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Abstract

The Circus family of languages is a collection of process algebras based on a combination of Z, for data
modelling, and CSP, for behavioural modelling. Circus has a well-defined semantics based on Hoare and
He’s Unifying Theories of Programming. A refinement calculus has enabled its practical use for reasoning
about implementations of control systems in a variety of languages, including Ada and Java. The work
presented in this report enables the use of pre and postconditions for reasoning in the context of Circus Time,
the timed version of Circus. It is based on constructs of Timed CSP, but takes advantage of the complete
lattice defined by its UTP theory to cater for deadlines that capture restrictions on the environment. Here,
we present a new UTP theory that builds on the existing semantics of Circus Time by providing a simpler
mathematical model for capturing observations of traces and refusals, and more rigorous operators for
describing behaviours of processes. For example, we change the definitions of prefix and external choice
by weakening their preconditions and strengthening postconditions. Most importantly, all operators of our
theory are defined in a way that allows the calculation of pre and postconditions of timed processes. This
not only supports contract-based reasoning about models, but simplifies proof of Circus Time laws. We
illustrate this point by exploring a comprehensive set of laws for the deadline operators.
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1 Introduction

Circus [27, 4] is a comprehensive combination of Z [25], CSP [9, 17] and Morgan’s refinement calculus [12], so
that it can define both data and behavioural aspects of a system. Over the years, Circus has developed into a
family of languages for specification, programming and verification. For instance, variants and extensions of
Circus include Circus Time [20, 21], which provides time facilities similar to Timed CSP [18], and OhCircus [5],
which is based on the Java approach to object-orientation. The semantics of the Circus languages is based on
Hoare and He’s Unifying Theories of Programming (UTP) [10], in which they use the alphabetised relational
calculus to describe and reason about a wide variety of programming paradigms.

Circus Time [20, 21] is an extension of a subset of Circus with some time operators. The semantics of
Circus Time is defined using the UTP by introducing time observation variables. The Circus Time UTP
theory is a discrete time model, and time operators are very similar to those in Timed CSP [18]. Simply
speaking, the observation of an action in Circus Time is distributed into a sequence of time units. Multiple
events are allowed to happen within the same time unit, but they must be ordered. The major observation
over a time unit consists of a sequence of events that have happened during the time unit, and a refusal set
that denotes which events cannot happen at the end of this time unit. One of features of Circus Time is that
it can be seamlessly combined with Z specifications in Circus to provide better support for modelling and
refinement of real-time systems. In addition, Circus Time also provides a number of refinement laws and a
framework for validation of timed programs based on FDR [1].

Circus Time cannot, however, capture some key requirements in safety-critical systems such as missing
of a deadline, can result in significant loss to its users. Here, a (hard) deadline imposes requirements on a
system’s environment, such as hardware and changes of physical environment, whose knowledge is hard to
be aware by a designer in an abstraction level. Therefore, in this paper we extend the original Circus Time
model with more time operators. For example, two deadline operators have been introduced in this new
model: one is that an action must terminate within a deadline, the other is that a visible interaction of the
action must occur within the deadline. Similar operators have been defined in existing process algebras and
temporal logic [7, 19, 16], but none of them have explored any possible influence to other existing operators.
We adopt a similar idea to that in [7]; that is, failure to meet a deadline leads to infeasibility in the model
of a program. The infeasibility in our new Circus Time is modelled by a new primitive action, Miracle.
This action, the top element in the refinement ordering, has been included in the semantics of the original
Circus Time model, but its use to model deadlines was only exposed and initially explored in the work [24]
who discussed the application of Miracle in a complete lattice and used it to express the infeasibility when
deadlines cannot be satisfied. In this paper, inspired by the work in in [24], we fully explore this action and
also its interaction the other operators by posing and proving a number of algebraic laws to characterise a
theory of deadlines.

Another difference from the original Circus Time is that each action in our new Circus Time is expressed
as a reactive design for a more concise, readable and uniform UTP semantics. Hoare and He have proposed
an approach to generate the theory of CSP by embedding the theory of designs in the theory of reactive
processes. This means that each process in CSP can be expressed as a reactive design. The work in [3, 13] has
provided reactive design semantics for some operators in CSP. On the other hand, sequential composition,
recursion, hiding, and so on have not been considered. In this paper, in our new Circus Time model, we
develop the reactive design semantics of these operators, and also demonstrate how we can easily prove some
very tricky laws using the new semantics. The importance of this semantics is that it not only supports
contract-based reasoning about models, but simplifies proof of Circus Time laws. For instance, reactive
designs can be easily related to Hoare logic [8], which is a formal system for reasoning about the correctness
of computer programs. As a result, we present a new UTP theory that builds on the existing semantics of
Circus Time by providing a simpler mathematical model for capturing observations of traces and refusals,
and more rigorous operators for describing behaviours of processes. For instance, we change the definitions
of prefix and external choice by weakening their preconditions and strengthening postconditions.

rewrite the following paragraph.

This report has the following structure. Section 2 gives a detailed introduction to various UTP theories
which have been used in the new model. Also, the semantics of the old version of Circus Time is discussed
and modified. We then present a new model of Circus Time via changing the data structure of some
observational variables, redefining healthiness conditions and introducing new time operators in Section 3.
Section 4 explores the relation between the old and new versions of Circus Time. Finally in Section 5 we
present some conclusions and summary future work.



2 Background

This section introduces various UTP theories such as relations, designs, reactive processes, CSP processes
and reactive designs which are used throughout the semantics of Circus Time in this report. In addition,
before extending the original Circus Time, we introduce its semantics including observational variables,
healthiness conditions and signature.

2.1 Relations

In the UTP, a relation P is a predicate with an alphabet aP, composed of undashed variables (a, b, ...) and
dashed variables (a’,2',...). The former, written as ina P, stands for initial observations, and the latter,
outa P, for intermediate or final observations. The relation is called homogeneous if outaP = inaP’, where
mmaP’ is obtained by dash on all the variables of inaP. A condition has an empty output alphabet.

The program constructors in the theory of relations include sequential composition (P ;Q), conditional
(P<br> @), assignment (x:= e), nondeterminism (P M Q) and recursion (u X e C(X)). The correctness
of a program P with respect to a specification S is denoted by S E P (P refines S), and is defined as
S C P if, and only if, [P = S]. Here, the square bracket is universal quantification over all variables in
the alphabet. In other words, the correctness of P is proved by establishing that every observation that
satisfies P must also satisfy S. Moreover, the set of relations with a particular alphabet is a complete lattice
under the refinement ordering. Its bottom element is the weakest relation true, which behaves arbitrarily
(true C P), and the top element is the strongest relation false, which behaves miraculously and satisfies
any specification (P C false).

The least upper bound is not defined in terms of the relational model, but by Law 1, the law that we
reproduce below as and which applies equally to infinite and to finite nondeterministic choice . This law
is introduced by an axiom rather than a formal definition in the UTP. Law 1 may be easier to understand
when it is split into two sub-laws, L1A and L1B.

Law 1. Let S be some sets of predicates,
PC([19)iff (PC X forall X in 5)

L1A (MS)C X forall X inS
L1B  if PC X forall X in S, then P C ([15)

These laws state that the disjunction of a set is a lower bound of all its members by L1A, and it is also
the greatest lower bound (gib) by L1B. The bottom and top elements in this complete lattice are usually
called Chaos and Miracle respectively. For a tutorial introduction to relations, we refer to [10, 26].

2.2 Designs

A design in the UTP is a relation that can be expressed as a pre-postcondition pair in combination with
boolean variables, called ok and ok’. In designs, ok records that the program has started, and ok’ records
that it has terminated. If a precondition P and a postcondition @ are predicates not containing ok and ok’,
a design with P and @, written as P F @, is defined as follows:

PFQZ=0kANP=ok'ANQ

which means that if a program starts in a state satisfying P, then it must terminate, and whenever it
terminates, it must satisfy Q.

Healthiness conditions of a theory in the UTP are a collection of some fundamental laws that must be
satisfied by relations belonging to the theory. These laws are expressed in terms of monotonic idempotent
functions. The healthy relations are the fixed points of these functions. There are four healthiness conditions
identified by Hoare and He in the theory of designs.

H1(P)=ok=P H2(P) = [P[false/ok'] = P[true/ok’]]
H3(P)=P; Ip H4(P) = [P; true]

The first healthiness condition means that observations of a predicate P can only be made after the program
has started. H2 states that a design cannot require non-termination, since if P is satisfied when ok’ is false,
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it must also be satisfied when ok’ is true. Moreover, H2 can also be expressed by removing the universal
quantifier, P = P; J, in which J = (ok = ok’) A v/ = v, and v and v’ in the alphabet of J denotes all the
variables except for ok and ok’. A predicate is H1 and H2 if, and only if, it is a design; the proof is in [10].

A design is H3 only when its precondition is a condition. The design identity is defined as Ip = true - I
where IT is the relational identity. The relational identity always terminates and leaves the values of all the
variables unchanged, defined as T = v’ = v where «II = {v,v’}. The final healthiness condition H4 is
actually equivalent to [3ok’, v" @ P] which means that for every initial value of the observational variables
in the alphabet, there exist final values of the variables. In other words, a program P satisfies H4 only if
establishing a final state is feasible. For example, the design miracle (true F false) does not satisfy H4,
and the proof is given as follows

Proof.

H4(true + false) [H4]
=[Jok’,v" e true |- false] [Design]
=[3ok’, v ® ok A true = ok’ A false] [propositional calculus]
=[Fok’,v" e = 0k| [predicate calculus]
=[- ok] [case split]
=-true A — false [propositional calculus]
= false

O

If any of the program operators are applied to designs, then the combination is also a design, which
follows the laws from the UTP book [10], for choice, conditional, sequential composition and recursion.

