinput vari-
able.Consequently, we cansimplify thenext-statefunctionswith-
out significantlysacrificingthe simulationaccuracy. Our experi-
mentalresultsshows that this approachcanbe usedin effectively
reducingthe memoryrequirementsof symbolicsimulationwhile
surrenderingonly a smallportionof thedesign’s statespace.

Categoriesand SubjectDescriptors
B.6.3[Logic Design]: DesignAids—Verification,Simulation; B.8
[Hardware]: PerformanceandReliability

GeneralTerms
Design,Verification,Performance,Theory

Keywords
FormalVerification,SymbolicSimulation,BDDs

1. INTRODUCTION
Validatingthe functionalityof digital circuitsandsystemsis an

increasinglydifficult task. This is dueto the growing complexity
of thedesignsthathasnot beenaccompaniedby improvementsin
functionalverificationtechniques.

Logic simulationis still themainstreamapproachfor thevalida-
tion of largesynchronoussystems([1, 2]) becauseof its scalability
: CPUtime is proportionalto thedesignsizeandtestlength.Sim-
ulation is alsoflexible: Practicalcycle-basedsimulatorsallow for
circuitswith multipleclocksandtheability to mix cycle-basedand
event-basedsimulation.
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Unfortunately, the fraction of the designspacewhich can be
exploredby simulationis miniscule,especiallyfor large designs.
Only onestateandoneinput combinationof thedesignundertest
arevisitedduringeachsimulationcycle. Moreover theteststimuli
mustbe handcraftedby the designerto cover thoseareasof the
designthatshewishesto validate.

On theothersideof theverificationspectrum,aresymbolicex-
plorationtechniques.Thesemethodshave significantlyincreased
the reachof formal verificationby making it possibleto analyze
systemswith many states.However practicaldesignsarestill out
of thegraspof thesetechniques.

Symbolicmethodsattemptto validateasystemby exploringand
checkingits behavior underall thepossibleinput stimuli. Thead-
vantageof this approachis that a propertycanbe verified for all
the possibleexecutionsof a circuit andwithout the needfor the
designerto createthe stimuli. However, thesemethodshave not
becomemainstreamsolutionsso far, mainly becausetheir com-
putationalcomplexity is very high. As a consequence,they are
only able to validatesuccessfullydesignsonly up to a few hun-
dredslatches.

Onesymbolicexplorationapproachthat hasbeenusedis sym-
bolic modelchecking. Thebasicideaunderlyingthis methodis to
useBDDs ([3]) to representall the functionsinvolved in the vali-
dationandthesetof statesthathave beenvisitedduringtheexplo-
ration. The primary limitation of this approachis that the BDDs
that needto be constructedcangrow extremely large, exhausting
thememoryresourcesof thesimulationhostmachineand/orcaus-
ing severeperformancedegration. In orderto overcomethis limi-
tation,varioussolutionshave beenproposedthattry to containthe
sizeof theBDDs involved,for instance:[4, 5, 6].

An alternative approachis symbolicsimulation. This me-thod
verifiesa setof scalartestswith a singlesymbolicvector. Sym-
bolic functions(representedby BDD) areassignedto theinputsand
propagatedthroughthecircuit to theoutputs.(seeFigure1. below).
This methodis usedin [7] andhasthe advantagethat large input
spacescanbecoveredin parallel with a singlesymbolicsweepof
the circuit. Again, the bottleneckof the approachlies in the ex-
plosionof theBDD representations.Varioustechniqueshave been
suggestedto approximatethefunctionsrepresentedin orderto con-
tain theBDDswithin reasonablelimits: [8, 9].

In this paper, we presenta novel techniquefor symbolicsimu-
lation thatusesa new, parametricrepresentationfor the functions
at the sequentialelementsof the circuit. This representationpro-
ducesBDDs that aremorecompact(i.e., have fewer nodes)than
the original ones,while at the sametime constitutean exact rep-
resentationof the stateof the circuit. It is generateddynamically
during thesimulationexploiting the propertiesof disjoint support
decompositionof a Booleanfunction.



