Chapter 6

Implementation

The main goal of a theory of programming is to help in the design of programs
that meet their intended specification. But the whole exercise would be pointless
unless there is some effective mechanism for implementing the program once it has
been written. And it would be even worse than pointless, perhaps even dangerous,
if the implementation itself is not correct. To help in the design of correct imple-
mentations is the main goal of this chapter.

Fortunately, we can reuse exactly the same approach to correctness of im-
plementations as we have to correctness of programs. But now it is the program
that plays the role of the specification; its implementation is also described by a
predicate satisfying even more stringent implementation-oriented constraints, and
it is correct if it logically implies the program. The implementation predicate will
usually have a different alphabet from that of the program, so that it can describe
additional details of the internal working of the implementation. In the case of
computers, these will include registers and other storage devices not relevant to an
abstract high level programming language. A simulation is often needed to relate
the two levels of abstraction, as described in Example 4.4.7.

The construction of an efficient program to meet a general specification is
a task that is usually guided by human insight, ingenuity and inventiveness. But
the transition between a program and its implementation is much more routine; in
fact it can be completely automated. This is done by subjecting the program to
a series of transformations, whose validity is put beyond doubt by mathematical
proof. The correctness of the implementation is therefore guaranteed by a kind of
normal form theorem, which shows that every program can be transformed auto-
matically into an implementation that implies it as a specification.

There are two familiar ways of implementing a program, by compilation or
by interpretation. Interpretation executes the text of the program directly, and is
described in Section 6.3. Compilation first translates the program into the machine
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code of some computer, which then executes it more quickly by hardware. All the
high level control structures of the language have to be replaced by machine code
jumps. The principles of correct compiler design are described in Section 6.2. Both
implementation methods split the execution of a program into a large number of
steps, and introduce a special control variable to select the action to be performed
on each step. This basic idea is described in Section 6.1, where the relevant theory
is developed.

The final section of this chapter develops a theory for a language which com-
bines high level structures with explicit jumps that lead directly from one part of
the program to a labelled statement in some other part. Provided that there are
no jumps into the middle of a structure, the complexity of adding this new feature
is not serious, and none of the laws for the original language is invalidated.

6.1 Execution

The execution of a computer program is normally delegated to an automatic
device, which splits the task into a collection of atomic actions, and performs them
one after another in sequence. The potential for parallel execution will be described
in later chapters: in this chapter we will concentrate on programs whose execution
can be expressed as a sequential repetition of an individual step. This step is de-
scribed in the usual way by a predicate relating the values of the variables before
each action to the values after that action. The predicate describes the behaviour
of an assembled block of machine code instructions. Each instruction too is de-
scribed by a predicate, and their combined effect is given by an assembly operation
on these predicates. Assembly into disjoint regions of machine store is the only
form of composition for machine code instructions. In this section we explore its
simple mathematical properties. In the next section we will see how it can be
used in various ways to implement high level control structures of a programming
language.

To define the total behaviour of the executing mechanism, it is necessary also
to specify the circumstances under which it terminates. A perfectly general and
convenient way of doing this is to introduce into the alphabet of the step a specially
named variable (say !), which serves as a control variable. Before each repetition
of the action, the value of  is tested. As long as it remains within some designated
set of values, the execution continues; otherwise it terminates. We will take the
set al of continuation points and the choice of the name [ of the control variable
as an inseparable-and unchangeable part of the description of the implementation;
for this reason we include both ! and ol as part of the alphabet of the predicate
describing the step. This convention greatly simplifies the statement and use of
the relevant algebraic laws.
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Definition 6.1.1 (Continuations and execution)

Let P be a predicate describing a step, and let a special variable named ! in the
alphabet of P be reserved to denote the control variable for its execution. Then
alP denotes the set of continuations of P. The ezxecution of P is defined as a loop,
which iterates the step as long as [ remains in the continuation set.

P* =4 (l€alP)xP m]

The control variable ! may be used within the step P in the same way as any
other variable in its alphabet. For example, I may be used initially to select which
of the many possible actions described by P will be executed on this iteration,
and an assignment of a new value to | provides the way in which one action can
nominate the action that will be performed on the next iteration of the step.

Example 6.1.2 (Machine code)

Let P = (A1:=27,141)<1l=200 (ram[56],1 := A, l+1<l=21>1)
and alP = {20, 21}

This describes the behaviour of a small fragment of a machine code program, con-
sisting of just two instructions stored in locations 20 and 21 of the program store
of the machine. The control variable ! stands for the program pointer (sequence
control register). If its initial value is 20, the first instruction loads a constant value
27 into register A, and adds one to the program pointer, thereby ensuring that the
next instruction will be taken from location 21. But if the fragment of program is
entered by a jump, the initial value of [ may be 21, so only the second instruction is
executed. In either case, the second instruction stores the value of A in location 56
of the random access memory ram; it also sets [ to 22, which is outside alP, and
as a result, execution of the entire fragment of program terminates. The overall
effect might be described in a high level language as a simple assignment

T =27 a
Example 6.1.3 (Algebraic normal form)
In Chapter 5, it was shown how any program can be reduced to the form

L (%) v P(1))

where the indexing variable has been selected as the control. As explained in Sec-
tion 5.6, this normal form can be executed by iteration of the step

S =¢ ((I:=1+1)<b()> (P();l:=-1))<l>0>1
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Execution terminates with [ = —1; all non-negative integers are continuations
alS = N

This example shows in principle that every program can be expressed as S* for
some step S. m]

Example 6.1.4 (Symbolic interpreter)

In a symbolic interpreter, execution is controlled by the text of the program being
interpreted. So it is convenient to arrange that the control variable ! ranges over
all sequences of program texts expressible in the language. The continuations con-
sist of all sequences of program texts except the empty sequence, which triggers
termination of the interpreter. This example is elaborated in Section 6.3. ]

What happens if the initial value of [ lies outside the continuation set alP?
In this case, the effect of the whole execution is to do nothing, as expressed by the
idempotence principle

P = P*qledPr>I

The same question may be asked about the individual step P. Since P is never
even started with [ outside its continuation set, it really does not matter what
answer is given. However, to simplify the test of equality between predicates de-
scribing the step, it is convenient to standardise the behaviour of P even in this
impossible case, and for reasons which will soon become apparent, we will choose
the behaviour of IT as standard. We therefore stipulate that each step must satisfy
the same idempotence principle as the whole execution.

