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Abstract. In this paper, we consider each neural network as a point in
a multi-dimensional problem space and suggest a crossover that locates
the central point of a number of neural networks. By this, genetic al-
gorithms can spend more time around attractive areas. We also apply
representational normalization to neural networks to maintain genotype
consistency in crossover. For the normalization, we utilize the Hungarian
method of matching problems. The experimental results of our neuro-
genetic algorithm overall showed better performance over the traditional
multi-start heuristic and the genetic algorithm with a traditional cros-
sover. These results are evidence that it is attractive to exploit central
areas of local optima.

1 Introduction

Artificial neural networks (ANNs) have been used to address a variety of pro-
blems in pattern recognition, pattern classification, optimization, associative me-
mory, control mechanism, prediction, function approximation, etc. [10] [11]. Even
when such a problem addressed by ANNs is fairly small, the problem space is
often intractably large that it is almost impossible to find an optimal solution
by exhaustive or simple search methods. Thus, heuristic algorithms have been
used as alternatives. They provide reasonable solutions — local optima — in
acceptable computing time.

A lot of studies have been conducted on the ruggedness and the properties
of problem search spaces. A good insight into problem spaces can provide a mo-
tivation for a good search algorithm. Kauffman [13] proposed the NK-landscape
model that can control the ruggedness of a problem space. Sorkin [28] defined the
fractalness of a solution space and proposed that simulated annealing is efficient
when the space is fractal. Manderick et al. [20] measured the ruggedness of a
problem space by autocorrelation function and correlation length obtained from
a time series of solutions. Weinberger [30] conjectured that, if all points on a
fitness landscape are correlated relatively highly, the landscape is bowl-shaped.
Boese et al. [3] suggested that, through measuring cost-distance correlation for
the traveling salesman and graph bisection problems, the cost surfaces are glo-
bally convex. Jones and Forrest [12] introduced fitness-distance correlation as a
measure of search difficulty.
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ANN is an information processing paradigm that was inspired by the way
that biological nervous systems process information. An ANN learns from its en-
vironment through an iterative process of adjusting its weights. Although ANNs
have been widely applied to a variety of problems, their quality is limited. They
often get trapped in local optima due to the limit of their learning algorithms [10];
the back-propagation algorithm, the most popular learning method for ANNs,
is basically a hill-climbing technique.

One way to overcome the shortcomings of hill-climbing techniques is to adopt
a global search algorithm like evolutionary algorithms. Evolving neural networks
has shown successful results [25] [18] [24]. According to Yao [32], evolution of
ANNs can be classified into three representative approaches: i) finding a near-
optimal set of connection weights globally for an ANN with a fixed architecture
[31] [23] [27], ii) evolving architectures of an ANN (i.e., scale and connectivity)
in order to adapt to different tasks [16] [9] [19], and iii) evolving learning rules
to improve an ANN’s learning ability [5] [7] [14].

Kim and Moon [15] extensively investigated the properties around central
areas of local optima for the graph bipartitioning problem. Based on their ob-
servation, they suggested a new multi-parent crossover that exploits central areas
of local optima. Their genetic algorithm (GA) was peculiar enough to select the
total population as the parent set and perform the crossover on them. In this
paper, we modify their multi-parent crossover to suit neural networks and in-
corporate the modified crossover into the conventional genetic algorithm. We
name it central point crossover. We consider each neural network as a point in
a multi-dimensional problem space, and compute the central point of multiple
neural networks during crossover.

An ANN has a lot of other ANNs whose functionality is equivalent to it,
which implies the many-to-one mapping between genotypes and phenotypes of
ANNs. The existence of redundancy in encodings is known to be harmful in
producing good offspring [6]. Thierens [29] transformed a neural network into
its canonical form by flipping the signs of connection weights and reordering
hidden neurons. Although the transformation to the canonical form reduced the
redundancy, the “similarities” of neural networks were not well considered. We
resolve this problem by defining a distance measure for neural networks and
normalizing parental neural networks on the basis of the distance measure.