Property 1. (Designs)

L1 (PLF P (QiF Qo) = (PL A Qi Py v Q)

L2. ((P1FP) b (1 F Q)=((PL<<b> Q) (Pa<tb> Qo))

L3. ((PrF P2); (@i F Q2)) = (= (= Prs true) A= (Pas = Q1)) (P2 @2))
L4 (u X, Yo (F( X, Y)FGX,Y))=(P(Q)F Q)

where P(Y)=vX e F(X,Y)and Q=pY ¢ P(Y)= G(P(Y),Y)

The purpose of the theory of designs is to exclude relations that satisfy the equation true; P = P. The
program true models abort. For example, the least fixed-point semantics of a nonterminating loop in the
theory of relations is true, and, when followed by an assignment like z := ¢, behaves like the assignment.
In practice, it means that a program could recover from a nonterminating loop. Therefore, the theory of
designs is developed to make any element of the theory satisfy the expected equation, true; P = true. For
a tutorial introduction to designs, the reader is referred to [10, 26].

2.3 Reactive processes

A reactive process is a program whose behaviour may depend on interactions with its environment. To
represent intermediate waiting states, a boolean variable wait is introduced to the alphabet of a reactive
process. For example, if wait’ is true, then the process is in an intermediate state. If wait is true, we have
an intermediate observation of its predecessor. Thus, we are able to represent any states of a process by
combining the values of ok and wait. If ok’ is false, the process diverges. If ok’ is true, the state of the
process depends on the value of wait’. If wait’ is true, the process is in an intermediate state; otherwise it
has successfully terminated. Similarly, the values of undashed variables represent the states of a process’s
predecessor.

Apart from ok, ok’, wait and wait’, another two pairs of observational variables, tr and ref, and their
dashed counterparts, are introduced. The variable tr records the events that have occurred until the last
observation, and tr’ contains all the events since that observation. Similarly, ref records the set of events
that could be refused in the last observation, and ref’ records the set of events that may be refused currently.
The reactive identity, I .., is defined as follows:

Tyeq = (m ok Atr < tr') V (ok! A wait’ = wait A tr' = tr A ref’ = ref)
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A reactive process must satisfy the following healthiness conditions:
R1(P)=PAtr<tr'  R2(P(tr,tr'))=[1s e P(s,s " (tr' —tr)) R3(P) = Iyeq < wait > P

If a relation P describes a reactive process behaviour, R1 states that it never changes history, or the trace is
always increasing. The second, R2, states that the history of the trace tr has no influence on the behaviour
of the process. As the work in [3], R2 can also be expressed as P(tr, tr’') = P({), tr' — tr), which has the
same set of fixed points as that of the original one. The final, R3, requires that a process should leave the
state unchanged (II,.,) if it is in a waiting state (wait = true) of its predecessor. A reactive process is a
relation whose alphabet includes ok, wait, tr and ref, and their dashed counterparts, and is a fixed point
of the composition R where R = R1 o R2 o R3. Since each of Ri is idempotent and any two of them
commute, R is also idempotent. For a more detailed introduction to the theory of reactive designs, the
reader is referred to the tutorial [3].

2.4 CSP processes

In the UTP, the theory of CSP is built by applying extra healthiness conditions to reactive processes.
For example, a reactive process is also a CSP process if and only if, it satisfies the following healthiness
conditions:

CSP1(P) =PV (~ ok A tr < tr') CSP2(P)=P;J

where J has been given in Section 2.2 and here is given by unfolding v/ = v as wait’ = wait A tr' =
tr A ref’ = ref. The first healthiness condition requires that, in case of divergence of the predecessor, the
extension of the trace should be the only guaranteed property. The second one means that P cannot require
non-termination, so that it is always possible to terminate.

The CSP theory introduced in the UTP book is different from any standard models of CSP [9, 17]
which have more restrictions or satisfy more healthiness conditions. There are more healthiness conditions,
CSP3-CSP5, given in the UTP to further restrict behaviours of reactive processes.

CSP3(P) = Skip; P CSP4(P) = P; Skip CSP5(P) = P ||| Skip

The process Skip, defined in the UTP as Skip = R(Jref o II), is a primitive process that refuses to
engage in any communication event, but terminates immediately. Thus, CSP3 requires that the initial
value of ref has no influence on the behaviour of a process, and it in fact satisfies = wait = (P = Jref o P).
It is proved in the UTP book that P is CSP3, if and only if, it satisfies the left unit law, Skip; P = P.
Similarly, CSP4 states that the value of ref’ is irrelevant on termination or divergence.

That ||| in CSP is a parallel operator that combines interleaving concurrently without any interaction.
As a matter of fact, P ||| @ can refuse an event only when it is refused by both processes. For example,
if we use O.ref and 1l.ref to denote the refusals of P and @ respectively, the refusal (ref’) in the interleave
is O.ref N 1.ref. As we know, ref’ in Skip is arbitrary and consequently CSP5 states that if a process can
refuse a set X of events, then it can also refuse any subset of X. In addition, it has been proved that all
CSP operators given in the UTP book [10] satisfy CSP3-CSP5.

A CSP process can also be obtained by applying the healthiness condition R to a design. This follows from
the theorem in [10] that establishes that for every CSP process P, P = R(— P}c k= Pf). This theorem gives a
new style of specification for CSP processes in which a design describes the behaviour when its predecessor
has terminated and not diverged, and the other situations of its behaviour are left to R. We use P{ as
an abbreviation of Pla, b/ok’, wait]. Motivated by the above theorem, the work in [3, 13] provide reactive
design definitions for some constructs of CSP. Besides redefining these operators in a timed environment,
the reactive design definitions of more CSP operators, such as sequential composition, hiding and recursion,
are developed in this paper.

2.5 Circus

Circus programs are formed by a sequence of paragraphs: channel declarations, channel set definition, Z
paragraphs, or process definitions, in which processes are the key elements of Circus specifications. Unlike
CSP, a Circus process consists of behaviours, constructed by CSP operators as actions, and local states,
defined by Z schemas and accessible only by its local actions, but hidden to other processes. Processes can
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communicate each other through channels. The least elements in Circus specification are actions that can
be Z schemas, guarded commands of Dijkstra’s language, and CSP processes. In brief, a Circus program can
be roughly considered a mixture of Z schemas, imperative commands and CSP processes.

The semantics of Circus is based on the UTP, firstly proposed in [28] and later enhanced in [13] for
better mechanisation. In the UTP, designs, specifications and programs are all interpreted as relations (or
alphabetised predicates) with an initial observation and a subsequent (intermediate or final) observation.
That is very similar to the decoration style of Z schemas. All in all, the basic idea to integrate Z and CSP
in Circus programs is to convert Z expressions into specification statements by the refinement calculus in [2]
and then embed the date operation into the theory of reactive processes by the use of R. In other words,
we treat a Circus program as a predicate.

2.6 Original Circus Time Action Model

We give an introduction to Circus Time because the latter sections in this report often directly use definitions
given in this section.

2.6.1 Alphabet

The Circus Time action model [20, 21] uses a subset of Circus and adds time operators to the notion of
actions in Circus. The semantics of Circus Time is also defined using UTP by introducing time observation
variables. Circus Time is a discrete time model in which observations are filled into a sequence of time units.
Multiple events are allowed to happen within a same time unit, but they must be ordered. Circus Time has
similar observational variables of Circus, but changes the structure of traces to capture more information.

In Circus Time, an action is described as an alphabetised predicate whose observational variables are as
follows:

e ok, ok’ : Boolean

e wait, wait’ : Boolean

e state, state’ : N — Value

e iry, tr] : seqt (seq Event x P Event)

where N is a set of names of variables, and timed traces tr; and tr{ are defined to be non-empty (seq™), in
which each element represents an observation over one time unit. Each observation is a pair, where the first
element is a sequence of events that have occurred within the time unit, and the second is a refusal at the
end of the same time unit. Thus, a time is actually hidden in the length of a timed trace. Note that in the
original Circus Time the indices of a timed trace start with 0. In addition, another variable trace’ is used to
record only a sequence of events that have occurred since the last observation.

trace’ : seq Event
trace’ = Flat(tr)) — Flat(tr,) (2.1)

where Flat maps timed traces to untimed traces, as similar as 7~/ (distributed concatenation) on sequences.
Here we use the mathematical notation of Z as a meta-language to describe our theory. We explain the
details of the notation at the points where they are firstly used. For sequences, we use head, tail, front,
last, #(length), " (concatenation) and " /(flattening). Another two extra operations, < (prefix) and —
(difference), are defined as

s<tedJuet=s"u

t—s=ust=s"u
Additionally, an expanding relation between traces in Circus Time is defined as follows

Ezpands(try, tr)) = (front(try) < try) A (fst(last(try)) < fst(tri(#tr))) (2.2)
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2.6.2 Healthiness Conditions

Circus Time adopts all healthiness conditions of Circus, but of course adapts them for the new structure
of timed traces. In addition, all functions on sequences can be found in the appendix or in the original
work [21].

The healthiness condition R1¢ states that a program X can never undo any actions that has been
executed previously.

R1¢(X) = X A Ezpands(try, try) (2.3)

Here Circus Time uses the relation Fzpands rather than the prefix relation (<) because, different from
traces whose observation can be clearly recognised in an action, the initial observation of refusal sets usually
overrides the last observation of its predecessor. That is, the prefix relation between snd(last(tr;)) and
snd(try(#try)) is unnecessary.

The second condition R2; states that ¢r; has no influence on the behaviour of the program.

R2¢(X) = Jref o X[{({), ref)), dif (tr(, try) [ try, try] (2.4)
dif (try, tre) = ((fst(head(tr] — front(try))) — fst(last(try)), (2.5)
snd(head(tr{ — front(tr))))) ™ tail(tr; — front(tr;))

where dif is used to obtain the difference between two timed traces. Since a timed trace in Circus Time is a
pair of a trace and a refusal, the empty trace ({)) and the arbitrary ref states that the history of the trace
and the refusal is irrelevant for the behaviour of the program.