In the remainderof the paperwe review the ideasof symbolic
simulation

�
andof disjoint supportdecomposition.Wethenpresent

ournew techniquesfor containingthesizeof theBDDsin symbolic
simulation. We concludeby presentingexperimentalresultsand
directionsfor futurework.

2. BACKGROUND
Let � denotethe set � 0 � 1� . A symbolicvariableis a variable

definedover � . A logic function F is a mappingF : � m � � n.
Therangeof a functionF is thesetof n-tuplesthatcanbeasserted
by F . It will be denotedby ��� F 	 . The ith componentof F will
be denotedby fi : � m � � . We uselower casefor singleoutput
functionsanduppercasefor multipleoutputfunctions.

The1-cofactorof a function f w.r.t. a variablev is thefunction
fv
 1 obtainedby substituting1 for v in f . Similarly, the0-cofactor
is obtainedby substituting0 for v in f .

We saythata function f : � m � � dependson a variablexi if f
theBooleandifference∂ f � ∂xi � fxi 
 fxi is not theconstantfunc-
tion 0. In themostgeneralcasewhenF is a multiple outputfunc-
tion, we saythatF : � m � � n dependson a variablexi , if at least
oneof its componentsfi dependson it.

The support of a logic function is the set of variables f de-
pendson andit is indicatedby ��� f 	 .Two functions f , g aretermed
disjoint-support if they shareno supportvariables,i.e., ��� f 	����� g	 � /0. Thesizeof asupportsetis indicatedby � ��� f 	�� .

Weassumefunctionsto berepresentedby their BinaryDecision
Diagrams.We referthereaderto [3, 10] for a tutorial introduction
to BDDs.

A synchronouslogic circuit is definedby a 6-tuple:

� anorderedset(i1, ����� , im) and(o1, ����� , op) of Booleaninput
andoutputsymbols,� anorderedset(s1, ����� , sn) of Booleanstatesymbols,� next-statefunctionδ : S � I : � n� m � S: � n,� outputfunctionλ : S � I : � n� m � O : � p,� andan initial assignmentS0 of thestatesymbols.

Thenext sectionreviewsthesymbolicsimulationalgorithm,which
appliesto a synchronouslogic circuit. Section2.2 provides an
overview of disjoint supportdecompositionsaswe will usethem
in presentingourapproach.

2.1 Symbolic Simulation
Symbolicsimulationrefersto theiterative symbolicexploration

of thestatespaceof asynchronouscircuit. Thecircuit is initialized
at time step0 with the initial assignmentS0 to the statesymbols
andwith thesetof variablesIN@0 � � i1@0��������� im@0� for the in-
put symbols. At eachtime stepk, the expressionof the primary
outputsandstatevariablesis computed,in termsof thevariablesin� in@0 ��������� in@k � . At theendof thetimestep,thevectorof Boolean
functionsfor thestatesymbolsS@k : � mk � � n representsall the
statesthat canbe visitedby the circuit at stepk . Figure1 shows
theflow just describedusinga time-unrolledversionof thecircuit.

BugsarefoundbycheckingateverystepthatthefunctionOUT@k :� in@0 ��������� in@k � � � p representsasetof legalvaluesfor theout-
putsof the circuit. Whenan illegal outputcombinationis found,
out@k reportsall the possibleinput combinationsthat exposeit.
Theoreticallythe iteration can be repeatedindefinitely, although
typically theBDDs for S@k andOUT@k outgrow thememoryre-
sourcesavailable.
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Figure1: Iterati ve model of symbolic simulation

2.2 Disjoint Support Decompositions
Thedisjointsupportdecompositionof ascalarfunctionF : � m �� , consistsof finding other, simplerfunctionsL andAi suchthat:

F � x1 ��������� xm 	 � L � A1 � x1 ��������� xA1 	�� A2 � xA1 � 1 ��������� xA2 	������ 	
with � � Ai 	��!� � A j 	 � /0, " i � j .

