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1 Introduction

This report includes supplementary proofs of laws that have been omitted for brevity in our paper
“Laws for a unified theory of methods” [4]. In Section 2, we consider proofs of laws for plain alphabet
extension; Section 3 includes proofs of unfolding lemmas; and, Section 4 shows the validity of recast
version of relevant relational and design theorems to reason about variable blocks.

2 Plain alphabet extension laws

We first recapture the definition of plain alphabet extension as given in in [4].

Definition 1. Plain alphabet extension. For any predicate P and alphabet A,
[Ppa < P] and «a(Pgy)=aPUA

Table 1 below recaptures the relevant laws for plain alphabet extension. Plain alphabet extension
can always be removed, provided that we can show A C aP (Law 1). It distributes through the
logical connectives (Law 2 to Law 5) as well as relational composition (Law 6 and Law 7). Law
enables us to remove unused variables from the interface of a relational composition, and Law
and Law 10 trade plain alphabet extension for an existentially-quantified variable in the right and
left predicate of a relational composition. We next present individual proofs the laws.

Law 1. P;4 = P provided A C aP

Law 2. (=P)ga = ~(Pga)

Law 3. (Pop Q)ga = Pgaop Q where op € {\,V,=, <}

Law 4. (Pop Q)ga = P op Qgpa where op € {A,V,=, <}

Law 5. (Az e P)y4 = Az e Py, where A € {V,3} provided z ¢ A
Law 6. (P; Q)op(s} = Pofs): @Q

Law 7. (P; Q)a(ay = P Qapary

Law 8. Pgiy); Qafey = P; Q provided 2/ ¢ a(P) A z € a@

Law 9. Pgi,y; @ = P; 3z e Q provided 2z’ ¢ aP

Law 10. P; Qgq;) = (32" ¢ P); Q provided z € a@Q

Table 1: Relevant laws for plain alphabet extension.
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Proof of Law

P = Py, {definition of predicate equality}
= [P & Pgal N a(P) =a(Pga) {definition of plain alphabet extension}
= a(P)=a(P)UA {assumption: A C a(P)}
= true O

Proof of Law

(=P)pa = " Pay {definition of predicate equality}
= [(=P)ga < ~Pgal N a((-=P)ga) = a(Pga) {simplification of alphabets}
= [(~P)as & ~Pas] Aa(P)UA=a(P)U A {using [(~P)gs & ~P] (Def. 1)}
— [P Pyl {logic}
= [P & Pgyl {using [Pg4 < P] (Def. 1)}
= [P< P] {logic}
= true U

Proof of Law 5. We first prove the law for conjunction.
(PANQ)pa = Poa N Q {definition of predicate equality}

— ([(P/\Q)@A@P@A/\Q]/\ )

{simplification of alphabets}
a((P A Q)oa) = a(Pea A Q)

- ( Sfp?ff&i j@: i(g Sa(@ » ) {using [(P A Q)ga & (P A Q)] (Def. 1)}
= [PANQE Pga N Q] {logic}
= [PANQ=PysaNQIN[PgaN Q= PACQ] { @ appears in assumptions}
< [PANQ= Pys) N[Poa N Q= P] {weakening of antecedents}
= [P = Pgal N [Pga = P] {logic}
= [P & Pgal {definition of plain alphabet extension}
= true O

The remaining cases for op € {V, =, <} are proved by rewriting the respective operators in terms
of negation and conjunction, and exploiting the distributivity laws already proved for — and A.

Proof of Law /. Follows directly from commutativity of {A,V, <, <}.

(Pop Q)aa {op € {V,=,<} is commutative}
= (QopP)ga {Law 3}
= QgaopP {op € {V,=, <} is commutative}
= PopQga O



Proof of Law 5. We first prove the law for existential quantification.