This paper is structured as follows. In the next section, we describe the ar-
chitecture, isomorphism, and distance measure of neural networks. In Section 3
and 4, we explain the central point crossover and the experimental results, res-
pectively. Finally, we make conclusions in Section 5.

2 Preliminaries

2.1 Architecture

We use a typical multilayer feed-forward network (Fig. 1). A network consists
of a set of sensory units that constitutes the input layer, one or more hidden
layers of computation neurons, and an output layer of computation neurons. In
this paper, we focus on neural networks with one hidden layer. A neuron in any
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Fig. 1. Architectural graph of a multilayer feed-forward network
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Fig. 2. Two isomorphic neural networks

layer of the network is connected to all the neurons in the previous layer. Each
associated edge has a weight. Since we consider neural networks with only one
hidden layer, the kth output, yn

k , of a neural network n, is given simply by

yn
k = ϕ

{ J∑
j=1

wn
kj · ϕ(

I∑
i=1

wn
ji · xi)

}

where I and J are the numbers of input and hidden neurons, respectively, xi is
the value of the ith input neuron, and ϕ(x)1 is a sigmoidal transfer function; wn

kj

is the connection weight from jth hidden neuron to kth output neuron and wn
ji

is the weight from ith input neuron to jth hidden neuron.

2.2 Isomorphism of Neural Networks

In Fig. 2, two neural networks A and B look different from each other. In other
words, they have different representations. However, they are isomorphic because
of their equivalent functionality; they output the exactly same value with respect
to the same input vector. In fact, any permutation of the hidden neurons inclu-
ding incoming and outgoing weights, produces the same neural network with
a different chromosomal representation. Therefore, there are n! representations
with respect to a neural network with n hidden neurons. This results in the
many-to-one mapping between genotypes and phenotypes. Each genotype corre-
sponds to a permutation from the base neural network. This problem, known as
1 ϕ(x) = 1

1+exp(−x)
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the permutation problem [1], makes crossover hard to consistently inherit traits
of the parents.

2.3 Distance Measure

It is useful in GAs to define a measure of distance between neural networks. It
can be used in selection, crossover, replacement operators, etc. Each neuron in
the hidden layer can be represented by a weight vector of edges incident to input
and output neurons. Thus, a neural network can be represented by a 2D matrix
of weights. The distance between two neural networks can be defined as follows:

Definition 1. Let I, J , and K be the numbers of input neurons, hidden neu-
rons, and output neurons, respectively. Consider two neural networks n =
{h1, h2, . . . , hJ} and n′ = {h′

1, h
′
2, . . . , h

′
J} where hj

2, h′
j ∈ RI+K . Given a

metric d : RI+K ×RI+K → R in Euclidean space3, the distance between the two
networks is defined as

∆J(n, n′) =
J∑

j=1

d(hj , h
′
j).

The measure ∆J is computed easily and fast, but it is not very useful due
to the permutation problem. For example, consider a neural network A and its
isomorphic neural network A′. The distance between them has diverse values
according to the representations of A′; the distance little reflects the functional
similarity of the two neural networks.

We define a better distance measure DJ as follows:

Definition 2. Given the metric d, and the two neural networks n, n′ as in De-
finition 1, we define the distance DJ between the two networks as

DJ(n, n′) = minσ∈ΣJ




J∑
j=1

d(hj , h
′
σ(j))




where σ denotes a permutation.

Since DJ is computed according to such a mapping that each hidden neuron
of n′ is mapped to a similar one to n, it better reflects the functional similarity
of the two neural networks than does ∆J .