Definition 6.1.5 (Step)
A predicate P is a step if [ € aP and
P = (PaleaPr>1)
An immediate consequence is
(¢ alP),;P = (I¢alP), o

In this chapter we will confine attention to programs which satisfy this def-
inition. We shall want to define particular steps using all the operators of our
programming language except p, and for this purpose, we need appropriate defini-
tions of the continuation sets for the result of each operation, and a closure theorem
that guarantees that their results still satisfy the defining condition for a step.
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Definition 6.1.6 (Continuations of operators)
al(PopQ) =4 (alP U alQ), whereop € {;, N, <b>} O
Theorem 6.1.7 (Step closure)

If P and Q are steps, then

(1) P;Q is a step.

(2) PNQ and P b Q are also steps whenever alP = alQ.
(3) The set of steps {P | alP = L} is a complete lattice.

Proof of (1) Notice that [ ¢ al(P;Q) = (I ¢ adP) A (I ¢ alQ).

P;Q {2.1L1}
(P;iQ)<l€al(P;Q) > (P;Q) {(l¢alP);P=(l¢alP).}
(PQ) <lea(PiQ>Q  {(¢0lQ);Q=(¢alQ)}
(P;Q)<leal(P;Q)> 1 a

This theorem justifies the use of all familiar programming notations for steps
as for complete programs. However, we still have the freedom (and duty) to as-
sign continuation alphabets to the primitive components of a program. This can
be done either explicitly or implicitly by a definition which takes the form of the
idempotence principle of Definition 6.1.5.

Example 6.1.8

We adopt the definition alIl =4 {}. This convention maintains validity of the unit
laws

II,P = P = P;II
Furthermore it ensures that the execution of II also has no effect
I = (le{})xI = I ]
Example 6.1.9
s:jump f =y (:=f<l=sp>1)
al(s: jump f) =4 {s}

This notation describes a machine code jump instruction with destination f, which
is stored in location s. The classical “tight loop” of machine code is represented

(s:jump s)* = (I#s)L

This simple mathematical calculation gives the appropriate warning against allow-
ing control to reach such an instruction. ]
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The following law is used to peel off the first action of the execution of a step.

Lemma 6.1.10

pP* = P;P*

Proof p* {fixed point}
= (P;P)<l€alP>1 {2.1L6}
= (P;P*)<l€alPr(l¢alP), {5.5L2 and Def. 6.1.1}
= (P;P*)<l€alP>P* {2.2L2 and Def. 6.1.5}
= P;p* a)

If a step is guaranteed to assign to [ a value outside the continuation set, then
the step will be executed exactly once, and this condition is also necessary.

Lemma 6.1.11

P = P if P = P;(l¢dalP),

Proof P = P;(l¢alP),
= P=P;(l¢alP), A
P,P* = P;(1¢ alP),; P* {5.5L2}
= P=P;(l¢aP) A
P;P* = P;(l ¢ alP), {Lemma 6.1.10}
= P=P* {Corollary of 5.5L4}
= P=P;(l¢alP), o

From Lemma 6.1.11 and Corollary of 5.5L4 we establish an idempotence law for
execution.

Theorem 6.1.12
(P*)* — P# D

Two steps are said to be disjoint if their execution can never be interleaved,
in the sense that neither of them can be started until the other has finished. This
can be guaranteed by a simple condition on their alphabets: it ensures that in
any circumstance at most one of the two steps can be executed, and the value of {
determines which.

Definition 6.1.13 (Disjointness)
Two steps P and @ are disjoint if their continuations are disjoint, that is

aPna@ = {} O
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Two blocks of machine code program which occupy disjoint areas of store will
be disjoint in this sense. Two such blocks can be joined together by an assembly
operation defined as follows.

Definition 6.1.14 (Assembly)
Let P and @ be disjoint steps. Define

PlIQ =y (P<leadPp>Q)<(l€alPUalQ)>1I
al(PlQ) =g olP U alQ o

Because of disjointness, this operator (when defined) enjoys extra algebraic prop-
erties, though for the same reason, it cannot be idempotent.

Theorem 6.1.15 (Algebraic properties of assembly)
| is associative and commutative and has unit II. O

Execution of an assembly consists of an interleaving of the executions of its
operands. Because of disjointness, each operand is repeated as many times as pos-
sible before the other one can start again.

Theorem 6.1.16 (Execution of an assembly)

(PIQ)* = (P'lQ) = (Pl@*)

Proof Let b=4 (I € alP U alQ) and c =4 (I € olP). Define
F(X) =¢ (PIQ);X)<b>1
G(X) =¢ (P'lQ*); X)<b> I

SopuF = (P|Q)* and uG = (P*|Q*)*.
From 5.5L5 we conclude that

uwF = ((l € odP)x (P|Q));pF = P*uF )
4G = ((€adP)*(P|Q")uG = (P)uG = P%uG ®
uF {fixed point}
= F(uF) {def of F and 2.2L.2}
= (PpF Qe Q;uF) b I {(h}
(P; P*;uF <c> @Q; Q% uF) b 1T {Lemma6110&nd22L2}

= G(uF)

Using (f) we can show

uG = F(uG)
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in a similar way. The conclusion (P|Q)* = (P*|Q*)* follows from the weakest
fixed point theorem. Furthermore from Theorem 6.1.12 it follows that

(P1Q) = (P)1Q) = (Pl o

An even stronger disjointness condition on two steps is that one of them can-
not be started after the other is terminated.