(Fz 0 P)gy = (z @ Pyy) {definition of predicate equality}
3 P & (3 P A
= (G20 Pleas Gz e Pea) {simplification of alphabets}
a((3z e P)ga) = a((Fz & Pgya))

(Jz e P)gs <= (Fz e P@A)] A ) {assupmtion z ¢ A}

[
(@(P)\{z})U A= (a(P)UA)\ {2}

_ [(HQZOP)@A@(HQL’OP@A)]/\ ) {uSing[(HxOP)@A@E'*T'P] (Def )}

((P)U A\ {z} = (a(P)U A) \ {z}
= [(zeP)s (Jze Pyy) {logic}

= (Bo e P)= (Ee e Poa)l A assumption x and logic, le «

"\ [(GaePyy) = BreP) ) {assumption = ¢ A and logic, let z ¢ o(P) U 4}

= [Ple\o] = (37 ¢ Poa)l A {using 7y as a witness}
[Plz\®)pa = (3z o P)]

_ [ [Pl\a] = Pl\a]gal A ) (logic)

[Ple\z0]ga = Ple\zo]]

= [Plz\n] & Plz\z0]g 4] {using [Pga < P] (Def. 1)}
= [Pls\w] & Plz\xw]] {logic}
= true ]

As before, the remaining cases for Vz e P is proved algebraically by rewriting the operator in terms
of negation and existential quantification amd using the distribution laws already proved.

Proof of Law 6. We assume P and () are composable with interface v.

(P; Qafa {unfolding relational composition}
= (3v" e P[v'\v"] A Q[v\v"])g(a} {Law 5 in Table | using = ¢ v"}
= Fv" e (P['\v"] A Q[v\v"])p(x} {Law 3 in Table 1}
= 39" e Py [v\v"] A Qv\v"] {folding relational composition}
= Papy; Q O

Proof of Law 7. We assume P and ) are composable with interface v.

(P; Q)efan {unfolding relational composition}
= (30" e P[v"\v"] A Q[v\v"])g(a} {Law 5 in Table | using = & v}
= 30" e (P[v"\v"] A Q[v\v"]) gy {Law 4 in Table 1}
= 30" e P[u"\v"] A Qg oy [v\V"] {folding relational composition}
= P; Qo [



Proof of Law 8. We assume that = ¢ in(a@) and P and @) are composable with interface v.

Po(ay 5 Qoia) {unfolding relational composition}
= 30", 5" e Pypon v, 2"\v", 2"] A Qgaylv, 2\v", 2"] {simplify substitution}
= 3v" 2" @ Py [v\v"] A Qgay[v\v"] {unused quantified variable z}
= 3v" e P[v"\V"] A Q[v\v"] {folding relational composition}
— P 0Q O

Proof of Law 9. We assume that 2’ € P and Pgey and @ are composable with interface {v, z}.

Py s @ {unfolding relational composition}
= 3v" 2" e Pyun[v', a"\v", 2"] A Q[v, 2\v", 2] {simplify substitution}
= 3v" 2" ¢ P[v\v"] A Q[v,z\v", 2" {localising quantifier 3z" o ...}
= Jv" e P[u\v'| ATz" @ Q[v,z\v", 2" {extracting substitution}
= Fv" e P[\v"| A (32" @ Qz\z"])[v\V"] {renaming quantified variable}
= 30" e P[\v"] A (Fz e Q)[v\v"] {folding relational composition}
— P;(3ze0) 0

Proof of Law 10. We assume that z ¢ @ and Pgy,y and @ are composable with interface {v, z}.

P Qoo {unfolding relational composition}
= 30", 2" ¢ P[v/, 2" \v", 2" A Qgzy[v, 2\v", 2"] {simplify substitution}
= 3" 2" e P[v',2"\v",2"] A Q[v\v"] {localising quantifier 32" e ...}
= 3v" e (Fz" e P[v/,2'\v",z"]) N Q[v\v"] {extracting substitution}
= Jv" e (2" & P[z'\2"])[v'\v"] A Q[v\v"] {renaming quantified variable}
= Fv" e (2" e P)[v'\v"] A Q[v\V"] {folding relational composition}
= (J2'eP);Q O

We note that the above laws have also been proved in our mechanisation of the UTP in Is-
abelle/HOL [2, 1].