DJ is a metric in the neural network space and thus satisfies the triangle
inequality (DJ(x, z) ≤ DJ(x, y) + DJ(y, z)). The proof is omitted by space li-
mitation. A brute-force algorithm to calculate DJ consumes O(J !) time if it
enumerates all the J ! permutations to find the optimal one. Fortunately, there
is an efficient way to compute DJ ; we can formulate the problem of computing
DJ as the optimal assignment problem [8]. In other words, this is exactly the
2 hj = [wj1, . . . , wji, . . . , wjI , w1j , . . . , wkj , . . . , wKj ]T

3 d(ha, hb) = ‖ha − hb‖ =
√∑I

i=1(wai − wbi)2 +
∑K

k=1(wka − wkb)2
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problem of finding an assignment (permutation) with the minimum summation
of Definition 2. It can be computed efficiently in O(J3) by the Hungarian me-
thod [17]. Fig. 3 shows the assignment weight matrix M = (mij) between two
neural networks n and n′. Each element mij means d(hi, h

′
j). We reorder the

hidden neurons of n′ by the Hungarian method and pursue maximal genotypical
consistency between neural networks.

i

j

J

J

jid(h  ,h )’

Fig. 3. The assignment weight matrix between two neural networks

3 Central Point Crossover

3.1 Normalization of Neural Networks

As mentioned before, a neural network has a number of isomorphic ones. It
causes the existence of redundant encodings in a GA where neural networks are
represented by chromosomes. Redundant encodings are known to be harmful
in keeping the respectfulness and combination power that crossovers have to
possess [26] [6]. The permutation problem is highly related to the redundant
encoding in GAs. From the viewpoint of GAs, normalization is an approach
that transforms the genotype of one parent to be consistent with that of the
other one [6]. It alleviates inconsistency caused by redundant encodings in GAs.
We perform normalization by the Hungarian method.

Since our central point crossover manipulates a set of parents, the norma-
lization routine has to process more than two neural networks unlike usual GAs.
The algorithm is as follows:

1. Find out the fittest one nb among a set of N parent neural networks.
2. For each neural network n in the set, a) use the Hungarian method to find the

optimal assignment between n and nb, and b) transform n into the isomorphic
one by relocating its hidden neurons and connection weights according to the
assignment of (a).
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3.2 Central Point Crossover for Neural Networks

Boese et al. [3] analyzed relationships among local minima for the traveling sa-
lesman problem and the graph bisection problem. They conjectured that cost
surfaces of both problems are globally convex, which implies that good solutions
are highly probable to be located near other good solutions. Kim and Moon
[15] conjectured from their experimental results that, given a subspace of local
optima, the “central point” of the subspace is near the optimal solution. They
performed experiments on approximate central points4 for the graph biparti-
tioning problem, and showed that it was attractive to exploit central areas of
multiple solutions.

Fig. 4 shows the template of the central point crossover for neural networks.
The offspring of the central point crossover is exactly the central point of the
parents. Fig. 5 shows an example crossover with three parents. The central point
crossover on a real-number vector like a neural network is technically a genera-
lization of the arithmetic crossover [22]. Because the use of the arithmetic mean
tends to lead to premature convergence of a GA, we need to use a rather strong
mutation to slow down the convergence speed.

central point crossover( P , n )
// P : a set of parents, n: the number of parents
// I, J, K: the numbers of neurons in the input, hidden, and output layers,
// respectively.
{

P ← normalize( P );
for each j in {1, 2, ..., J}

for each i in {1, 2, ..., I}
{

woff
ji ←

∑
p∈P w

p
ji

n
;

}
for each k in {1, 2, ..., K}

for each j in {1, 2, ..., J}
{

woff
kj ←

∑
p∈P w

p
kj

n
;

}
return the offspring off;

}

Fig. 4. The template of central point crossover

4 In the graph bipartitioning problem, it is not easy to calculate the exact central
point.
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fitness = 0.94 fitness = 0.78 fitness = 0.89

Fig. 5. An example of the central point crossover using three parents

4 Experimental Results

4.1 GA Framework

Fig. 6 shows the steady-state hybrid GA using neural networks as chromosomes.
This GA allows more than two parents. Note that the parents are normalized
during crossover. We denote the GA by CXGA.