The condition R3y assures that if the program X is requested to start in a waiting state of its predecessor,
it keeps the state unchanged.

R3t(X) = II; < wait > X (26)
where the identity is defined as
I, = (= ok A Ezpands(try, try)) V (ok’ A tri = try A wait’ = wait A state’ = state) (2.7)

Since a Circus Time program is also a CSP process, a timed reactive program must satisfy another five
healthiness conditions.

CSP1¢(X) = X V (= ok A Expands(try, try)) (2.8)
CSP2¢(X) = X ; J, (2.9)
CSP3¢(X) = Skip; X (2.10)
CSP4,(X) = X ; Skip (2.11)
CSP5.(X) = X ||| Skip (2.12)
Ji = (ok = ok') A wait’ = wait A tr; = tr; A\ state’ = state (2.13)

These healthiness conditions R¢(Rt = Rl o R2¢ 0 R3¢) and CSP1;-CSP5; have the same meaning as
those in the CSP theory.
2.6.3 Syntax and Semantics of Circus Time

Figure 1 presents the description of the syntax of Circus Time. In this figure, b stands for a condition, c is
a channel, e for any expression, d for a non-negative integer number, N for any valid name (or identifier),
s for a set of variable names, and CS for a set of channel names.

P :=Skip | Stop | Chaos | c.e = P|P; Q| P<b>Q|N:=¢e|b&P|POQ|PMNQ
| Pllst [1CS sl Q[ P\ CS | Wait d| Pe{d} Q|uNeP

Figure 1: Original Circus Time Syntax
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Skip, Stop and Chaos

The action Stop is a deadlocked process which is incapable of communicating with its environment, but
allows time to pass and local variables to change.

Stop = CSP1¢(R3¢(0k’ A wait’ A trace’ = ())) (2.14)

The action Skip terminates immediately without changing anything, and its definition in Circus Time is
given as follows:

Skip = Ry (I ref o ref = snd(last(try)) A ILy) (2.15)
The action Chaos is the worst action whose behaviour can be anything but satisfies Ry.

Chaos = Ry(true) (2.16)

Wait

The delay action Wait does nothing except that it allows an interval of time to pass. The definition of Wait
in Circus Time is as follow:

Wait d = CSP1y(Ry(ok’ A delay(d) A trace’ = {))) (2.17)
delay(d) = ( (wait’ A #tr] — #try < d) V (- wait’ A #tr] — #try = d A state’ = state) ) (2.18)

In addition, we give two lemmas that state that delay(d) and trace’ = () are R2¢ healthy. Because it is very
easy to prove these lemmas, their proofs are not given here.

Lemma 1. R2¢(delay(d)) = delay(d)

Lemma 2. R2¢(trace’ = ()) = (trace’ = ())

Sequential Composition

The sequential composition P ; @) behaves as P until P terminates, and then behaves as ). In the meanwhile
the final state of P is passed on as the initial state of (). Its semantics is given as follows:

P; Q = Jobsy e Plobsg/obs'] A Q[obsy/obs] if outa(P) = ina(Q)" = {obs'} (2.19)

where obs is a collection of all observational variables in this model.

Conditional Choice

The definition of the choice operator in Circus Time is the same as that in the UTP, which is defined as
follows:

P<ab>Q=(bAP)V(=bAQ) (2.20)

where b is a condition or does not contain any dashed variable.

Assignment

Suppose that z is a program variable that is included in v, and e is an expression. The notation (z := e)
represents the action that simply assigns the value of e to z and terminates immediately. Meanwhile, other
variables within state keep unchanged.

7 := e = CSP1 (R (0k’ = ok A wait' =wait A\ try=tr; A state’ =state ® {z > val(e, state)})) (2.21)

Here, the evaluation function val(e, state) returns the value of the expression e in state, and @ is an overriding
operator.
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Guarded Action

In a guarded action b& P, it will behave P if the condition b is true. Otherwise, it just behaves like Stop.
b&P = P < b > Stop (2.22)

Communication

The prefix action c.e — P is able to pass the value e through the channel ¢ and then behaves as P. This
action can also be represented by a composition of a simple prefix and P itself, written as (c.e — Skip); P.
Here, the semantics of the simple prefix in the Circus Time model is given as follows:

c.e = Skip = CSP1¢(ok’ A Ry(wait_com(c) V terminating_com(c.e))) (2.23)
wait_com(c) = wait’ A possible(try, try, c) A trace’ = () (2.24)
possible(try, try, c) =V i : #try. #tr, o ¢ & snd(tr(i)) (2.25)
term_com(c.e) = = wait’ A trace’ = (c.e) A #tr, = #tr (2.26)

(2.27)

terminating_com(c.e) = (wait_com(c) ; term_com(c.e)) V term_com(c.e)

The above definition can also be concluded that such an action may execute in three possible behaviours:
the action is waiting to communicate on the channel ¢, or it is waiting in the beginning and then is followed
by termination with the occurrence of c.e, or it simply terminates immediately after the start. Here, we
give some lemmas that actually say wait_com(c) and ter_com(c.e) are R2¢ healthy. These lemmas will be
used for the transformation in Section 3.4, and their proofs will not be given here.

Lemma 3. R2¢(wait_com(c)) = wait_com(c)
Lemma 4. R2¢(term_com(c.e)) = term_com(c.e)

Lemma 5. R2¢(terminating_com(c.e)) = terminating_com(c.e)

External Choice

The action P O @ may behave either like the conjunction of P and @ if no external event has been observed
yet, or like their disjunction if the decision has been made. In a timed environment, the action in fact requires
that any waiting trace must be agreed by both actions. For example, Wait 2 O Wait 3 = Wait 2 should
hold because the waiting observation after two time units cannot be satisfied by Wait 2. The semantics of
the external choice in Circus Time is as follows:

P 0O Q = CSP2¢(ExtChoicel(P, Q) V ExtChoice2(P, Q)) (2.28)
ExtChoicel(P, Q) = P A Q A Stop (2.29)
ExtChoice2(P, Q) = DifDetected(P, Q) A (P V Q) (2.30)
DifDetected(P, Q) = (2.31)

. PAQA ok A ) (ok" N = wait’ A tr] = try) V
- ! = . t
( ok" v (Ok A wait A (( wait’ A trace’ = () > v Skzp)) ’ ((ok’ A fst(head(dif (try, try))) # ()
Of course, DifDetected(P, Q) is used to determine which action should be chosen and also discard the
other action. Simply speaking, = ok’ captures the behaviour in which either P or @ diverges, the front part
of the sequential composition captures the observations in which either P and @ do agree on waiting or

they do not agree on waiting at all (by Skip), and the back part states that the agreement of P and @ is
followed by either termination without changes or termination with communication.

Internal Choice

The internal choice is completely out of control of its environment. Therefore, identical to the definition in
the UTP, it is simply defined as follows:

PNQ=PVQ (2.32)
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Parallel Composition

The parallel composition P |[s1 | {| CS [} | s2]| @ is the action where all events in the set CS must be syn-
chronised, and the events outside C'S can execute independently. In addition, s; and sy contain the local
variables that each action can change during the composition. The parallel process terminates only if both
P and @ terminate, and it becomes divergent if either of P and @) does so.

The parallel composition of two actions in Circus Time is constructed as the same approach in the UTP.
That is, it first transforms two actions into disjoint actions by renaming their alphabets, executes them by
arbitrary interleaving and generates the final result by a merge function.

Plls [{1 CS [t | s2]1 Q = (P; UO(outaP) A (Q; UL(outaQ)) 4 ftr, state} ; M (2.33)

The labelling process Ul(m) simply passes dashed variables of its predecessor to labelled variables, which is
defined as

Ul(m) = var l.m; (I.m :=m);end m
where further
var z = Jdz e Il4 end z =37 e Ty

Notice that IT4 is simply a relational identity (eI, = A) and z is also included in A. Therefore, through
the variable declaration var and the variable undeclaration end operators, the alphabet of Ul(m) consists
of m and I.m. Unfortunately, Ul(m) only obtains the values of dashed variables of its predecessor. However
under some circumstances we do need the initial values of its predecessor’s variables. For this reason, we
expand the alphabet after the labelling process. For example, P, denotes P A n’ = n. Here we are only
interested in ¢r; and state that will be used in JMH.

The function M) merges timed traces from its predecessor in respect to the interface CS, and also updates
the variables from s; and sg, defined as follows:

My = M, ; Skip (2.34)

ok’ = (0.0k A 1.0k) A wait’ = (0.wait V 1.wait) A state’ = (0.state — s3) @ (1.state — s1) (2.35)
A dif (tr(, try) € TSync(dif (0.try, try), dif (1.try, try), CS) ’

I

M,

where the synchronisation function T'Sync takes two timed traces and a set of events on which the actions
should synchronise, and returns the set containing all possible timed traces. Given two timed traces S; and
Sa, TSync is defined as follows:
TSyTLC(Sl, Sg, CS) = TSync(Sg, Sl, CS)
TSync((), (), C5) ={}

TSync({(t, 7)), (), CS) = {{(t',r)) | ¢' € Sync(t, (), CS)}
((ti,m1)) ™ S, (', 7)) | t' € Sync(t, t2, CS) A
TSync | ((tz,m2)) ™82, | =4 v — ( ((rmUtk)n CSHU ) ™ TSync(St, S2, CS)
cs () \ CS)

where Sync is defined for the synchronisation of two sequences of events,

Sync(ty, ta, CS) = Sync(lz, tr, CS)
Sync((), (), €S) ={0}
Sync({e1) " t, (), CS) ={} iff e1 € CS
Sync({e1) " t, (), CS) = {{e1)} ™ Sync(t, (), CS) iff e1 ¢ CS

= ()7 0 ) g

Sync({e1) ™ t1,{ea) " ta, CS) = {{e1)} ~ Sync(t1,{e2) " t2, CS) iff e1 ¢ CS N ex € CS
Sync({e1) " t1,{e1) " ta, CS) = {{e1)} ~ Sync(t1, t2, CS) iff e; € CS
Sync({e1) " t,{ea) T ta, CS) ={} iff e1 € CS Aea € CS N e1 # eg
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/ Predicates

New Circus Time

Original Circus Time

=

“]]]]]]]] Predicates constructed by
original Circus Time signature

% Predicates constructed by new
Circus Time signature

Figure 2: The relation of the new and original Circus Time theories

Hiding
The action P \ CS will pass through the same performance with P, but the events in the set CS become
invisible. It is defined as follows:

P\ CS =Ryg(I s @ Pls/try] A dif (try, try) = dif (s¢, try) |, (Event — CS)); Skip (2.36)

_ - fst(to(1)) = fst(ta(i)) | CS A #ta = #ty A
by =ta by O S Vil e (snd(bta(m " (snd(ty(1)) U (Boent — CS) > (2.37)

where ¢, |, CS returns a timed trace whose events are in CS.