An exactsolutionto this problemhasbeenproposedby Ashen-
hurst [11] andCurtis [12] using decompositioncharts. This de-
compositionalgorithmhasexponentialcomplexity on thenumber
of variablesin ��� f 	 . Ashenhurstalsoproved in [11] that thereis
a uniquedecompositionfor a function oncewe pick a canonical
representationfor associative operations.

More recently, methodsbasedon the BDD representationof a
functionhave beensuggestedin [13, 14]. In particular, themethod
in [13] hascomplexity quadraticin thesizeof theBDD of thefunc-
tion to decompose,in theworstcase.

Thedisjointsupportdecompositioncanbeappliedrecursively to
eachof the Ai componentsleadingto a block tr eerepresentation
of a Booleanfunctionasin Figure2, whereeachblock represents
a Booleanfunction with a singleoutputandinputsthat have pair
wisedisjoint support.Theleavesof thetreearetheinput variables
of thefunction.

Basedon thenamingconventionin [13], eachblock canrepre-
senteitheran associative operator (AND/OR/XOR) or a prime
function , that is, a complex function that cannotbe decomposed
any furtherwith disjoint supportinputs.
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Figure2: Block tr eerepresentationof a Booleanfunction

3. STATE FUNCTION RE-ENCODING
Themethodweproposein thispaperis basedontheobservation

thatat eachsymbolicsimulationstepk, it is possibleto substitute
thestatefunctionS@k : � mk � � n with anew functionDS@k such
that ��� S@k 	 � �#� DS@k 	 without affecting theresultsof thesim-
ulations;namely: 1) The setof outputsthat canbe generatedby
thecircuit and2) thesetof statesthecircuit canreachat eachcy-
cle. If we canfind a suitablefunctionDS@k thatalsohasa smaller
BDD representation(i.e., fewer BDD nodes),thenwe cancontrol
thesizeof theBooleanexpressionandimproveontheperformance
of symbolicsimulation.



Wenow presentvarioustransformationsthataccomplishthisob-
jectiv$ e. Thefirst techniqueappliesto thestatefunctionasa whole,
the other two are specificto the decompositiontype of a block:
eitherprimefunctionor associative operator. For reasonsof read-
ability, theproofsof thetheoremspresentedarereportedin theAp-
pendix.

3.1 Reduction at FreePoints
By producingthedisjointsupportdecompositionof eachcompo-

nentof S@k, weobtaina vectorof block trees.While eachelement
of the vectorhasa treedecompositionwith no reconvergence,it
is now possiblethat two or moreelementsintersectat someinter-
mediatenodeof their trees. An examplesituationis producedin
Figure3. We call this structurea decompositiongraph.

Fromnow on,weusethetermsdecompositiongraphF andfunc-
tion F interchangeablyto referto amultipleoutputfunctionF . We
alsodropthesubscript@k whenever referringto thestatevectorS
at stepk.
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Figure3: The decompositionof a vector of functions

Definition1. A fr eepoint p in a decompositiongraphof F is a
functioncorrespondingto anoutputof a block in thegraph.It has
thepropertythat,if we substitutethesub-graphrootedat thepoint
with a new inputvariablew, thenew functionG is disjoint support
with thefunctionrootedat p:

F � x1 ��������� xm 	 � G � p � xp� 1 ��������� xm 	-, p � x1 ��������� xp 	 (1)

and��� G	-�!��� p	 � /0.

Figure3 shows threefree pointswith darkenedcircles. Note that
the outputof p is a free point sincenoneof the variablesin the
supportof p appearsin thesupportof otherpartsof thegraph.On
theotherhand,thedashedcircle atq is nota freepoint since,if we
split thegraphat thatnode,the functionsG andq obtainedwould
still sharethe input q1. The following theoremshows thatwe can
usefreepointsto simplify thedecompositiongraph.

THEOREM 1. Givena decompositiongraphfor a multipleout-
putBooleanfunctionF � x1 ��������� xm 	 : � m � � n, a freepoint p � x1 ��������� xp 	 :� p � � in it, andthefunctionG � p � xp� 1 ��������� xm 	 : � m. p� 1 � � n,
obtainedby substitutingthe function p �/	 with thenew input vari-
able p in thegraphof F, �0� F 	 � �0� G	 .