Definition 6.1.17
If P and Q are disjoint, then @ is said to inhibit P if

Q = (@(é¢alP))<lealQT o
Example 6.1.18 (Machine code)

A block of machine code inhibits another if it contains no jumps to any location
within the other. O

Lemma 6.1.19
If @ inhibits P, then
(I ¢0lP);Q" = (I¢0lP);Q% (I ¢ clPUQ)L
Proof From Definition 6.1.17 and Exercise 5.5.1(2). mi

In the translation of a high level symbolic program to machine code, the
only operation available is assembly of larger blocks of code out of smaller. The
effect of the various high level program combinators must be achieved by placing
constraints on jumps between the blocks, as shown by the following theorem

Theorem 6.1.20 (Sequential assembly)
If @ inhibits P then

(PlQ) = PHQ*

Proof (PlQ)* {5.5L5}
= (l€alP)*(P|Q);

(l € adQ) = (P]Q); (P]Q)* {P and Q are disjoint}

= PQ*(PlQ)* {Corollary of 5.5L4, Lemma 6.1.19}

= P5Q%5( ¢ al(PlQ)s; (PIQ) {5.5L2}

= P,Q* o
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Theorem 6.1.21 (Complete disjointness)

If P inhibits @ and @ inhibits P then
PlQ* = (PlQ)

Proof Letb = (I € alP U alQ).

P'|Q* {Def. 6.1.14}
= (P*aleaP>Q) bl {P and Q are disjoint}
= ((( ¢ alQ)r; P*)QleadP > ((I ¢ alP)1;Q%))

<be> I {Lemma 6.1.19}

= ((P*5(-b)L)<leadP>(Q*(-b)L)) <b>I  {Def. 6.1.14 and 2.2L2}
= (P*|Q*);(=b)L
From Lemma 6.1.11 and Theorem 6.1.16 it follows that
Pl = (PlQY) = (PlQ)* o

The representation of program execution as the repetition of members of a
specified set of steps is the basic idea behind the UNITY model of parallel com-
putation [38] and also of action systems [13]. In UNITY, there is an additional
fairness constraint that insists that no selectable step is infinitely often rejected in
any execution sequence. In the case of disjointness, fairness is automatic, because
there is only one selectable step. We will also use disjointness and inhibition to
ensure that the single operation of assembly can correctly implement a range of
different program structures in Section 6.2.

Exercises 6.1.22

(1) Prove (I € alP) x (P|Q) = P
(2) Prove that if both P and @ inhibit R, so does P|Q. O

6.2 Compilation

The efficient execution of a computer program is normally preceded by a
preliminary transformation (compilation) of the program into a target program,
expressed in the idiosyncratic machine code of the computer that is to execute it.
The machine code usually does not include mathematical and program structuring
features such as arithmetic expressions, conditionals or iterations. Instead, it pro-
vides simple arithmetic operations, and a selection of conditional or unconditional
jumps that may be used in combination to achieve the same effect. In this section
we explore a range of valid transformation rules whose repeated application will
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achieve the task of program compilation, without changing the meaning of the
program. We shall concentrate on compilation of control structures. Translation
of the primitive assignments has been treated in Section 2.9, and translation of
symbolic addresses to machine variables has been introduced in Section 4.4.

An obvious obligation on the compiler designer is to know the meaning of
all the machine code instructions of the target computer. Fortunately, the effect
of each instruction is easily defined using the standard familiar programming no-
tations, particularly assignments and conditionals. The designers of the computer
hardware are willing to accept such descriptions as a specification of what is to be
implemented on silicon, and the correctness of the hardware implementation is not
the responsibility of the designer of a compiler.

Examples 6.2.1

Consider a simple machine with a single register A. An instruction to load the
constant n into this register is specified

LDLn =4 (A, := n,l1+1), where 0 <n <64

This instruction itself occupies one location: so incrementation of ! ensures it will
point to the next instruction when this one is complete. Similarly a store instruc-
tion can be defined

ST0b =4 (ram[b],!:=A,1+1)

Arithmetic instructions take the form
ADDb =g (A,1 := A+ram[b],l+1)

A conditional jump instruction skips over the n following locations if A is negative
cjumpn =4 (I == (l+n+1<A<0>1+1)) O

A single machine code instruction stored in location m of the code store is
represented by a step which has the singleton set {m} as its continuation set, for
example

LDL 27 Ql=mp @I

We will introduce a special notation for this case.

Definition 6.2.2 (Single instruction)

If INST is a machine code instruction, then
m:INST =4 INST<l=mDII

is called a single instruction. =]
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A block of machine code is defined in terms of its component instructions.
For example,

(20 : LDL 27 | 21 : STO 56)

is a block of two instructions. After expansion of the definitions, it is shown to be
the same as Example 6.1.2.

Definition 6.2.3 (Machine code block)
A machine code block is a program expressible as an assembly of single instructions
SolSi] .. 15 ‘ a)

A machine code block can in general be entered at any of its constituent con-
tinuation points. In practice, it is beneficial to designate one of these as its normal
start point, and call it by the standard name s. This singles out the instruction
that will be activated when control passes sequentially into the code; any other
point would have to be entered by a jump. Similarly, we single out the standard
finishing point (named f) of a block as the value of | when control leaves the block
normally, that is not by a jump.

The start point will usually be the first of the locations in which the code is
stored, and the finishing point will be the location just following the code. The
code will usually be packed into contiguous locations; all its other continuations
lie numerically between s and f so that their difference (f — s) gives a count of the
length of the code. Our theory will not depend on a contiguous range of addressing
for the program store. We will use symbolic values for continuation points, relying
- only on the reasonable hypothesis that there is an unbounded supply of them.