Recursion

The recursive action ; X e P behaves like P with every occurrence of the system variable X in P representing
a recursive invocation. For example, to express a simple recursive action P = a — P, we have a monotonic
function F, a variable X, and an equation F'(X) = a — X; and then P is actually represented by u X.F(X)
which stands for the least fixed point of the above equation.

Timeout

The time-sensitive choice P >{d} @ resolves the choice in favour of P if P is able to execute observable
events by the time d, or resolves the choice in favour of Q.

Pr{d} Q= (PO (Wait d;int = Q)) \ {int} (int ¢ aA)

3 New Circus Time Action Model

As a timed version of Circus, Circus Time, here, only concentrates on the CSP constructs since the theory of
integration with other specifications like 7 specifications is simply the same as that in Circus. Therefore, in
this report we develop a new UTP theory to enable the use of pre and postconditions for reasoning in the
context of Circus Time. Also, we use Circus Time to denote the new Circus Time mode from now on, and the
previous model is always qualified as the original model whenever it is mentioned.

A theory in the UTP is a collection of relations (or alphabetised predicates), which contains three essential
parts: an alphabet, a signature, and healthiness conditions. As the theories that we have introduced in
previous sections, the alphabet is a set of variable names for observation, the signature gives a set of operators
and atomic components of the programming theory, and the healthiness conditions identify properties that
characterise the theory. The Circus Time theory is based on the existing semantics of the original Circus
Time theory, as it has the same alphabet as that in the original theory, and has nearly same healthiness



3.1 Observation 11

conditions but R2¢, and contains more operators and primitive actions. From the viewpoint of the UTP,
the relation of the new and original Circus Time theories is illustrated by Figure 2.

The healthiness conditions in both theories are isomorphic except for R2¢ from which we remove the
refusals. However, R2; in the original theory contains both traces and refusals. Therefore, we, here, have a
weaker R2¢. And this is the reason why the new theory is the outer oval in Figure 2. The new theory has a
simper mathematical model that can get rid of much burden on proofs. In addition, this weaker R2¢ does
not affect any refinement laws of the existing operators in the original theory. That is, any operator in the
original theory can also satisfy this new R2.

Need to think about it.

Predicates constructed by the signature of a theory may be a smaller set than the collection that satisfies
the healthiness conditions. For example, the strongest predicate, Miracle, has been contained in the original
theory, but can never be generated by using the operators in its syntax. The signature of the new theory
includes all operators in the original theory. We, however, define more restricted operators, such as prefix,
external choice and parallelism, by weakening their preconditions and strengthening the postconditions.
That is the reason why the circle filled with vertical lines is not fully included by the circle filled with
horizontal lines. These more rigorous operators can refine those in the original theory, even if they have
applied a weaker R2. This refinement relation can validate these newly-established definitions. The proof
for the refinement can also be found in Section HERE.

3.1 Observation

In Circus Time, a CSP action is described as an alphabetised predicate whose observational variables include
ok, wait, tr, ref, state and their dashed counterparts. Here, ok, ok’, wait and wait’ are the same variables
used in the theory of reactive processes. The traces, tr and #r’, are defined to be non-empty sequences
(seqq (seq Event)), and each element in the trace represents a sequence of events that have occurred over
one time unit. Also, ref and ref’ are non-empty sequences (seq; (P Event)) where each element is a refusal
at the end of a time unit. Thus, time is actually hidden in the length of traces. In addition, state and state’
(N + Value) records a set of local variables and their values. N is the set of valid names of these variables.

Both the original Circus Time and Timed CSP use the concept of failures, each of which consists of a
trace and a refusal. However, this structure in the original theory, e.g., a failure is a sequence of pairs
containing a sequence of events and a refusal set, is hard to manipulate. In the new Circus Time theory, we
split a failure as shown above to record traces and refusals respectively, and use their indices (which start
at 1) to match related pairs. Although we obtain a simpler mathematical model in pattern for expressing
behaviours, the decomposition of the failures results in a little bit of inconvenience, since we have to ensure
the equality of the lengths of ¢r and ref, or tr’ and ref’. This is achieved by imposing an extra constraint
as a healthiness condition. In addition, rather than recording the refusals only at the end of traces in CSP,
Circus Time records the refusals at the end of each time unit. That is, we need to keep the history of refusals.

Additionally, an expanding relation between traces only in Circus Time is defined as follows, requiring
that front(¢r) and last(tr) are the prefixes of tr’ and ¢r'(#¢r) respectively. This corresponds to the the
predicate Ezpands in Section 2.6.1.

tr < tr' = front(tr) < tr' A last(tr) < tr' (#tr) (3.38)

3.2 Healthiness conditions

The Circus Time theory has the nearly same healthiness conditions but R2 as those in the original theory,
which are also similar to those of the CSP theory, except for some necessary changes to accommodate time.
To make it visually different from those in any other theories, we annotate these healthiness condition with
a subscription.

R1.(P) = P ART R2.(P(tr, tr')) = P((), diff (tr', tr))
R3.(P) = I.; < wait > P CSP1.(P) = PV (= ok A RT)
CSP2..(P) = P; Ju CSP3.(P) = Skip; P

CSP4.(P) = P; Skip CSP5.(P) = P ||| Skip
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Here, the predicate RT, the functions diff, the identity I.; and J.; are given as

RT = tr<xtr' Afront(ref ) <ref’ A #tr = #ref N #tr' = #ref’) (
diff (tr', tr) = (tr' (#tr) — last(tr)) 7~ tail(tr' — front(tr)) (3.40
I = (= ok ART)V (ok' NI A #tr = Fref N #tr' = #ref’) (
Jet = (ok=>ok") A (tr' =tr A ref’ =ref A wait’ =wait A state’ = state) (

We use diff to obtain the difference between two traces, and also redefine the identity I.;, and J.; in the
Circus Time theory. Because we record the whole history of refusals, we impose front(ref) < ref’ in Rl to
ensure that an action can never change the history of both traces and refusals. However, we are usually not
interested in the refusals of the last time unit after an action terminates. Therefore, we use front(ref) < ref’
rather than ref < ref’ to make this requirement get along with CSP3¢; and CSP4.;. Also, we impose a
restriction, #diff (tr', tr) = #(ref’ — front(ref)), to ensure that the lengths of ref and ref’ are always the
same as those of tr and tr' respectively. This is a consequence of splitting traces and refusals as already
explained. Contrary to diff, we define a new concatenation operation (a reverse operation to diff ) on traces
in Circus Time, and its properties are given in Appendix A.1.

conc(s, t) = front(s) ™ (last(s) ™ first(t)) ™ tail(t) (3.43)

In Circus Time, we have a simpler R2.¢, which requires that only the previous trace has no influence on
the behaviour of an action. This simplification is inspired not only by our new approach to treat traces and
refusals individually, but also by the fact that only few operators can be affected by the simpler R2.;. Here,
through banning the involvement of ¢r and ref within these operators, for example, we require that the
condition b does not contain ¢r and ref in a conditional choice, we enable the new R2.4 to be compatible
with the definitions of all operators in the original theory. This compatibility is important in proving that
some operators that we have made changes in the new theory can refine those in the original theory. In
addition, this simpler R2¢¢ can simplify proofs of properties of the new theory to a certain extent.

A predicate is a Circus Time action only if it is a fixed point of the composition of CSP1.¢-CSP5.; and
R¢¢ where Rey = Rlet 0 R2¢t 0 R3ct. The healthiness conditions in Circus Time preserve all properties of
the healthiness conditions in the CSP theory. Some selective laws for these healthiness conditions are given
as follows, and their proofs can be in Appendix A.

Law 2. (Rlct-idempotent) Rlet 0o R1ct(P) = R1ct(P)
Law 3. (closure-A-R1ct) Rlce(P A Q) = R1ct(P) A Rlet(Q)
Law 4. (closure-V-R1lct Rlct(P V Q) = R1ct(P) V R1ct(Q)

Law 6.

(
(
Law 5. (I.-Rlet) Rlct(Tot) = It
(closure-; -R1ct) Rlet(P; Q) = P; Q provided P and Q are Rlet healthy
(

Law 7. (closure-<i>-R1lct) Rlce(P <> Q) = Rl (P) < b > Rl (Q)

Law 8. (R2¢-idempotent) R2ct 0 R2:¢(P) = R2¢¢(P)

Law 9. (closure-A-R2.t) R2:¢(P A Q) = R2:4(P) A R2:4(Q)
Law 10. (closure-V-R2¢t) R2:4(P V Q) = R2:4(P) V R2(Q)
Law 11. (I.-R2ct) R2¢¢(I ) = Ty

Law 13.