Thus, we can substituteall the free points with new variables
andgeneratea new statefunctionG with a smallerrepresentation.
A simpletraversalof thegraphis sufficient to discover all thefree
pointswith maximalsupport,thatis, all thefreepointswhosesup-
port is not containedin any otherfreepoint of the decomposition
graph. The transformationof free sub-graphswith new variables
producesa new functionG, with � � � G	1�123� ��� F 	1� .

Example1. Considerthedecompositiongraphof Figure4. Figure
4(a) shows all the free pointsof the graph. Only the circled free
pointsaremaximal. Figure4(b) shows thenew, reduced,function
obtained.Notethatwe canre-useany input variableof a freesub-
graphasthenew variableat thefreepoint. 4
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Figure4: Freepoints reduction

3.2 Elimination of Prime functions
As mentionedin Section2.2, eachblock of a decompositionis

eithertermeda primefunctionor it is anassociative operator. We
found that, if a prime functionsatisfiescertainconditions,we can
remove it from thedecompositiongraph,alongwith all of its sub-
graphandsubstituteit with a freshinput variable.

THEOREM 2. Givena primefunctionr � r1 ��������� rr 	 in a decom-
positiongraph F, if all of its inputs,exceptat mostone, are free
points, than the decompositiongraph G obtainedby substituting
thenew variabler for functionr �/	 , F � x1 ��������� xm 	 � G � r ��������� xm 	T,
r � r1 ��������� rr 	 is such that �#� F 	 � �0� G	 .

A possiblestructureof thegraphF is representedin Figure5(a):
All the input to block r arefreepoints,exceptfor r1. We canthen
remove theblock r andsubstituteit with a new input variableob-
taining thegraphin Figure5(b) without affecting therangeof the
function. Note that input variablesr2 andr3 arenot neededany-
more.

5(a) 5(b)

a1 a2 a3

f 1 2f f 3 f 4

r 1

r

r 1

f 1 2f

a1 a2 a3

f 3 f 4

r 3r 2

r

Figure 5. General casefor prime function elimination: (a) be-
fore and (b) after

Example 2. The testbenchs1196from the IWLS suite contains
the blocks reportedin Figure 6 in its next statefunction at step
10 of symbolicsimulation. The variablesnamesare just indices
correspondingto thevariablesin thesupportof thestatefunction.
Sincetheprimefunctionhastwo inputsthatarefreepointsandonly
oneinputthathasmultiplefanout,wecancompletelyeliminatethis
portionof thegraphandjustsubstituteit with aninputvariable. 4
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3.3 Removal of non-dominant variables
Undercertainconditions,aninputvariablecanberemovedfrom

thedecompositiongraphwithoutaffectingits range.

Example3. Considerthefollowing3-outputsfunction: f1 � AND� b � e	 ,
f2 � AND� e� OR� a � b � d 	�	 , f3 � XOR� a � c	 .

The rangeof this function is � 3 U � 101� 100� . Notice that we
can remove the variablea from the function, by assumingit has
value0,withoutchangingtherangespannedbyF : f1 � AND� b � e	 ,
f2 � AND� e� OR� b � d 	�	 , f3 � c hasstill range� 3 U � 101� 100� .

Wecoulddothissimplificationbecausetherangeof thefunction
for a � 1 is a subsetof therangefor a � 0. 4

Definition2. An input variableof a decompositiongraphhasa
non-dominant value 0 if f it fansout only to blocks that arede-
composedthroughOR or XOR associative operators.It hasa non-
dominant value 1 if f it fansout only to blocks that areAND or
XOR decompositions.Otherwiseit doesnot have a non-dominant
value.

Notein particularthatavariablemayhaveanon-dominantvalue
0 anda non-dominantvalue1 simultaneouslyif it fansout only to
XOR decompositions.The theorembelow shows that in themost
generalcase,a variablethat fansout only to associative operators
canbe removed from the decompositiongraphif it hasa unique
non-dominantvaluefor thewholegraph.