3 Proofs of unfolding lemmas

Table

recapture the unfolding lemmas presented in [4]. These lemmas facilitate the proof of recast

relational and design laws in Section

Proof of Lemma 1. Without loss of generality let A = {v,v',z,2'} and a(z := e) = A.

T:=e {unfolding assignment}
true F (e C 2/ A v Cv') {Theorem 3.1.5 in [3]}
(true F e C a’) A (true - v C 0') {folding definition of I}
(true = e C a’) ANg, oy {using A = {v, v, z,2'}}
(true F e Ca’) AN g\ (507} O

Proof of Lemma 2. Without loss of generality let A = {v, v, z,2'} and a(varz) = A\ {z}.

var {unfolding definition of var}
JzeIly {unfolding definition of II'}
Jzetrue F(z C 2’ AvC ') {Theorem 3.1.5 in [3]}
dz e (true -z C 2’) A (true F v C o) {localising quantifier}
3z o (true -z Ca’)z.n) A (true = v 5 0') g 00 {using z’ as a witness}
truegy A (true = v E0') 1y 01 {folding definition of I}
truegen A g\ (2,0 {Law 3 in Table | and logic}
(i oo} {using 4\ {z,2'} = afvarz)\ {s'}}
(Mo (var o)\ {o'}) {2’} O
Proof of Lemma 3. Without loss of generality let A = {v,v’,z,2'} and a(endz) = A\ {2'}.
end z {unfolding definition of end}
dz’ eI {unfolding definition of I}
Jz’ e true F (z C 2’ A v ) {Theorem 3.1.5 in [3]}
Jz’ e (true bz C z') A (true v C o) {localising quantifier}
(32" o (true b o E 1)y 24) A (true o E '), ) {using z as a witness}
truegzy A (true = v E v') gy 00 {folding definition of I}
trueg,y A Mg\ 2,211 {Law 3 in Table | and logic}
(MA\ (2,0} () {using A\ {z,2'} = a(end z) \ {z}}
(Mo (end 2)\{z}) e {c) O



Lemma 1. 7:=e¢ = (true - e E2') A4\ (; .3 Where A =a(z:=c¢)
Lemma 2. varz = (II4\ {4})e() Where A = a(varz)
Lemma 3. endr = (Il4\ {4})e(,} Where A = a(endz)

Table 2: Unfolding lemmas for higher-order UTP operators.

Law 11. varz ;endz = 1I

Law 12. z:=F;endz = endz

Law 13. varz; Dy, = D;varz provided {z,z'} NaD =g
Law 14. D;,;endz = endz; D provided {z,2'} NaD =@

Table 3: Recast of relational laws adopted from [3] for higher-order UTP.

4 Proofs of recast relational theorems

Table 3 summarises relational laws required for some of the proofs in [4]. We note that we cannot
take for granted that those laws, albeit proved for relations and designs in [3], persist to hold in
HO UTP because of the modified definition of II, assignment, and alphabet extension (Table ?7).
Redefining IT moreover indirectly incurs a change in the definition of variable blocks, since the
semantics of var z and end z depend on II. We next present proofs of the laws in Table

We first use Lemma 1 in [4] to prove the idempotence law 4 ; T4 = 4.

Law 15. Let A be a homogeneous alphabet. Then,
Oa; My = Iy

Proof. Without loss of generality let A = {v,v’'}. Then,

mMy; My {unfolding definition of I 4}
= (true FvC ') ; (true v E ') {Corollary 1 in [4]}
= true b (vC v ;v E) {Lemma 1 in [4], C is a preorder}
= true FvCo {folding definition of I 4}
= 14 O

The above law shows that the higher-order II is a fixed point of P1 and P2 and thus a healthy
predicate in HO UTP. We proceed proving the recast relational laws.