(
(

Law 12. (closure-; -R2¢¢) R2:4(P; Q) = P; Q provided P and Q are R2¢ healthy
(closure-<i>-R2¢¢) R2c4(P < b > Q) = R2:(P) < b > R2:4(Q) if b not contain tr and tr'
(

Law 14. (commutativity-R1¢e-R2ct) R2ct 0 Rley = Rley 0 R2c

Law 15. (R3ct-idempotent) R3¢t 0 R3ct(P) = R3¢t (P)
Law 16. (closure-A-R3¢t) R3ct(P A Q) = R3¢t (P) A R3ct(Q)
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Law 17.
Law 18.
Law 19.
Law 20.
Law 21.
Law 22.
Law 23.

Law 24.
Law 25.

Law 26.
Law 27.
Law 28.
Law 29.
Law 30.
Law 31.
Law 32.
Law 33.
Law 34.
Law 35.

Law 36.
Law 37.
Law 38.
Law 39.
Law 40.

(closure-V-R3¢t) R3ct(P V Q) = R3ct(P) V R3ct(Q)

(Le-R3et) R3ee(Ir) = Iy

(closure-; -R3¢t) R3ct(P; Q) = P; @ provided P is R3ct and Q is Rley and R3¢t
(closure-<a>-R3ct) R3ct (P < b > Q) = R3et(P) < b > R3et(Q)
(commutativity-R1ct-R3ct) R3ct 0 Rl = Rlct 0 R3¢t
(commutativity-R2c¢-R3ct) R3ct © R2c¢ = R2¢t 0 R3¢y

(R3ct-0k") (R3ct(P))¢ = ((I.4)¢ < wait > P°)

(Reg-wait-false) (Ret(P))r = Rley 0 R2¢¢(Py)
(Ret-wait-true) (Ret(P)): = (Tet)s

(CSP1.¢-idempotent) CSP1e o CSP1ey = CSP1

(commutativity-R1c-CSP1et) CSP1ct 0o Rl = Rlep 0o CSP1
(commutativity-R2¢-CSP1ct) CSP1le 0o R24 = R2¢4 0 CSP1t
(commutativity-R3ct-CSP1ct) CSP1et 0o R3ct = R3¢t 0 CSP1

Ret 0 CSP14(P) = CSP1g 0 Ret(P)

(CSP1.-R1.-H1) CSP1. = Rlct 0 H1 provided P is Rlet

(closure-A-CSP1) CSP1e(P A Q) =P A Q provided P and Q are CSP1
(closure-V-CSP1.) CSP1c (P V Q) = PV Q provided P and @ are CSP1
(closure-<i>-CSP1c) CSP1let (P < b> Q) =P < br> Q provided P and Q are CSP1¢y
(closure-; -CSP1.t) CSP1.:(P; Q) = P; Q provided P and @ are CSP1¢

(CSP2¢¢-idempotent) CSP2. 0 CSP2, = CSP2

(closure-V-CSP2.) CSP2. (P V Q) = PV Q provided P and @ are CSP2.
(closure-<i>-CSP2.) CSP2:(P 1 b> Q) =P < br> Q provided P and Q are CSP2¢4
(closure-; -CSP2.t) CSP2.:(P; Q) = P; @ provided @ is CSP2.

(J-splitting) P; J = Pf v (P! A ok’)

Moreover, similar to the result in the CSP theory, each action in the Circus Time theory can be described
as a reactive design.

Theorem 1. (Reactive design) For every action P in Circus Time,

P =Rei(= P{ + P})
Proof.
P
=CSP2. 0 CSP1. o Ret(P) [Law 30
=CSP2. o Rt 0 CSP1.(P) [Law 31
=CSP2. 0 R¢t o Rl 0o H1(P) [Law 2
=CSP2. o Ret o H1(P) [H1

:CScht o Rct(Ok = P)

:CSP2ct o Rct(_‘ ok Vv P) [C
=Rei(— ok V P); J [Law 40
=(Ret(— 0k V P)) V ((Reg(— ok V P))! A ok) [Law 15

(
(
(

R3¢t o Ree(— 0k V P)) V (R3¢t 0 Reg(— 0k V P))E A ok) [Law 23
T ) < wait > (Rey(— 0kV P)) V() < wait > (Reg(— ok V P))!Aok’)  [relational calculus
(o) V (Ier)t A 0K")) < wait > (Reg(— 0k V P)) V ((Ret(— 0k V P))EAok'))) [II.; and subs.
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=1, < wait > (Ret (= 0k V P)) V (Ret(— 0k V P))* A ok’

)
(Ret (= 0k V P))} V (Re(= ok V P))] v
(Ree(= ok V P))% A o) V (Ree(— 0k V P))i A ok’))

[case split on wait in the right]

=1, < wait > [Law 25]

=T < wait > ( (Ree(= 0k V P)} V (Ier)] V (Ret (= 0k V P)E A ok') V ((Ier)i A ok’)) [Law 24]

(Rlet 0 R2et(— 0k V Pp))Y V (Ie)] v )

(Rlet 0 R20(— ok V Pp))E A ok') V ((It)! A ok') [Tet and substitution]

=I. < wait >

TN TN N

=II.; < wait > ((Rlct o R2.4(— ok Vv Pf))f\/(ﬂct)t\/((Rlct oR2¢¢(— ok\/Pf))t/\ok')) [rel. cal.]
=1 <1 wait > ((Rlct oR2c(— 0k V Pp)) V (Rlet 0 R2¢4(— 0k V Pp))t A ok’)) [substitution]
=1y wait> ((Rley o R2e(~ 0k V P))) V (Rlew 0 R2t(= 0k V PP)) A ok') ) [Law 4,10]
=T, <wait> (Rler 0 R2et(— 0k V PL V (P} A ok'))) [R3ct]
=Ret( ok V PLV (P} A ok')) [design]

“Ret(~ Py Pf)

3.3 Syntax

A Circus program defines a collection of processes that consist of states defined using Z (usually as schemas),
and behaviours defined using a mixture of Z and CSP constructs as actions. Processes can also be defined
using CSP constructs only. Here, Circus Time focuses on the notation of actions only defined by CSP
constructs. As shown in Figure 3, the signature of the Circus Time theory contains more operators and
atomic actions than that of the original Circus Time theory. Figure 3 presents the description of the syntax

P :=Skip | Stop | Miracle | Chaos | N:=e|c.e - P|P; Q| P <br> Q| b&P |
POQ|PNQ|P|s1|{CS}|s]lQ|P\CS| Wait d| Wait dy..ds |
uNeP|Pr{d}Q|Pw»d|d<4P|ce@ — P

Figure 3: Circus Time Syntax

of Circus Time. In this figure, b stands for a condition, ¢ for a communication channel, e for any expression,
d,d; and dp for integer numbers, t is a time variable, N for any valid name (or identifier), s for a set of
variable names, and CS for a set of channel names.

Most primitive actions and operators are the same as those in Timed CSP. Skip is a primitive action that
terminates immediately without changing anything. Stop represents deadlock, but allows time to elapse.
Chaos is the worst action and its behaviour is unpredictable. The assignment action (:=) simply assigns a
value to a state variable and other state variables keep unchanged. This action does not take any time. The
delay action Wait d does nothing except that it allows d time units to pass before it terminates.

The sequential composition P ; ) behaves like P until P terminates, and then behaves like ). The prefix
action c.e — P is able to pass the value e through the channel ¢ and then behaves as P. This action can also
be expressed by a composition of a simple prefix and P itself, written as (c.e — Skip); P. The conditional
choice P <1 b > @ behaves like P if b is true, otherwise behaves like ). The guarded action b& P behaves
like P only if b is true, and therefore it can also be expressed as a conditional choice as P <1 b > Stop.

The external choice P O ¢ may behave either like the conjunction of P and @ if no external event has
been observed yet, or like their disjunction if the decision has been made. The internal choice P M @ is
completely out of control of its environment, and behaves like P or ) arbitrarily. The parallel composition
Plls1|{ CS [} | s2]] Q is the action where all events in the set C'S must be synchronised, and the events
outside C'S can execute independently. In addition, s; and so contain the local variables that each action can
change during the composition. The hiding action P\ CS will behave like P, but the events in the set CS
become invisible. The recursive action ;1 X e P behaves like P with every occurrence of the variable X in P
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representing a recursive invocation. The recursive call takes no time. The time-sensitive choice P >{d} @
resolves the choice in favour of P if P is able to execute observable events by the time d, or resolves the
choice in favour of Q.

By comparison with the original Circus Time, Circus Time introduces some new operators. Some of them
have been previously defined in Timed CSP such as timed event prefix (c.e@t — P) and nondeterministic
delay (Wait dy..d2). The nondeterministic delay can wait for any time unit whose value is between d; and
d>. A timed event prefix allows the action to record the amount of time which has elapsed between the
initial event’s offer and its occurrence. The information of time may then be used by the subsequent action
as a local variable.

The primitive action, Miracle, expresses an unstarted action. This action has been included in the
semantics of the original Circus Time, but is ignored as an infeasible action. Miracle is usually considered
a useless action in engineering practice because of its infeasibility, but it is so useful as a mathematical
abstraction in reasoning about programs. As our best knowledge, the work in [24] firstly explores the
application of Miracle in system specifications, and here we explore it further by using it to define two
deadline operators. One (P » d) is that an action must terminate within a deadline, the other (d < P)
is that a visible interaction of the action must start within the deadline. Here, the deadline operators are
hard, which means that these deadlines must be satisfied. For example, in the following action,

P = ((a — Skip) » 2) O (Wait 3); (b — Skip))

where b will never occur since a¢ must happen within 2 time units and therefore always resolves the external
choice prior to b.

3.4 Transformation

UTP provides linking theories to explore the relation of different models that may have different expressive
power. One of the possible benefits of using links between theories in the UTP is that it is possible to create
a solid semantics based on the sound semantics of a matured model.