THEOREM 3. If a decompositiongraphF hasaninputvariable
v with non-dominantvaluek VW� 0 � 1� , andeach of theblocks(i.e.,
intermediatesingle-outputfunctions)thathavev in their faninhave
at leastonefreepoint in their fanin, then: ��� F 	 � �#� Fv
 k 	
3.4 Approximating

Even whenall of the previous techniquesfail, we still want to
maintainacompactrepresentationof thestatefunctionS@k, sothat
wecankeepprogressingin thesimulation.Whenthestatefunction
exceedsa configurablethresholdvalue, we choosea variable to
setto a constantvalue. Thevariablewith fanoutto themaximum
numberof blocks is selectedto maximizeour ability to discover
a reducedexact parametricrepresentationat the next attempt. In
choosingthevariable,we only considerdecompositionblocksthat
have input variablesin their fanin, the intuition being that these
blocksarecloserto becomefreepoints.

We foundexperimentallythatoften,aftereliminatinga variable
by settingit to constantasdescribed,wediscoveredadditionalfree
pointsor variableswith non-dominantvalues.

4. EXPERIMENT AL RESULTS
We built a symbolicsimulatorto experimentwith our solution

andlinkedit to theCUDD package[15]. At theendof eachsimu-
lation stepwe performedthedecompositionof thenext statesym-
bolic vectorandthe setof reductionsdescribedin Section3. We

set an upper limit of 2500 nodesfor the statevector size. We
run our simulationon thesequentialcircuits of the IWLS ’89/’93
benchmarksuiteusinga PCbasedon a 1.7GhzPentiumprocessor
equippedwith 2GB of memory. Theresultsarepresentedin Table
1.

For eachcircuit we report the numberof primary inputs, pri-
mary outputs,sequentialelements,combinationallogic gatesand
thenumberof cycleswe run thethesimulation.

The next five columnsreporthow many timeswe wereableto
applyour reductionsof Section3: FP is thenumberof freepoint
substitutions,PR is thenumberof primefunctioneliminations,VD
the numberof non-dominantvariablesremovals, NL countsthe
caseswherenoexacttransformationcouldbeapplied,but thestate
vectorwaswithin thelimit sizeandSV countsthetimeswhenwe
cofactoredoutamaximallysharedvariableasdescribedin Section
3.4. Note thatduringa singlesimulationstepwe mayapplymore
thanone techniqueuntil we reducethe statevector within limits
or until thereis no exactparametrizationpossible.Thevaluesre-
portedin Table1 indicatethattheconditionsthatallow condensing
thestatevectorarefrequentlymetin all thecircuits.

We thenestimatedthenumberof simulationvectorsthatarerun
in parallel,asfollows: At eachsimulationstep,we producea fresh
setof input symbolsat theprimaryinputsof thecircuit. At these-
quentialinputs,thenumberof stimuli presentedin parallelis equal
to the cardinalityof the �0� NS	 . Thusthe numberof vectorsthat
we simulatein parallel is: #vectors � 2#In ���#� Sk 	 . ColumnVec-
tors reportsthe log2 #vectors, whichcorrespondsto theequivalent
numberof input wires thataremaintainedsymbolicat eachcycle.
Thenumberof traceswhich we carry forward to thenext cycle is
given by: #traces� 2#In . #SV ���#� Sk 	 . Again, we report the bit-
equivalentvalueof thenumberof traces.In orderto computethese
values,we neededto computethe sizeof the reachedsetat every
cycle: All thecaseswherestepsis lessthana100havebeenlimited
by this computation.

It is clearfrom thetablethatwe canachieve a high level of par-
allelism,in theorderof tensof bits percycle,while keepinga low
memoryprofile.

We comparedour resultswith a plain symbolic simulatorthat
limits the sizeof the statefunctionsby simply cofactoringout as
many variablesasneededattheendof eachcycle: columnplain re-
portsthenumberof variablesevaluatedto constantby this simula-
tor andshouldbecomparedto columnSV. Mostoftenourapproach
allows usto evaluateto constantfewer variablesthana straightfor-
ward approach.It’ s worth noting that therearecaseslike s1196
wherebothsimulatorsdo not needto performany approximation,
but theusageof our tecniqueallowedusto mantainsimplerBDDs
andcompletethesimulationfaster.