– Initialization of population — Each weight of neural networks in the popu-
lation (npop = 200) is initialized to a random number ranging from -0.5 to
0.5. After that, neural networks are local-optimized by the back-propagation
algorithm.

– Selection — The selection operator here is based on the binary tournament
selection. Two parent candidates are selected at random in the population,
and the fitter is chosen as a parent. This process is repeated until nparent
distinct parents are selected.

– Mutation — The mutation operator is applied to the offspring with a speci-
fic probability (pmut = 0.1). Each weight of the offspring is set to a random
number between −0.5 and 0.5 with probability pmut2 = 0.5. Consequently,
about 50% of weights are changed with new values by mutation in one of
every ten offspring. Because the central point crossover may decrease po-
pulation diversity quickly, we use a rather strong random mutation not to
lose the diversity. Another reason of this high mutation rate is that local
optimization follows the mutation.
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GA( npop, nparent, pmut )
// npop: population size, nparent: the number of parents
// pmut: probability to apply the mutation operator
{

// Generate the local-optimized population P = {n1, n2, . . .}.
for each i in {1, 2, ..., npop}
{

initialize( ni );
ni ← back propagate( ni );

}
B ← the best among {n1, n2, . . . , npop};

// Start the main loop.
do
{

Parent← select( P , nparent );
off ← central point crossover( Parent, nparent );
if ( random(0.0, 1.0) < pmut ) off ← mutate( off );
off ← back propagate( off );
P ← replace( P , off );
B ← the best between B and off ;

} while ( check stop condition() );
return B;

}

Fig. 6. The steady-state hybrid genetic algorithm for neural networks

– Local optimization — We use the back-propagation learning algorithm [10]
as the local optimizer. It is the most popular algorithm for the supervised
training of multilayer feed-forward networks due to its simple implementa-
tion and fast computational speed. We use the cross-validation method [10]
to prevent over-fitting and identify when to stop training. After each epoch
of training, the network is tested on the validation set and then its learning
degree l(n)5 is computed. When its current learning degree does not show
improvement during nepoch(=12) consecutive epochs, the learning stops.

– Replacement — We use an extended version of the genitor-style replace-
ment operator [4]. Among parents whose fitnesses are worse than that of the
offspring, it replaces the most similar one to the offspring (using distance
measure DJ). If none of the parents are worse, it replaces the worst in the
population with the offspring.

– Stop condition — The GA stops after a fixed number (=1500) of generations.

The fitness of a neural network is defined as f(n) = µt − εt where µt and εt are
the accuracy6 and mean-square error on the training set, respectively.

5 l(n) = µv − εv where µv and εv are the accuracy and mean-square error on the
validation set, respectively.

6 µt = # of correctly classified examples
# of all the examples
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Table 1. The Accuracies of MS, TGA, and CXGA on the Test Sets

CHDD WBCD ACCAD
ave† best‡ ave best ave best

MS 82.77 85.91 96.20 96.78 85.48 87.46
TGA 80.84 82.55 96.29 96.78 83.88 85.63

CXGA 83.26 85.91 96.20 96.20 86.42 87.16

† Average accuracy in percent over 100 runs on the test set.
‡ Best accuracy in percent over 100 runs on the test set.

4.2 Problem Instances

We selected three well-known problem instances from the UCI machine learning
repository [2] to measure the performance of our GA. We removed the ones with
missing attributes from the original examples.

Cleveland heart disease database (CHDD) contains 297 examples that consist
of 160 healthy and 137 unhealthy cases. Each example has 13 attributes. We used
as chromosomes neural networks with 13 input, 10 hidden, and 2 output neurons
for CHDD. The examples were divided into 111 training, 37 validation, and 149
test examples.