In any machine code program there will be many blocks which are never
entered by a jump instruction, nor do they use a jump instruction to exit. An
obligation to terminate normally through the end f is expressed by the assertion
(I = f)1, and the assumption of normal entry through the beginning s is expressed
(I = s)T. Blocks of code that have these as postcondition and precondition will
be called structured, by analogy with the recommended programming practice of
avoiding explicit jumps.

Definition 6.2.4 (Structured block)
A structured block is a program of the form
(I=8)TP5(1=f)L

where P is a machine code block. The value s is called its start point and f is its
finishing point. m]
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Example 6.2.5 (Identity)

There is only one useful structured block for which the start and finish are the
same. Since it occupies no storage the only thing that it can do is nothing.

(I=s)T;I%(U=5), = (I=8)7
This can be used to place a label s anywhere within the code. (]
Example 6.2.6 (Abort)

(I=38)T;(s:jump 8)(I=f)r = (Lal=5s>T) m]
Example 6.2.7
A step with only one continuation point can never be entered in the middle by a
jump. So a block consisting of a single instruction is easy to convert to structured
form, for example

(1 =20)T; (20 : LDL 27)%; (I = 21), o
Example 6.2.8

A block which has been translated from a single assignment will usually be struc-
tured. For example, the assignment

ram[b] := ram[a] + 27
could be translated to
(1 =20)T; (20 : LDL 27|21 : ADD a|22 : STO b)*; (I = 23). o

The form of a structured block has been defined to model closely the be-
haviour of an actual computer executing a block of machine code instructions.
The task of a compiler faced with an arbitrary source program P is to compile it
to a target program P expressed in the machine language of the computer, ensur-
ing that P has the same effect as P (or better). The target program has [ in its
alphabet, but the source does not, so a declaration is needed to match the two
sides of the inequation

P C (varl; P;endl)

We define our target code to match the right hand side of this inequation.
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Definition 6.2.9 (Target code)
A program is in target code if it is expressed in the form
(5,Q,f) =g varli(i=5)T;Q%(l=f);end!
= varl:=s5Q"(l=f)i;end!
where @ is a machine code block m]

The fundamental theorem of compilation states that every program P can be ex-
pressed as target code. Its proof is by structural induction on P, based on a series
of lemmas which display the transformations used by a compiler. For simplicity,
declarations are omitted, and iteration is the only form of recursion.

Theorem 6.2.10 (Compilation)

For each program P expressed in the language of Chapter 5, and for any start
point s and for any set L of continuation points (where s ¢ L), there is a finish
point f and a machine code block P such that alP is disjoint from L and

P C (s,Pf)
Proof By structural induction, based on the following lemmas. ]

The unit II can be translated either as an empty segment of code, or as a
machine code jump. The jump may be anywhere and lead to anywhere else.

Lemma 6.2.11 (Skip)

= (3a Ha 3)
Proof (s, I, s) {Lemma 6.1.11}
= varl:=s;II;end | {2.9L4,L6 and L8}
= I [m]

Lemma 6.2.12 (Skip)
Ifs#f,then I = (s, (s:jumpf), f)

Proof (s, (s:jump f), f) {Lemma 6.1.11}
= var!l:=s;(s: jump f);(l = f)1;end ! {3.1L3 and 2.1L5}
= varl:= f;(l:= f),;end [ {3.1L3, 2.9L6 and L8}
= I [m]

For all reasonable machines, a single assignment can be translated into a se-
quence of machine code instructions, but the compilation strategy and its proof
must depend on details of the machine, so they are omitted.
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Lemma 6.2.13 (Assignment)
For every s there is an f and a machine code block P such that
(vi=e) C (s, P, f) =

The compilation of structured statements depends on the fact that the com-
piler can arrange that the operands can be compiled into disjoint regions of program
store with no jumps between them, and that a fresh unused location can be found
whenever needed to store an extra compiled instruction. The general strategy is
shown by compilation of a non-deterministic choice. Of course in practice no com-
puter has in its repertoire the non-deterministic jump, so a more practical compiler
would resolve the non-determinism by selecting and compiling just one of the al-
ternatives.

Lemma 6.2.14 (Non-deterministic choice)

Let C=3s:(l:=8Nl:=3s;) and s¢ {s1,5s2}
and P inhibits @ and C and s; ¢ alQ

and @ inhibits P and C and s, ¢ alP.

Then (311P’f) mn (52’Q7f) = (8, PﬂCIQ, f)
Proof From Exercise 6.1.22(2) it follows that P|Q inhibits C.

(s, PlC|Q, f) {Theorem 6.1.20}
= varl:=5C*(P|Q)*; (= f)L;endl {Lemma 6.1.11}
= varl:=s;C;(P|Q)*; (I = f)L;endl {Theorem 6.1.20}
= varl:=s;;(Q* P*);(l= f)1;end! N {s1 ¢ alQ, s2 ¢ alP
varl := s5; (P*;Q*); (I = f)1;end! and 5.5L2}
= (s, Pf) N (8,Q,f) o

The treatment of the conditional is similar to that of non-determinism. The
two operands must share the same normal exit; this can be readily achieved by
planting a jump at the end of one of them.

Lemma 6.2.15 (Conditional)

Let B=s:(l:=8<4b>sy) and s ¢ {s1,52}
and P inhibits B and Q and s; € al@

and @ inhibits B and P and s; ¢ alP.

Then (s1,P,f) b (s2,Q,f) = (s, P|B|Q, f)
Proof Similar to Lemma 6.2.14. m]
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The compilation of sequential composition requires that the finish point of
the first operand must be the same as the normal entry of the second operand. Of
course, the operands must be disjoint and the second must not jump back to the
first. In this case, the two machine code blocks can be simply assembled, without
any extra code to glue them together.