The new Circus Time model developed in this report is a conservative! extension to the original Circus
Time model, and therefore all the laws about healthiness conditions and various operators in the original
Circus Time still hold in the new Circus Time. As a matter of fact, the two models have the nearly same
semantic model because they have the same healthiness conditions except for R2.;. However, all operators
in the original Circus Time satisfy the new R2¢¢, which will be explained during a transformation. Even the
brand-new action, Miracle, in the new Circus Time has been always existed in the original Circus Time, but
not been explored yet. In other words, the new Circus Time discovers some interesting actions which are
never mentioned in the original theory.

Because we have split a failure (timed trace) in the original theory into a trace and a sequence of refusals
individually, we will apply this transformation to the UPT definition of each operator, which will be used
to calculate its reactive design semantics later. As a result, in this section, apart from the split of failures,
we also transform all healthiness conditions in the original model into those in the new model, and the
UTP definition of each operator in the original theory into those with new healthiness conditions, traces
and refusals.

In general, the most used way of defining a link between theories is as a function L which maps all
predicates of a theory into a subset of the predicates from the other. Similarly, we define a function L which
maps all the healthiness conditions and operators of the original Circus Time into the corresponding ones
in the new Circus Time, and hence we are able to prove that all healthiness conditions and corresponding
operators in both models are equivalent.

Suppose that actions in the original and new Circus Time models are expressed as S(a) and C(b) re-
spectively where a and b are sets of variables. By means of a mapping function f(a,b), L is defined as
follows:

L(S(a)) =3 a e S(a) A f(a,b)

where f(a, b) is defined as follows:

/ / y ~ [ tr=proj_fst(try) A tr' = proj_fst(tr]) A
f(try, tro, s tr, ref', vef) = <ref = proj_snd(try) A ref’ = proj_snd(tr]) (3.44)

1In mathematical logic, a theory Ts is a conservative extension of a theory T4 if every theorem of T is a theorem of T,
and any theorem of T3 which is in the language of T} is already a theorem of T4.
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and the functions proj_fst and proj_snd are used to split up traces and refusals of a timed trace.

tr = proj_fst(try) < Vi : 1.#try @ tr(i) = fst(try(i)) A #tr = #iry (3.45)
ref = proj_snd(try) < Vi : 1. #tr, e ref (1) = snd(try (1)) A #ref = #ir (3.46)

Contrarily, we define an operator to merge tr and ref into a timed trace.
tr®ref =try < Vil .#tr, o tr(i) = fst(tre(i)) A ref (i) = snd(try (i) N #tr = #try = #ref  (3.47)
And two laws about the split and merge operators can be easily proved.
Law 41. tr = proj_fst(tr & ref)
Law 42. ref = proj_snd(ir ® ref)

An important feature of L is that, for any action X, L(X) does not change the semantics of X except
for transforming a timed trace of X into a trace and a refusal respectively. In the following proof, we show
two important laws which consider the two special predicates, true and false.

Law 43.
L(true) = true
Proof.

L(true) [def of L]

- ro = proj_fst(try) A tr' = proj_fst(tr]) A
=i, iy (ref = proj_snd(try) A ref’ = proj_snd(try)
=3 try, tr] @ (tr = proj_fst(try) A tr' = proj_fst(tr;) A ref = proj_snd(try) A ref’ = proj_snd(tr]))
[Let try = ((tr,ref)) and tr; = ((tr', ref’))]
tr = proj_fst({(tr, ref))) Ntr' = proj_fst({(tr', ref"))) A
< ref = proj_snd({(tr,ref))) Aref’ = proj_snd({(tr', ref’)))

=(tr =tr A tr' = tr' A ref = ref A ref’ = ref’) [property of equality]

) A true [propositional calculus]

[properties of proj_fst,proj_snd]

=true

Law 44.

L(false) = false

Proof.
L(false) [def of L)
_ , tr = proj_fst(try) A tr' = proj_fst(tr]) A s .
=dtr, tr; e (re £ = proj_snd(try) A ref’ = proj_snd(tr]) A false [propositional calculus]
=3 try, tr] e false [predicate calculus]
=false
O

3.4.1 Properties of L on Circus Time

We list some useful laws about proj_fst and proj_snd. The proofs of these laws will not be given here since
they can be easily proved by applying induction theorems on sequences.
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Property 2.

L1. (front(try) < try) = (front(proj_fst(try)) < proj_fst(tr;) A front(proj_snd(try)) < proj_snd(tr;))
L2. fst(last(try)) = last(proj_fst(ire))

L3. Vi : 1. #tr e fst(tri(i)) = proj_fst(tr)(i)

LA. #try = #proj_fst(try) = #(proj—snd(try))

L5. (try = try) = (proj_fst(try) = proj_fst(try) A proj_snd(try) = proj_snd(try))
L6. Flat(try) = 7~/ (proj_fst(try))

L7. Y i: 1. #try @ snd(try(i)) = proj_snd(try) (i)

i g = oty = (S
L9. proj_fst(tail(try)) = tail(proj_fst(try))

L10. proj_snd(tail(try)) = tail(proj_snd(try))

L11. proj_fst(front(try)) = front(proj_fst(try))

L12. proj_snd(front(try)) = front(proj_snd(tr:))

L13. Vi : 1. #try e fst(tri(i)) = proj_fst(try) (i)

L14. (() < try) = () < proj_fst(try) A () < proj_snd(try)

L15. proj_fst(dif (try, try)) = diff (proj_fst(tr;), proj_snd(try))

L16. proj_snd(dif (try, try)) = proj_snd(tr;) — front(proj_snd(try))

117, B o (0.} = it o)) = {0) o pttir) o Bl )

The major purpose of the linking theory in this report is to underpin the soundness of the semantics
of the new Circus Time from the well-built semantics of the original Circus Time. As a result, the mapping
function L is used to prove that the semantics of primitive actions and operators in the original Circus Time
is equal to those in the new Circus Time except for the different structure.

Before we further explore the relation of the semantics of the two models by means of L, we first give
some useful algebraic laws where the subscripts, ¢t and ct, are used to denote a predicate in the original and
new models respectively.
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Property 3.
L1. L(L(X)) = L(X)
[2. XV Y)=LX)VLY)
L3. L(X A Y) = L(X) A L(Y)
L4. (X ANY)=L(X)AY provided that try and tr; are not free in Y
L5. (X <ab>Y)=LX)<b> L(Y) provided try and tr; are not free in b
L6. L(X; Y) = L(X); L(Y)
L7. L(Ezpands(try, try)) = (tr < tr' A front(ref) < ref’ A #diff (tr', tr) = #(ref’ — front(ref))
L8. L(try = try) = ((tr' = tr A ref’ = ref) A #tr = #ref A #tr' = #ref’)
19. L(I,) = I,
L10. L(trace’ =t) = ("/tr' = " /tr = t)
L11. L(wait_com(c)t) = wait_com(c)ct

L12.
L13. L
L14. L

term_com(c.e)s) = term_com(c.€) ¢
terminating_com(c.e);) = terminating_com(c.e)
dif (try, try) € TSync(dif (0.tr}, try), dif (1.try, try), CS)) =

&~
A~ I~~~

diff (tr', tr) € SSync(diff (0.tr', tr), diff (1.tr', tr), CS) A
ref’ — front(ref) = MRef (0.ref’ — front(ref), 1.ref’ — front(ref), CS)

L15 L(Mt) = Mct
L16. L(dif (try, try) = dif (s¢, try) 4, (Fvent—CS)) = (

L17. L(DifDetected (P, Q)¢) = DifDetected(L(P), L(Q)) ct
L18. L(Ul(outa(P)) = Ul(outa(L(P))

diff (¢’ tr) = diff (s, tr) 4t (X — CS) A
r—front(ref) = ((ref’ — front(ref)) Uy CS

The mapping function L here is very similar to that in the original Circus Time and hence we will not
give the proofs about L1 — L6. The reader is referred to the original model [21] for the detailed proof. The

proof about L7 — L18 can be found in Appendix B.1.

The function L can also map the healthiness conditions in the original Circus Time to those in the new

model. The proofs of the following properties are in Appendix B.2.

Property 4.
L1. L(R1¢(X)) = Rlce(L(X))
2. L(R2¢(X)) = R2:(L(X))
L3. L(R3¢(X)) = R3ce(L(X))
L4. L(CSP1¢(X)) = CSP1(L(X))
L5. L(CSP2¢(X)) = CSP2.(L(X))
L6. L(CSP3¢(X)) = CSP3.(L(X))
L7. L(CSP44(X)) = CSP4.(L(X))
L8. L(CSP5¢(X)) = CSP5.:(L(X))

3.4.2 Semantics of Circus Time after L

In this section, we give new definition to some operators, sequentially followed laws to show them equal to
the corresponding definitions in the original model with the function L. These UTP definitions will be used
to calculate the reactive designs in Section 4. Because the syntax of the two models are similar, we use the
notation [X]; to represent the action X in the original model, and [X].; to express the same action in the
new one. Another purpose of the transformation is to show that each operator in the original Circus Time

is R2¢¢ healthy even if L(R2¢(X)) # R2c¢(L(X)).

First, we give the definitions to three primitive actions, Skip, Stop and Chaos. Note that we use a lot
of properties of Ry, which, however, refer to the laws of R¢t, because the similar laws have been proved in

the original Circus Time [21].
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Definition 1.

[Skip]: = R (= ok A tr < tr' A front(ref) < ref’) Vv
Plet = Ltet (ok" A tr' = tr A front(ref’) = front(ref) A wait’ = wait N\ state’ = state)

Law 45. L([Skip],) = [Skip] .

Proof.