For thelasttwo columns,we re-runthetestswithout calculating
the size of the statespacereachedat every cycle and we report
the memoryprofile in MBytes andthe executiontime neededfor
runningthespecifiedsimulations.

5. CONCLUSIONS AND FUTURE WORK
Wehavepresentedanew approachfor constructingaparametric

representationof thestatevectorduringsymbolicsimulation.The
constructionexploits the propertyof disjoint supportdecomposi-
tion of the symbolic statevector. It appliestransformationsthat
preserve therangeof thevectorfunctionwhile reducingthesizeof
its BDD representation.

Ourexperimentsindicatethattheconditionsrequiredto perform
thesetransformationsoftenexist. Theresultsshow thatthesetrans-
formationsare a valuabletool for improving the performanceof
symbolic simulationwhile maintainingthe quality of its results.



Circuit In Out FF Gates steps FP PR VD NL SV Vectors Traces plain Mem Sec
s1196 14 14 18 790 100 99 5 0 1 0 25.33 25.33 0 22.7 16.60
s1423 17 5 74 830 100 9 0 1 21 144 37.60 35.92 710 35.5 108.95
s298 3 6 14 197 100 16 0 0 20 117 10.35 9.31 45 16.7 67.95
s641 35 24 19 436 100 52 0 21 6 548 43.94 40.71 629 254.0 740.0
s713 35 23 19 480 100 40 0 14 10 531 43.98 41.06 651 154.0 470.4
s953 16 23 29 658 100 59 0 1 3 527 22.95 20.09 745 45.1 106.4
clma 382 82 33 24482 60 38 0 0 21 1 390.56 390.53 1 50.2 28.51
mm4a 7 4 12 310 100 0 0 0 82 40 16.10 15.80 88 30.7 31.11
s38417 38 304 1426 20281 2 2 0 0 0 0 inf inf 15 33.4 0.05
s38584 38 304 1426 20281 2 1 0 0 1 0 inf inf 29 42.2 0.06
s5378 35 49 163 3232 2 2 0 0 0 0 54.0 54.0 0 11.3 164.4
s9234 36 39 135 3019 7 1 0 5 1 0 63.49 63.49 0 18.7 350.5
sbc 40 56 27 1143 100 184 0 214 4 932 51.05 46.61 877 66.1 1123.5

Table 1: Experimental results

We arecurrentlyworking on finding additionalconfigurationsthat
leadto exact transformationsandon improving the quality of the
fall-backaction(measuredasratiobetweennumberof BDD nodes
eliminatedto numberof elementsof thestatesetlost)whenno ex-
acttransformationcanbefound.
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APPENDIX

Proof of Theorem 1. Considerthe functionF Y x1 Z\[\[\[ xm ] andcomputeits
rangeby splitting on theinput variables[16]:^ Y F ]`_ ^ Y Fx1 a 0 ]cb ^ Y Fx1 a 1 ]

By applyingthisequationrecursively overall thevariablesY x1 Z\[\[\[ xp ] in
thesupportof p, weobtain:^ Y F ]d_ ef

i1 g h h h g ip ikj�l p

^ Y Fx1 a i1 g x2 a i2 g h h h g xp a ip ] (2)

UsingEquation(1): Fx1 a i1 g x2 a i2 g h h h g xp a ip _ Gpa iw whereiw _ p Y i1 Z\[\[\[cZ ip ]-mn
0 Z 1o since p evaluatesto a constant. Substitutingin Eq.(2) we finally

obtain:
^ Y F ]`_&p iw jrq 0 g 1 s ^ Y Gpa iw ]T_ ^ Y G]ut

Proof of Theorem 2. Wedistinguishtwo cases:
1. All the inputsof theprimeblock arefreepoints. Thentheoutputof

thefreeblock is alsoa freepointandthetheoremreducesto thehypothesis
of Theorem1.