Wisconsin breast cancer database (WBCD) [21] contains 683 examples with
444 benign and 239 malignant cases. Each example is described by a case number,
nine attributes, and a binary class label. We used the 9-16-2 network structure
for WBCD. The examples were divided into 256 training, 85 validation, and 342
test examples.

Finally, Australian credit card assessment database (ACCAD) has 653 ex-
amples with 296 granted and 357 ungranted credits. The output has two classes.
Each example is comprised of six continuous attributes and nine discrete ones.
We used the 15-14-2 network structure for ACCAD. The 653 examples were
partitioned into 245 training, 81 validation, and 327 test examples.

4.3 Comparison with Other Heuristics

We compare CXGA with the traditional multi-start heuristic (MS) and a tra-
ditional GA without normalization using linear strings as chromosomes (TGA).
CXGA here used 20 parents for crossover.

MS first generates a specific number of neural networks (nms = 1800) ob-
tained with the back-propagation, and then returns the best one among them.
In order to make a fair comparison, the value of nms was determined for MS
to spend the same time as CXGA. TGA used the two-point crossover on neu-
ral networks represented by one-dimensional arrays. The other settings were the
same as CXGA.

We tried 100 runs for each of MS, TGA, and CXGA. Table 1 shows the
accuracies on the test sets. CXGA overall outperformed MS and TGA. It is
extraordinary that MS worked better than TGA for two problems. We suspect
that the problem of redundant encoding caused some negative effect on TGA.
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Table 2. The Accuracies of CXGAs on the Test Sets

CHDD WBCD ACCAD
ave† best‡ ave best ave best

CXGA2 82.15 83.22 96.35 96.78 85.68 86.24
CXGA10 81.56 83.22 96.20 96.20 85.38 86.24
CXGA20 83.26 85.91 96.20 96.20 86.42 87.16
CXGA30 78.40 82.55 96.19 96.20 86.35 86.85
CXGA40 81.44 83.22 96.77 96.78 86.36 86.85
CXGA50 82.29 84.56 96.13 96.49 86.28 87.16
CXGA60 82.17 83.89 96.19 96.49 85.62 86.85
CXGA70 81.29 82.55 95.88 96.20 85.68 86.85
CXGA80 84.03 85.91 95.88 96.20 85.19 86.54
CXGA90 83.56 84.56 95.91 96.20 85.22 86.85
CXGA100 82.54 85.23 95.93 96.20 85.30 86.85

† Average accuracy in percent over 100 runs on the test set.
‡ Best accuracy in percent over 100 runs on the test set.

4.4 Comparison of CXGAs with Different Parent Sizes

In this section, we examine the performance of CXGAs on a spectrum of different
degrees of central area exploitation. We denote by CXGAnparent the CXGA with
nparent parents. We set the number of parents nparent to be 2 through 100 in the
experiments. One hundred trials were conducted for each CXGA.

Table 2 shows the accuracies of CXGAs on the test sets in percent. CXGA80,
CXGA40, and CXGA20 were the best for CHDD, WBCD, and ACCAD, res-
pectively. The best numbers of parents were different depending on problems.
Overall, the results show that too low or too high exploitation of the central
areas is not desirable.

5 Conclusion

Kim and Moon [15] examined central areas of local optima for the graph bipar-
titioning problem, and showed that it was attractive to exploit central areas. We
extended their study to the field of neural networks. We represented a neural
network as a weight matrix, and regarded it as a point in a multi-dimensional
problem space. The proposed crossover computes the exact central point of pa-
rents. Overall, our GA outperformed the multi-start heuristic and a traditional
neuro-genetic hybrid. The experimental results showed that it was attractive to
exploit central areas of local optima, and that too low or too high exploitation
was not desirable.

We also defined a new distance measure for neural networks. The semantic
distance between two networks could be computed fast by the Hungarian me-
thod. By normalizing neural networks on the basis of the distance measure, we
avoided the permutation problem that occurs in evolving neural networks.
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