L([Skip].) [Skip] (2.15)]
=L(R¢(3r o r = snd(last(try)) A Iy)) [Property 4-L1,L3]
=Rl 0 R3t(L(R2¢(3 7 o 7 = snd(last(try)) A ILy))) [predicate calculus]
=R1 ct © R3ct L R2t .ﬂ-t [ﬂ-t and R2t]

(= ok A Ezpands({({), r)), dif (tr{, tr))) V
“Rlet o R3er (L (3 re ( 7y = dif (tr], tre) A wait’ = wait A state’ = state)

[Ezpands(2.2))
= ok A front({((),r))) < dif (tr], trs) A ) y
=Rlee o R3ce dre k' fst last(<(<> ) < fst(dif (tri, tre) (#(((), 7)))))

, 1y = dif (tr{, try) A\ wait’ = wait A state’ = state)
[properties of sequences]
- ok /\ () < dif (tr{, tre) A () < fst(head(dif (tr}, try))) ) V
—Rler o R3er <L (3 re ( ok’ A ((),r) = dif (tr}, try) A wait’ = wait A state’ = state)
[predicate calculus]
- ok /\ < dif (tr], try) A () < fst(head(dif (tr], try))) ) V
dr e (ok" A (), r) = dif (tr}, try) N wait’ = wait A state’ = state)
[pred. calculus]
(= ok A () < dif (tr],try) )V
Ar e (ok’ A (), r) = dif (tr], try) A wait’ = wait A state’ = state)
[Property 2-L.14]

“Ri, o R3g (L -0k A () < pm] _fst(dif (try, try)) A () < proj_snd(dif (try, tre)) ) Vv ))

(e (50
o (e
(!
( ﬁMAqummmmwmw ))

dre ok’ , 7y = dif (tr{, tre) A\ wait’ = wait A state’ = state)
[Property 2-L.15,1.16]
=R1¢ o R3¢ < proj_snd(tr}) — front(proj_snd(tr:))
Ir e (ok’ A (), r) = dif (tr], tr:) A wait’ = wait A state’ = state)
[Property 2-L17]
- ok A () < diff (proj_fst(try), proj_fst(try)) A y
) < pm] snd(tr]) — front(proj_snd(try))
=R1. o R3¢ ok' A wait’ = wait A state’ = state) N
= diff (proj_fst(try), proj_fst(try)) A
fmnt proj_snd(tr])) = front(proj_snd(tr))
[L and predicate calculus]
= ok A ) < diff (B!, tr) A () < ref’ — front( ref )V
=R1. o R3¢ ok' A wait’ = wait A state’ = state) [properties of sequences|
= dzﬁ (tr',tr) A front(ref’) front ref
- ok A Q) < diff (¢, tr) A front(ref) < ref’ ) Vv
=Rl o R3¢ ok’ /\ wazt’ = wait A state’ = state) A [R2.¢]
= diff (tr', tr) A front(ref’) = front(ref)
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( = ok A tr Z tr' A front(ref) < ref’ )
=R1¢ 0 R3.t 0 R2¢¢ (ok" A wazt’ = wait A state’ = state) A [Ret]
tr = tr' A front(ref') = front(ref)
_ (= ok A tr g tr' A front(ref) < ref’) V )
—Ret < (k" A tr' = tr A front(ref’) = front(ref) A wait’ = wait A state’ = state) [ [Skip]er]
O
Definition 2.
[Stop]ct = CSP1ct(R3ct(0k! A wait’ A7 /tr' =7 /tr))
Law 46. L([Stop]:) = [Stop] et
Proof.

L([Stop]:) [[Stop]:]
=L(CSP1(R3¢(0ok’ A wait’ A trace’ = ()))) [Property 4-1.3,14]
=CSP1 0 R3ct(L(0k" A wait’ A trace’ = ())) [Property 3-L4]
=CSP1 0 R3ct(0k’ A wait’ A L(trace’ = ())) [Property 3-L10]
=CSP1¢; 0 R3ct(0k’ A wait’ A tr=tr' N7 /tr' — 7 /tr = () [Property of sequences]
=CSP1¢; 0 R3¢t (0k’ A wait’ A tr = tr' A7 /tr! =7 /tr) [[Stop] ct]
=[Stop] et

O
Definition 3.
[Chaos] ct = Ret(true)
Law 47. L([Chaos]:) = [Chaos] ot
Proof.

L([Chaos] ) [[Chaos]:]
=L(R¢(true)) [Property 4-L1,L3]
=R1. 0 R3¢ (L(R2¢(true))) [Law 43]
=Rl o R3¢ (true) [R2c¢]
=R1c; 0 R3ct 0 R2¢(true) [ [Chaos] .t
=[Chaos]

O

Then, we will give the definitions to assignment, prefix and delay, and prove that they equal to the

corresponding definitions in the original Circus Time model after L.
Definition 4.

_ / Sy 4/ _ !/
[2 = e[ = CSP1e (Rct ( ok = ok’ A\ wait = wait’ A tr = tr' A >)

front(ref) = front(ref’) A state’ = state @ {x — wval(e, state)}

Law 48. L([z :=¢];) = [z := €]
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Proof.
L([z := €]t) [z := el4]

=L(CSP1¢(Ri(0k' = ok A wait' =wait A trj=try A state’ = state ® {x s val(e, state)})))

[Property-4-1.1,13,14]
_ ok! = ok N wait' = wait A tr{=1tr; A
=CSP1. oR1. 0 R3¢ (L <R2t ( state’ = state @ {z > val(e, state)}

=CSP1. 0 Rlet 0 R3et (L <3 re ( ok’ = ok A wait' =wait A (((), 7)) = dif (try, tre) A )))

[R2¢]

state’ = state ® {x — wval(e, state)}
[Property-2-L17 and L]
ok! = ok A wait' =wait A (()) = diff (¢r', tr) A

=CSPlLe o Rlep 0 Ric ( front(ref’) = front(ref) A state’ = state ® {z — wval(e, state)} ) [R2ct]

ok = ok N wait' = wait A tr=1tr" A
—CSPlet o Rlet © R3ct 0 R2c ( front(ref’) = front(ref) A state’ = state @ {x — val(e, state)} )
[Rct]
ok! = ok N wait' =wait A tr=1tr" A
—CSPlet 0 Ret < front(ref’) = front(ref) A state’ = state & {x — val(e, state)} > [z := elet]

=[z := €]

Definition 5.
[c.e = Skip] et = CSP1et (0k' A Ret(wait_com(c)er V terminating_com(c.€)et))
wait_com(c)er = ( wait’ A possible(ref, ref’, c) N " Jtr' =7 /tr )

possible(ref ,ref’, c)et = Vi : #ref. #ref o c & ref'(i)
term_com(c.e) et = (— wait’ A diff (tr', tr) = ({c.e)))

terminating_com(c.e) e = (wait_com(c) ¢ ; term_com(c.€)et)

It is also straightforward to prove that wait_com(c).: and term_com(c.€).+ are R2¢ healthy, and the
proof is left to the reader for an excise.

Lemma 6. R2.¢(wait_com(c).t) = wait_com(c) e
Lemma 7. R2.¢(term_com(c.e)) = term_com(c.e) ¢
Lemma 8. R2.(terminating_com(c.e)qt) = terminating_com(c.€)

Law 49. L([c.e — Skip]:) = [c.e — Skip] et

Proof.

L([c.e — Skip]:) [Prefiz(2.23)

= L(CSP1(ok’ A Ri(wait_com(c)s V terminating_com(c.e)))) [Property 4-L1,13,14]
=CSP1¢;(0k’ A Rleg 0 R3ct(L(R2¢ (wait_com(c); V terminating_com(c.e)¢)))) [Lemma 3,5]
=CSP1(0k’ A Rle 0 R3ct(L(wait_com(c); V terminating—_com(c.e)t))) [Property 3-L11,1.13]
=CSP1¢;(0k" A Rley 0 R3ei(wait_com(c)es V terminating_com(c.e)et)) [Lemma 6,8]
=CSP1ct(0k’ A Rleg 0 R3ct(R2ct(wait_com(c)er) V R2et(terminating_com(c.€)et))) [Law 10]
=CSP1c;(0k" A Rep(wait_com(c)e V terminating_com(c.e)e)) [Prefiz(Definition 5)]

=[c.e — Skip] ¢t
O
Definition 6.

[Wait d] .t = CSPLley(Ret(0k' A7 /tr =7 /tr' A delay(d)ct))
delay(d) e = ((#tr' — #tr < d) < wait’ > ( #tr' — #tr = d A state’ = state ))



3.4 Transformation 22

Also, delay(d); and 7 /tr’ = 7 /tr are R2¢¢ healthy, and the proof is very straightforward to obtain.
Lemma 9. R2.¢(delay(d) o) = delay(d) o
Lemma 10. R2.(7/tr' =" /tr) =" /tr' =" /tr

Law 50. L([Wait d]:) = [Wait d]

Proof.
L(CSP1(Ry(ok’ A delay(d)s A trace’ = ()))) [Property 4-L1,1L3,L4]
=CSP1 0 Rlgt 0 R3ct(L(R2c¢((0k" A delay(d), A trace’ = ())))) [Lemma 1,2
=CSP1 0 Rle 0 R3ct(L(0k’ A delay(d) A trace’ = ())) [L and delay(d);]

, tr = proj_fst(try) A tr' = proj_fst(tr]) A ,
try, try, e (ref = proj_snd(try) A ref’ = proj_snd(try) AL
((#tr; — #iry < d) < wait’ > (#tr] — #try = d A state’ = state)) A trace’ = ()

[Property 2-L4]

:CSP].ct o Rlct o R3ct

tr = proj_fst(try) A tr' = proj_fst(tr{) A
!/ /
try, by, e (T@f = proj_snd(try) A ref’ = proj_snd(try) AL
=CSP1. oR1, o R3¢ #proj_fst(try) — #proj_fst(try) < d

< wait’ > A trace’ = ()

(#proj_fst(tr;) — #proj_fst(try) = d A state’ = state)
[Property 3-L10 and predicate calculus]
((#tr' — #ir < d) < wait’ > (#tr' — #ir = d A state’ = state)) )

:CSP]-ct o Rlct o R3ct ( A /-\/tT,/ - A/t?” — <> A ok’

[Lemma 9,10]
((#tr' — #tr < d) Q wait’ > (F#tr' — #tr = d A state’ = state)) )
=CSP1. o Ret < APt — e = ) A ok [[Wait d] )
:IIWG/Zt dﬂct
O

Finally, the definitions of external choice, parallel composition and hiding in the original Circus Time are
transformed into those in the new Circus Time.