2. Theprimeblock r hasoneinput thatit is notafree-point,sayr1, with-
out lossof generality. All theotherinputsto theprimefunction: Y r2 Z\[\[\[vZ rr ]
are still free points and we can assumethat have beenreducedto input
variablesby Theorem1. In the most generalcase,r1 is a single output
function of other input variablesthat are in the supportof both G and r :w Y r1 ]`_ Y a1 Z\[\[\[�Z ap ] . ThefunctionF hasthentheform:

F Y a1 [\[\[ ap Z\[\[\[ rr Z\[\[\[ xm ]T_ G Y r Z a1 [\[\[ ap Z r1 Z\[\[\[ xm ]x r Y r1 Z\[\[\[�Z rr ] x r1 Y a1 Z\[\[\[vZ ap ] (3)

Let’s proceedagainby computingthe
^ Y F ] by recursively splitting on the

inputvariables:^ Y F ]T_ ef
i1 g h h h g ip ikj�l p

^ Y Fa1 a i1 g a2 a i2 g h h h g ap a ip ] (4)



For eachdifferentassignmentY i1 Z\[\[\[cZ ip ] , r1 evaluatesto a constantvalue:
ir _ ry 1 Y i1 Z\[\[\[cZ ip ]`m n 0 Z 1o . Substitutingtheexpansionof F asin Eq.(3):

Fa1 a i1 g h h h g ap a ip _ Ga1 a i1 g h h h g ap a ip g r1 a ir1
x rr1 a ir1

(5)

Notethatwe cannotdropthecofactorsw.r.t. theai in G becauser1 is not a
freepointandthusits inputsfanout to othernodesof thegraph.

Now, thefunctionrr1 a ir1
Y r2 Z\[\[\[cZ rr ] is a freepoint andassuchit canbe

substitutedby anew freevariabler . Weshow now thatit is notpossiblethat
rr1 a ir1

Y r2 Z\[\[\[cZ rr ] reducesto a constantfor any valueof ir1 . Infact, if that
wasthe caser could be expressedas r _ r1 z rresY r2 Z\[\[\[cZ rr ] , where z is
eitherAND or ORand

w Y r1 ]1{ w Y rres]T_ /0, andr wouldthenhaveadisjoint
supportdecompositionthroughanassociative operatorandwould not bea
primefunction.

By carryingon the substitutionr _ rr1 a ir1
Y r2 Z\[\[\[cZ rr ] , Eq. (5) reduces

to: Fa1 a i1 g a2 a i2 g h h h g ap a ip _ Ga1 a i1 g a2 a i2 g h h h g ap a ip which substitutedinto Eq.
(4) provesthetheorem.t
Proof of Theorem 3. For agenericfunctionF, wehave:

^ Y F ]`_ ^ Y Fva k ]cb ^ Y Fva k̄ ] (6)

Wenow show thatundertheconditionsspecified:

^ Y Fva k̄ ]`| ^ Y Fva k ] (7)

andEq.(6)reducesto
^ Y F ]T_ ^ Y Fva k ] .

Let’s considerfirst thecasewherek _ 0 andlet’s labeleachof thefunc-
tions that have v in their fanin x Y vZ p Z x1 [\[\[}] , y Y vZ q Z y1 [\[\[~] , w Y vZ r Z w1 [\[\[/]
. . .wherep, q, r . . . arethefreepointsin eachof themandxi , yi , wi . . . are
othervariablesthefunctionsdependon. Thex,y,w,. . . functionscanonly be
OR or XOR decompositionsby hypothesis.