Lemma 6.2.16 (Sequential composition)
If @ inhibits P, then
(s, P,h);(h,Q,f) E (s PlQ, f)

Proof (s, P|Q, f) {Theorem 6.1.20}
= varl:=s;P*Q*(l=f).;end! {2.9L7}
; (s, P’ h); (h’ Q’ f) D

Iteration is a special case of recursion that is relatively easy to implement in
machine code.

Lemma 6.2.17 (Iteration)

Let s, f,s and f; be distinct labels and alP N {s, f1, f} = {}

and B=s:(l:=s8<bb>f)

and J=f:(l:=3s).

Then bx (s, P, fi) T (s, BJP|J, f)

Proof (s, B|P]J, f) {5.5L5 and Lemma 6.1.11}
= varl:=s;B;(B|P|J)*; (= f)1; end! {3.1L3, 2.9L5 and 5.5L2}
= (var l:=s;(B|P|J)*; (I = f)1;end ])

<b> (var l:= f; (I = f);end 1) {5.5L5 and J inhibits P}
= (var l:=s; P J% (BIP) (L= fus
end )b I {Lemma 6.1.11 and 2.9L7}
3 ({s1, P, fi);var L= fi; J; (B|P|J)*;
(l=f)rend )b 1T {def of J}
= ({s1, P, fi); (s, BIP|J, f)) Qb II
The conclusion follows from the weakest fixed point theorem. O

Exercise 6.2.18

Prove that Theorem 6.2.17 can be strengthened to an equation. O
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6.3 Interpretation

An interpreter is a program that accepts as input the tezt of an arbitrary
program expressed in its source language, and then behaves exactly as described
by the predicate which the text denotes. Interpretation is in principle slower than
direct execution of compiled code; this is in practice tolerable when the interpreter
is written in a language which is executed with inherently greater efficiency than
the interpreted language. But there is considerable theoretical interest in an in-
terpreter that is written in the same language that it interprets. For example, a
universal Turing machine is an interpreter capable of simulating all other Turing
machines, including itself. Any language which is powerful enough to program all
computable functions must be capable of writing its own interpreter. And any
method of reasoning about programs should be powerful enough to prove that this
interpreter is correct.

The construction and proof of an interpreter requires a clear way of describ-
ing and manipulating the texts of a program, quite independent of their meaning.
We will use typewriter font variables P,Q,...,b,e,v... to stand for program texts,
including conditions, expressions and lists of variables. We will use the normal
programming operators to stand for the textual operation of combining texts into
a larger program text. For example, P;Q denotes the text obtained by writing the
text denoted by P (not the letter “P” itself), followed by a semicolon (the symbol
“” itself), followed by the text denoted by Q; the whole result may be enclosed in
brackets (if necessary). All these textual operations are independent of the mean-
ing of the text, although they are closely related. If P denotes a text which has a
meaning described by the predicate P, and Q similarly has meaning @, then the
text P; Q will clearly have the meaning (P;Q), as defined in Chapter 2. The same
applies to all the other symbols of the programming language. In general, we will
use an italic font letter to stand for the variable, expression or predicate whose text
is denoted by the corresponding typewriter font letter. These rather informal con-
ventions can be formalised by a rigorous separation of syntax from the semantics
of the language, and the definition of an explicit function mapping between them.
This is the standard practice in the exposition of denotational semantics, but we
prefer the lighter notation of just changing the font.

In our interpreter, the control variable [ will take as its value a list of texts
representing the rest of the program which currently remains to be executed; its
initial value is the whole program taken as a unit list, and its final value is empty.
Each step of the interpreter analyses the value of { to find the first action to be per-
formed; it also updates the value of ! to maintain its record of remaining actions.
When no action remains, the interpreter terminates. Apart from I/, we assume
that the interpreter has exactly the same alphabet of assignable variables as the
program that it interprets. Thus the assignment v := e has an effect which is
described simply by v :=e.
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As in previous sections, the interpreter is designed as an assembly of steps,
each of which deals with a particular programming feature. For example, the step
which deals assignments is called A, defined by

A=y (v,l:=e tail(l))alp = (vi=e)p> 1T
where [y denotes the first member of the list [,
and tail(l) represents the list ! after the removal of its first member.

The condition tests whether the first action specified by the current value of [ is
an assignment. If so, the assignment is performed, and its text is removed from
the list. The continuation alphabet of this step is the set of all lists of program
texts that begin with an assignment. The condition [y = (v := e) in the clause A
is tested by pattern matching; the list of variables v is what is found to match the
left hand side v of the assignment v := e, and e is similarly determined by e.

The other steps of the interpreter deal with the control structures of the lan-
guage, and they update only the control variable I. In the following we use [”m to
denote the catenation of lists [ and m, and < P > to denote the unit list with just
the single element P.

B =g ((l:=<P>"tail(l)) <b> (I:=<Q>"tail(l)))<lp = Pb>Q)>IT
=g ((:==<P>"tail(l)) N (I:=<Q>"tail(l)))<lp = (PNQA)>II

=¢ ((=tal(l))<ly =01

=g (I :=<F(uX.F(X)) > “tail(l)) <dlp = (uX.FX)) > I

=g (l:==<P>"<Q>"tail(l))<ly = (F;Q)> I

N © m <~ Q

=y OT<ly= LT

The clauses B and C choose which of P and Q to execute; J ignores any occurrence
of I. S deals with sequential composition by deleting leftmost brackets and adding
the two components in front of I. Eventually, this will reveal the first primitive
action to be performed. The clause R deals with the case of recursion. It executes
uX.F(X) by executing its body F(X), but first, all instances of X in the body have
been replaced by the whole of the original recursive construction. These copies
will be ready in place when they are needed for further recursive activations. The
clause Z is used to deal with abortion by ensuring that the interpreter never ter-
minates.