Name Syntax Definition in HO UTP Caveat
Skip Imy true v C o A={v,v'}
Assignment Ti=g4€ true FeC 2’ AvE A=A{z,2",v,v'}
Parallel composition (P1 - Q1) || PrAP2F Q1 A Q2 a(P1 Q1) =
(P2 F @) a(Py F @)
Alphabet extension D, D || (true v E ) {v,v}NaD =g
Variable declaration var z Jzelly {z,2'} C A
Variable erasure end z Jz’ eIy {z,2'} C A

Table 4: Modified definitions of operators in higher-order UTP.

Proof of Law 11. Without loss of generality, we assume «(var z) = A\{z} and a(end z) = A\ {z'}
for some homogeneous A with {z,z'} C A.

varz ; end z {unfolding Lemma 2 and 3 in Table 2}
= (Ia\j{zay)etey ;s Wa\fze))efa) {Law 8 in Table 1}
= Iy Wy {Law 15}
= Maeey -

Proof of Law 12. We assume that e only references undashed variables.

r:=e;endx {unfolding assignment and Lemma 3}
= (true Fe T2 AvEV); (Mg vy)aia {unfolding definition of I}
= (trueFeCa' AvCV); (true F v E )y {Corollary 1 in [4]}
= true F(eCd' AvEV); (v E v )ga {unfolding relational composition}
= true - 32" 0" e (e C 2" Nv C ") A (W C {localising quantifier}

U/)EB{Z”}
= trueF3v" e (Fz"ee ") ANv T AV T {using e as a witness}

!/

= true F 30" e trueg, s AvE V" AW Ew {logic simplification}

= (true F 30" e v Ev" A 0" Ev')g(a) {folding relational composition}
= (true FvCv'; v EV)gqn {Lemma 1 in [4], C is a preorder}
= (true - v C v )gqn {Lemma 3 in Table 2}
= endz O



Proof of Law

varz ; Dy,

varz , (P - Q)+x

(Mpo)etery s (P F Qs

(Mo vy)afzy s (P F Q)| (true -2 C ')

(H{v,v’})@{x’} ; (P ANtrue H Q N x C .’L‘,)

]I{u,'u/}; (3$0P FOAz Ex/)
PFEQAN3IzexC 1)

H{v,v’} (P F Q A true{m,})

(Mgy,0y 5 (P F Q))aary

(P - Q)EB{J:’}

(P F Q, H{v,v’})@{w’}

H{v,v’} ) (
(

. Let D be a P1 and P2-healthy design with a(D) = {v, v'}.

{every design can be written as P + Q}
{Lemma 2 in Table 2}

{definition of alphabet extensions}
{unfolding parallel composition}
{Law 9 in Table 1}

{localising quantifier, z ¢ a(P F @)}
{using z’ as a witness}

{extracting plain alphabet extension}
{D is fixed point of P2}

{D is fixed point of P1}

{distributing plain alphabet extension}

= PFQ; My uy)efen {Lemma 2 in Table 2}
= PFQ;varz ]
Proof of Law 1. Let D be a P1 and P2-healthy design with (D) = {v, v'}.

Diy;endz

(PFQ)iy; endz

(P F Q)4 My vy)afa}

(P = Q) (true Fz Ea')); (M, )aa}
(P Atrue - Q ANz C ') Q1 FpY E
(32’ e P QAT Ea); My, on
(PFQA3z" ez Cal); Iy,
(P F QA truegy) s Wy, oy

(P FQ); Mpy vy e{a)

(P F Qasy

Mgy 0y 5 P F Q)aia)
(M) P HQ

endz; PFQ

{every design can be written as P + Q}
{Lemma 3 in Table 2}

{definition of alphabet extensions}
{unfolding parallel composition}

{Law 9 in Table 1}

{localising quantifier, z ¢ a(P F @)}
{using z as a witness}

{extracting plain alphabet extension}
{D is fixed point of P1}

{D is fixed point of P2}

{distributing plain alphabet extension}
in Table 2}
O

{Lemma
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