We canthenexpressF usingthe compositionof thesefunctions: F _
G Y xZ yZ w [\[\[-Z x1 [\[\[ y1 [\[\[}] x x Y vZ pZ x1 � � ] x y Y vZ q Z y1 � � ]1[\[\[

Note that, in general,xi , yi , wi . . . arealsoin the fanin of G. Let’s now
computethetwo cofactorof F w.r.t. v:

Fva 0 _ G Y xZ yZ w [\[\[�Z x1 [\[\[ ww [\[\[~] x x Y 0 Z p Z x1 � � ] x [\[\[
Fva 1 _ G Y x Z yZ w [\[\[-Z x1 [\[\[ ww [\[\[~] x x Y 1 Z p Z x1 � � ] x [\[\[

In orderto show the inclusionof therangesof Eq. (7), we aregoingto
representeachrangeasaunionof rangesby cofactoringthevariablesin the
supportof x, y, w, . . . onefunctionat a time startingwith x Y ] :

^ Y Fva 0 ]d_ ef
x1 h h h xx ikj�l x

^ Y G Y x [\[\[ x1 [\[\[~] x x Y 0 [\[\[�] x1 a ix1 g h h h ]
^ Y Fva 1 ]T_ ef

x1 h h h xx ikj�l x

^ Y G Y x [\[\[ x1 [\[\[}] x x Y 1 Z\[\[\[�] x1 a ix1 g h h h ]
Wedistinguishtwo casesfor eachx,y,w,. . . function:
1) x is a OR decomposition. Whenall the Y x1 Z\[\[\[cZ xx ] arezero,for Fva 1,

x evaluatesto theconstantvalue1. For Fva 0, x _ p. In all theothercasesx
evaluatesto 1. By groupingall thecomponentrangessothatto distinguish
thespecialcasefrom all theothers, wecansimplify theexpressions:

^ Y Fva 0 ]d_ ^ Y G Y p Z\[\[\[ 0 [\[\[~]/]~b
ef

x1 g h h h g xx i��a 0

^ Y G Y 1 Z yZ\[\[\[ x1 [\[\[/] x1 a ix1 g h h h^ Y Fva 1 ]d_ ^ Y G Y 1 Z\[\[\[ 0 [\[\[~]/]~b
ef

x1 g h h h g xx i��a 0

^ Y G Y 1 Z yZ\[\[\[ x1 [\[\[/] x1 a ix1 g h h h
It canbeeasilyseenthatthefirst reangefor Fva 1 is asubsetof thecorre-

spondingrangefor Fva 0, while therestof theexpressionis identical.
2) x is an XOR decomposition. In Fva 1, x _ XNORY p Z x1 Z\[\[\[vZ xx ] . For

Fva 0, x _ XORY p Z x1 Z\[\[\[cZ xx ] . Wecanagaingroupall thecomponentranges
so that to distinguishthe caseswhereXORY x1 Z\[\[\[vZ xx ]�_ 0 from the ones

whereXORY x1 Z\[\[\[�Z xx ]T_ 1:^ Y Fva 0 ]T_ e
XOR
f
x1 g h h h g xx i a 0

^ Y G Y p Z yZ\[\[\[ x1 [\[\[/] x1 a ix1 g h h h b
e

XOR
f
x1 g h h h g xx i a 1

^ Y G Y p̄ Z yZ\[\[\[ x1 [\[\[/] x1 a ix1 g h h h
^ Y Fva 1 ]T_ e

XOR
f
x1 g h h h g xx i a 0

^ Y G Y p̄ Z yZ\[\[\[ x1 [\[\[/] x1 a ix1 g h h h b
e

XOR
f
x1 g h h h g xx i a 1

^ Y G Y p Z yZ\[\[\[ x1 [\[\[/] x1 a ix1 g h h h
And it can be observed that the two componentsof eachexpression

match.It follows:
^ Y Fva 0 ]d_ ^ Y Fva 1 ] .

Thisprocedurecanbeappliedrecursively for eachof theotherfunctions
y, . . . , by computingand groupingall the cofactorsfor the setsof input
variablesY y1 [\[\[ yy ] , . . . .

For thecasewherek _ 1, thefunctionsx,y,w, . . . cannow only beAND
or XOR decompositions.Theproof canbeobtainedby substitutingAND
for OR and1 for 0 in the proof just discussed.Finally for the casewhere
theinputvariablev hasbothanon-dominantvalue0 and1, wecanjustuse
any of thetwo value-specificproofs. t
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