Each of the steps defined above has its own continuation alphabet; it is the
set of all lists which begin with a text of the form displayed in the condition. All
of these forms are distinct, and because they are texts, their values are also all
different. We can therefore define the interpreter as an assembly of steps with
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disjoint alphabets
INT =4 A|B|C|J|R|S|Z

Its alphabet is the union of the alphabets of its constituent steps. It includes all
lists of program texts except the empty list. So the interpreter will terminate as
soon as it encounters <>, which is not dealt with by INT. We therefore define
the continuation alphabet of the interpreter to be all lists but <>. To make this
work, the interpreter assigns the program text as the only member of the list to the
variable [ before starting to execute it. And, of course, the variable [ is declared
as a local variable of the interpreter.

Definition 6.3.1 (Interpreter)
IQ) =4 (<Q>,INT, <>) (see Definition 6.2.9) o

The definitions given above show that it is rather easy to write an interpreter
in its own language, especially if pattern matching is used to analyse the program
text. It is also rather easy to see that the interpreter does what is expected of it.
Nevertheless, it is worthwhile to formulate a theorem expressing what it means for
such an interpreter to be correct, and then to see whether the algebraic laws which
have been listed and proved in Chapter 5 are adequate to prove its correctness.

Theorem 6.3.2 (Correctness of the interpreter)

Let Q be the text of a program described by the predicate Q. Then

Q@ = I
Proof The proof is by structural induction on the text of the program Q, and it
is based on the following lemmas. m]

As in Section 6.2, each case is proved by algebraic laws justifying symbolic
execution. The most difficult case is sequential composition, where it is necessary
to show that the interpretation of [ “m passes through an intermediate stage when
[ has been fully executed, and only m remains. This case needs two lemmas.

Lemma 6.3.3
(1 #£<>)1;(L:=I"m); INT = (1#<>)1;INT;(l:=1"m)

Proof Based on case analysis on the value of | and the definition of the step
function INT. a

Lemma 6.3.4
(l:=1"m); ({#<>Al#m)*INT) = INT*; (l:=.u)
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Proof Let f(X) =¢ (I:=Im); X

9(X) =¢ (NT;X)<a(l#£<>)A(l#m)> 1T
h(X) =g (INT;X)<l#<>p>(:=m)

Lemma 6.3.3 {def of f, gand h}
= fog=hof {Theorem 4.2.12}
= f(ug) = ph {5.5L4}
= LHS = RHS O

Lemma 6.3.5 (Sequential composition)

I(p;Q) = I(P); 1(Q)
Proof Letb =4 (I#<>)A(I#<Q>).

I(P;Q) {def of INT and 5.5L1}
= varl:=<P>"<Q> INT*;(l=<>),;end!  {5.1L3 and 5.5L5}
= varl:=<P>;l:=1"<Q>; (bxINT);

INT*; (Il =<>),;end! {let m =< Q> in Lemma 6.3.4}
= varl:=<P > INT*(l:=<Q>);INT*(l=<>),;endl  {5.5L3}
= varl:=<P > INT* (Il =<>),;

(I :=<Q>);INT*; (I =<>).;end! {2.9L7}
= I(P); I(Q) m|

The only other significant case is recursion.

Lemma 6.3.6 (Recursion)
I(pX.F(X)) = pX.F(X)

Proof I{uX.F(X)) {5.5L1}
‘ = var | ;=< F(uX.F(X)) >; INT*;(I =<>),;end |  {induction}
= F(I(uX.F(X)))

which implies that I(uX.F(X)) 3 uX. F(X).

To show correctness of the interpreter I, this inequation is sufficient. To
establish the inequation in the other direction, we construct a more abstract in-
terpreter T as an infinite assembly of clauses, each of which interprets a whole
sequence of programs in a single step

T =4 (3Q1,...,Qne ((I=<Q1,...,Q0 >)7;Q1;...;Qn) <l #<> >II);end!
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T is not a program, but it is reasonable to regard it as a predicate, and for purposes
of proof that is good enough. In the case of a unit sequence, we have

(varl:=<Q>;T) = Q )

Furthermore
T {2.1L1}
= T<l€dINT>T {def of INT}

= (INT;T)<l € olINT >endl
from which and 5.5L4 it follows that

T 3 pXe((INT;X)<l€olINT>endl) = (INT*; endl) 1)
and pX.F(X) {}
= varl:=< pX.F(X) >;T {1}

3 varl:=< pX.F(X) >;(INT*);end! : {def of I'}

3 I((pX.F(X))) m

These lemmas show the main clauses of the proof of the correctness of the inter-
preter I.

6.4* Jumps and labels

The process of compilation described in Section 6.2 translates a language with
high level control structures like conditionals, compositions and iterations into a
language which replaces all such structures by conditional and unconditional jumps
to labels placed elsewhere in the program. Many of the older programming lan-
guages provide jumps and labels in addition to more abstract program structures.
Such a mixture of levels of abstraction is not always recommended in program-
ming practice, but it provides a good exercise for the extensibility of our theory.
Our goal is to preserve the validity of all the laws relating to structures, and just
to add the laws needed for reasoning about the additional unstructured features.
Our method is to concentrate mainly on forward jumps, and backward jumps are
treated separately, because they can give rise to iteration.

To reason about the structure of a program P in a language with jumps, it is
necessary to keep an account of all the exit points of P, that is all the labels that
may be destinations outside P of jumps which originate inside P. This is nothing
but the set of expected final values of the control variable [, and it will be denoted
ol’P. The set plays the same role as the single finishing point f of Section 6.2.



6.4 Jumps and labels 153

Similarly, we single out the complementary set alyoP, containing the permissible
set of initial values of ! before execution of P. It denotes the subset of alP that
contains the intended entry points of P; it will contain the labels placed internally
within P, but exclude labels which are intended only as destinations for jumps
which are also internal to P. It plays the same role as the single start point s of
Section 6.2.

We will also single out a special value n, which is the value that | takes when
P is entered normally through the beginning, and not by a jump. This is the value
that ! will also take on normal exit from P, which occurs not, by a jump but by
falling through the end. It is convenient to exclude n from both alyP and ol P; it
will never be used for a backward jump.

The structure and control flow of a program with jumps and labels can often
be made instantly obvious to the eye by means of a flow chart. This is a pictorial
representation in which the program text is written in boxes, and the label values
are written on arrows drawn between pairs of boxes, and on arrows connecting a
box to the outside.

n|s; S2 Sm aloP = {s1,,82,---1,8m}

Sm = fn

n fl fn al’P= {fl,fg,...,fn}
Figure 6.4.1 Flow chart

aloP is the set of labels (other than n) on arrows leading into the box sur-
rounding P, al’P is the set of labels on arrows leading out. We allow structuring,
that is flow charts may be drawn within the boxes of a flow chart, as shown in
Figure 6.4.1. : O

Suppose k is an internal label inside P. If k occurs as a label after all the
" jumps to k within P, then k will not be an exit label of P. It may or may not be in
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alp P, depending on whether an external jump to that label is also to be allowed.
If, however, a jump to k occurs after the label k, then k is definitely in ol'P. If
the jump is intended to lead back to the label k, then k must also be among the
entries of P. In this case, the execution P* will model explicitly the iterations that
result from executing backward jumps; they will be detected by the fact that their
labels are in the intersection aloP N ol’P. If there are only forward jumps, the
entry labels will be disjoint from the exit labels, and we will single out this special
case as easier to reason about.

The expectation that the initial value of [ will lie in aloP U {n} is encoded
in the same way as for steps (Definition 6.1.5) by making the action of P vacuous
otherwise. The obligation for / to terminate in the set al’P U {n} is encoded as in
Definition 6.2.4 (structured block) by an appropriately placed assertion.

Definition 6.4.2 (Blocks and proper blocks)
Let S and F be sets of labels, and n ¢ Sand n ¢ F.
(P:S=F) =¢ (P =(P;(le(Fu{n}))ale(Su{n})>1)
A program P is a block if it satisfies
(P : alpP = ol'P)
A block P is called a proper block if
afPNal’P = {}
In this section all the programs mentioned will be blocks. ]
Examples 6.4.3

(1) If L is the set of all labels, then (P : L = L) for all P.

(2) At the opposite extreme, if P contains no labels or jumps, that is
algP = ol'P = {}

then it is a proper block. It is entered only at the beginning (with [ = n) and exits
only at the end (with [ again equal to n). o

A label s is placed within a program by the construction label s, at the point
intended as the destination of any jump to s. It may be entered either normally or
by a jump, but it always exits normally. A jump plays a complementary role. It
is entered normally but it always exits by means of a jump. Neither of them has
any effect on anything except I.
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Figure 6.4.4 label s and jump f
Definition 6.4.5 (Labels and jumps)

label s =¢ (:=mn)<le{s,n}>I
alplabel s =4 {s}
al'label s =4 {}

jump f =¢ (:=f)<l=np1I
alpjump f =4 {}
ol jump f =4 {f} o

The following laws show how a forward jump can be executed by omitting
the code that follows it.

Theorem 6.4.6

L1 IfP: {} = {}, then (jump f; P) = jump f
L2 (jump s; jump f) = jump s

L3 (label s; label f) = (label f;label s)

L4 (label s; label s) = label s

Proof of L2 jump s;jump f {Def. 6.4.5 and 2.2L2}
= (l:=s¢;jump f)<l=npII {Def. 6.4.5 and 2.3L4}
= ((I:==s;l:=f) < false>1:=3)

A =npI {Def. 6.4.5 and 2.1L5}
= jump § O

Our goal is to apply to blocks all the structuring notations of our program-
ming language. For blocks with the same alphabet of entry and exit points, the
permitted operators are defined by the following theorem.
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Theorem 6.4.7 (Block closure)

The set of blocks {P | P : S = F} is a complete lattice, and closed with respect
to non-deterministic choice and conditional. The same applies to proper blocks. O

The main omission from this theorem is sequential composition. This is be-
cause the alphabets of the two operands of composition are usually different, and
the alphabet of the result is different yet again. However, the result alphabet can
be defined as a function of the operand alphabets in such a way that the relevant
closure theorem can be proved. In general, a sequential composition may be en-
tered at any entry point of either of its operands, and it may exit by a jump out of
either of its operands. However, any label by which the first operand jumps into
the second now becomes an internal forward jump, and will not lead to an exit
from the sequential composition.

Definition 6.4.8 (Alphabets for sequential composition)

alp(P;Q) =g aloPUalQ

ol (P;Q) =4 (al'P\akQ)Ual'Q o
This definition is essentially restated by the following theorem.
Theorem 6.4.9 (Composition closure)
IfP:S=FandQ : T =G, then

(P;Q) : (SUT) = (F\T)UG) o

To reason effectively about labelled programs, we need a method of abstract-
ing from internal label values which are never intended to be seen or used from
outside. In the interests of modularity, the hiding should be selective; as soon as
an assembly P has been built up to include all jumps to an internal label value,
that value can be hidden, while all the other labels are still visible. Labels that
are used only for entry or only for exit are easy to hide, by just removing them
from the alphabet. But a label in both alphabets can only be hidden by making
explicit the internal iteration. This case must be dealt with first.

A backward jump (jump f) executed in a program P is one that leads to a
label f in od’P NalpP. It also gives rise to a repetition of P whenever [ takes f
as its final value. On completion of the repetitions, the label can no longer be a
final value of /; it is therefore removed from al’P. Let H be a set of labels which
are used as destinations of backward jumps in P. We define P\¥ to represent the
desired effect of the iteration; in addition the labels of H are hidden by exclusion
from the ezit alphabet. This operation can be used to turn any block P into a
proper block, by hiding all labels in alyP N al’P. Once backward jumps have been
dealt with, all remaining jumps are forward, and all remaining blocks are proper.
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H is usually a subset of both the exit and the entry alphabets: any extraneous
elements are irrelevant; they are ignored in the following definitions.

Definition 6.4.10 (Hiding exits)
P =4 P;(l€e HNalgP)*P
algy P\H =4 olyP
o' P\ =4 ol'P \ (alpP N H) m]
The theorem effectively shows that the definition has its intended effect.
Theorem 6.4.11 (Hiding exits)
IfP:S=F, then P\¥ : §= (F \ (SN H)). o

The hiding of exits has all the expected properties of a hiding operator. Hid-
ing what is not there has no effect; the order of hiding different labels is irrelevant,
and if hiding is irrelevant for one operand of a composition, it distributes to the
other.

Theorem 6.4.12

L5 PMM = P whenever HNal'P = {}

L6 (P\H)\C — Pp(HWG)

L7 (P;QM¥ = P;(Q\¥) whenever HNalP = {}

L8 (P;QM = (P\H);Q whenever HN(cloQUal'Q) = {}
Proof of L7 Let A = alpP U alpQ.

(le HNA)*(P;Q) {5.5L1}
= (leHNA)x(le HNA); P;Q) {Def. 6.4.2}
= (leHNA)*(le HNA); {biseL=(Ac)L

(P;Q<l€ahPU{n}> Q) and HNalP = {}}
= (leHNA)*(leHNA)L;Q) {5.5L1}
= (leHNA)xQ {HNnalyP = {}}
= (e HNalpQ)*Q

which implies
LHS = P;Q;(l€ HNA)*(P;Q)) = P;Q;(l€ HNalpQ)*Q) = RHS O

Hiding of an entry labél is simpler than hiding an exit label. It is applied
to a label in P which is intended only as the destination of a forward jump that
is also within P, and from nowhere else. Indeed, the correctness of the program
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may depend on observance of this restriction. Such a restriction can be enforced
syntactically by removing the label from the alphabet of permitted entry points of
the block.

Definition 6.4.13 (Hiding entries)
Let H be a set of labels to be removed from the entry points of P.
Hp =4 DI<leH>P

ah#/P =4 alyP\H

d'H/'P =4 ol'P |
This definition also has the properties expected of any hiding operator.
Theorem 6.4.14 (Hiding entries)
IfP:S=F, then P : (S\H)= F. o
Theorem 6.4.15
L9 #/P = P whenever HNalP = {}
L10 #/(¢/p) = (HUWG)/p
L11 #/(P;Q) = (¥/P);Q whenever HNalQ = {}
L12 #/(P;Q) = P;(®/Q) whenever HN(alpPUal'P) = {}
Proof of L12 Let B = alpP U {n}.

P; (H/Q) {Def. 6.4.2 and 2.2L2}
= (P;(lead'P);;(*Q)<le B (¥/Q) {2.1L5 and HNal'P = {}}
= (P;Q)<le B> (Q) {Def. 6.4.13 and 2.1L2}
= (I<leH>Q)<l ¢ B> (P;Q) {2.1L3 and HN B = {}}
= I<xleH>(Q<l¢ B (P;Q)) {Def. 6.4.2 and 2.2L2}
= Oale Hp> (P;Q) {Def. 6.4.13}
= H/(P;Q) o

Our theory of labels and jumps is powerful enough to treat exception hand-
ling as a special case. An exception is just a specially restricted kind of label e
that can never appear in an entry alphabet, and can never be the destination of a
backward jump. To raise the exception within P, an ordinary forward jump can be
used. If Q is the handler designed to catch exception e within P, their combined
effect can be defined

P;(l:=nQ)<l=ep 1)
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This is a block with alp P U {e} as its entry label set, and (ol P\ {e}) Ul Q as
its exit label set. If @ raises the same or a different exception, it will automatically
be directed forward to a more global handler.

It is now possible to hide all the labels and jumps within a block P, and
thereby obtain a module of program that can be treated as though it were expressed
in a language without any jumps and labels at all. This is in fact recommended
practice: jumps should be confined in range to a self-contained unit of program, for
example the body of a subroutine. We therefore define an encapsulation operator
which hides all labels, and even conceals the control variable .

Definition 6.4.16 (Encapsulation)
If P:S = F then
(P) =g varl;(l:=n); 5(P\F);end I o

Theorems 6.4.7 and 6.4.9 give the constraints under which structured no-
tations can be mixed with jumps and labels. In the case of recursion, the entry
and exit alphabets of the recursive call must exactly match those of the whole
body, and if there are any labels local to the body, the alphabet of the recursive
call must be extended to accept and ignore any of these labels (Exercise 6.4.17).
Extension may also be used to equalise the alphabets of the two components of
a conditional. But the effect may be rather different from what is expected. Our
theory requires that if a conditional is entered by a jump, the condition still has to
be tested to determine whether to go to the label in the first operand or the label
in the second operand. Implementors of structured programming languages have
not been prepared to take this trouble. They have therefore forbidden jumps into
a conditional, effectively requiring the input alphabet to be empty.

Exercise 6.4.17

The converse operation to hiding is alphabet extension. Under reasonable condi-
tions, define this operation and prove that it has the required properties. O



	133.tif
	134.tif
	135.tif
	136.tif
	137.tif
	138.tif
	139.tif
	140.tif
	141.tif
	142.tif
	143.tif
	144.tif
	145.tif
	146.tif
	147.tif
	148.tif
	149.tif
	150.tif
	151.tif
	152.tif
	153.tif
	154.tif
	155.tif
	156.tif
	157.tif
	158.tif
	159.tif