Definition 7.

[PO Q]ct = CSP2:((P A Q A Stop) V (DifDetected(P, Q)ct A (P V Q)))
- ok’ v
(ok A = wait A (P AN QA ok" N wait’ N7 /tr' =7 /tr) V Skip));

DifDetected (P ot = .
ifDetected(P, Q) ((ok’ A= wait’ A tr' = tr A ref’ = ref A #ir = #ref A\ F#Hir' = #ref’))

V (ok" A head(diff (tr', tr)) # ()

Law 51. L([P O Q];) = [L(P) O L(Q)]
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Proof.
L([P B Q[y) = [L(P) B L(Q)]ex
L([P o Qly) ([P O Q]
=L(CSP2.;((P N Q A Stop) V (DifDetected(P, Q) A (P V @)))) [Property 3-L2]

=L(CSP2.(P A Q A Stop:)) V L(DifDetected(P, Q)+ N P) V L(DifDetected(P, Q)ct N Q)
[Property 4-L5]

=CSP2.(L(P A Q A Stop;)) V L(DifDetected(P, Q) AN P)V L(DifDetected(P, Q) N Q)
[Property 3-L3]

=CSP2.(L(P) N L(Q) A L(Stopy)) V (L(DifDetected (P, Q):) N (L(P) V L(Q)))
[Property 3-L17 and Law 46]

=CSP2.(L(P) A L(Q) A Stop.t) V (DifDetected(P, Q) et A (L(P) V L(Q))) [[L(P) O L(Q)] ]
=[L(P) O L(Q)] et

(2)L([P O Q];) < [L(P) O L(Q)] ¢t can be proved in a similar manner.

O
Definition 8.
[P s [{ CS [ [s2]l Qler = (P; UO(outaP) A (Q; UL(outaQ))yiir,rery s My
MH = Mct§ Sklp
ok’ = (0.0k A 1.0k) A wait’ = (0.wait V 1.wait) A
M, = MTR(tr,tr',0.tr, 1.tr, ref, ref’, 0.ref , L.ref) A
state’ = (0.state — s2) @ (1.state — s1)
MTR(tr, tr',0.tr, 1.tr, ref , ref’, 0.ref , 1.ref ) =
diff (tr', tr) € TSync(diff (0.tr, tr), diff (1.tr, tr), CS) A
ref’ — front(ref) = MRef (0.ref — front(ref), l.ref — front(ref), CS)
Law 52. L([P|[s1 | {| CS [} [ s2]| Q]¢) = [L(P) [[s1 [ { CS [} | s2 ]| L(@)] et
Proof. (1) L([P|[s1 | {l CS [} [ 2] Q1) = [L(P) [[s1 [{| CS [} | s2]| L(@)]er
L([P s [ { CS It | s2]] QI)
=L((P; UO(outaP) A (Q; Ul(outaQ)) g4,y ; My; Skipy) [Property 3-L6]
=L(P; U0(outaP) A (Q; Ul(outaQ)) () s L(My); L(Skipy)) [Property 3-L15 and Law 45]
=L(P;U0(outaP) A (Q; Ul(outa@))y{ery); Mes; Skipes

[Property 3-L3,L.6 and property of L on alphabet extension]
((L(P) s L(UO0(outaP))) A (L(Q); L(UL(0utaQ))) s (uroresy) ; Meti Skiper [Property 3-L18]
((L(P): UO(outaL(P))) A (L(Q): UL(0utaL( @)+ (irrefy) : Meti Skipes
[LP) [[s1 [ {1 CS [t | s2] L(@)] e

2)L(P|[s1 1 { CS [} | s2]l Q) < [L(P)|[s1 | { CS I} | s2]] L(Q)] et can be proved in a similar manner. O

U

Definition 9.

P\ CS=Ret(Is,r o Pls,r/tr',ref’| A Let) ; Skip

Loy = diff (', tr) = diff (s, tr) Lot (2—CS) A r—front(ref) = ((ref’ — front(ref)) Ue CS)
try = (tro Lot CS) & Vi 1.#try @ tri(i) = (tro(i) L CS) A #itry = #iry

refi = (refo Uy CS) & Vi 1..Ftrefy o refi(i) = (refa(i) U CS) A #refy = #refo

Law 53. L([P \ CS];) = [L(P) \ OS]t
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Proof. The proof of this law can be proved in a similar manner and is left to the reader as an excise. O

There are another four laws about L with conditional choice, guarded action, internal choice and sequen-
tial composition. The proofs of these laws are straightforward and left to the reader.

Law 54. L([P < b Q]¢) = [L(P) < b > L(Q)] et
Law 55. L([b&P];) = [b&L(P)]

Law 56. L([P 1 Q],) = [L(P) N L(Q)]

Law 57. L([P; Q]:) = [L(P); L(Q)]

In short, we give the UTP definitions to all primitive actions and operators of the original Circus Time
by representing traces and refusals individually, and prove all original operators are R2.¢ healthy.

4 Reactive designs

In this section we provide a reactive design semantics that exposes the underlying pre-postcondition seman-
tics that makes it easier to understand the definitions of the operators and even some subtle behaviours.
More importantly, the reactive design semantics supports contract-based reasoning about properties of sys-
tems. The work in [3, 13] provided the reactive design semantics to some operators in (untimed) CSP. On the
other hand, sequential composition, recursion, hiding and so on were not considered. In this report, based
on the Circus Time model, we develop the reactive design semantics of all operators of our timed theory;
we consider a comprehensive number of operators that include all those of Timed CSP, plus operators for
deadline specification.

To validate our operator definitions, we calculate them from those of the theory for the original Circus
Time when available. We start from a transformed definition that adopts the separation of traces and
refusals and replaces the healthiness conditions of the original theory by R¢¢. The calculation commences
by applying Theorem 1 to deduce the reactive design semantics for all of the operators. In this section, we
give the reactive design to each operator of the Circus Time theory with a brief explanation. Nevertheless, we
change the definitions of some key operators, such as prefix, external choice and parallelism, for capturing
behaviours of actions more precisely. The validation of prefix and external choice is implemented by proving
that each of them refines the correspondence of the original theory, and of parallelism is achieved by proving
some well-known algebraic laws.

4.1 Primitive Actions

The semantics of Skip is given as a program that terminates immediately without changing anything, and
its UTP semantics is taken from Definition 1.

/ !
Skip = Ry ( ( (= ok A tr < tr' A front(ref) < ref’) Vv )

ok’ N tr' = tr A front(ref’) = front(ref) A wait’ = wait A state’ = state) (4.48)

Note that Skip in Circus Time is different from that in Timed CSP because here time is stopped by the fixed
length of traces and the value of wait’.

Lemma 11. Skip) = Rle(~ ok)
Proof.
Skip] [Skip(4.48)]

_(r (= ok A tr 5 tr' A front(ref) < ref’) Vv ! Law 24]
AT ok At = tr A front(ref’) = front(ref) A wait’ = wait A state’ = state) f W

f

ok’ A\ tr' = tr A front(ref’) = front(ref) A wait’ = wait A state’ = state
[substitution for ok’ ]
=R1ct 0 R2c(— ok A tr < tr' A front(ref) < ref’) [Law 11]
=R1ct(— ok A tr < tr' A front(ref) < ref’) [R1c and prop. calculus]
=R1.(— ok)
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O
Lemma 12. Skip} = Rlet(— ok) V Rlet(— wait’ A tr' = tr A state’ = state)
Proof.
Skipf [Skip (4.48)]
_(n (= ok A tr < tr' A front(ref) < ref’) v ! Law 24]
AT (ok At = tr A front(ref’) = front(ref) A wait’ = wait A state’ = state) f W
¢
“Ri.oR2 (= ok A tr < tr' A front(ref) < ref’) v
e ¢ ok’ A tr' = tr A front(ref’) = front(ref) A wait’ = wait A state’ = state
t t 1% ! f f/ f f ! l ;
[substitution for ok’, wait]
_ (= ok A tr < tr' A front(ref) < ref’) v
o tr' = tr A front(ref’) = front(ref) N\ = wait’ A\ state’ = state ’
R1l. o R24¢ , f ) = f f ) , [Law 4,10]
=Rt 0 R2c4(— ok A tr < tr' A front(ref) < ref’) v [Lemma 11]

Rlce o R2¢4(tr" = tr A front(ref’) = front(ref) A = wait’ A state’ = state)
=Rl (- 0k) V Rle, 0o R24(tr" = tr A front(ref’) = front(ref) A — wait’ A state’ = state) [Law 11]
=Rl1c(— 0k) V Rl (tr' = tr A front(ref') = front(ref) A — wait’ A state’ = state)
[R1.t and property of sequences|
=R1ct(— 0k) V Rlet(— wait’ A tr' = tr A state’ = state)

O
Theorem 2. (Skip)
Skip = Reg(true b = wait’ A tr' = tr A state’ = state)
Proof.
Skip [Theorem 1]
= Ree (- Skip] + Skipf) [Lemma 11, 12]
_ - Rlct(_' Ok‘) H .
= Ret ( Rlc(— 0k) V Rle (= wait’ A tr' = tr A state’ = state) [design]
_ = 0k V Rlet(— 0ok) V (ok' A Rlet(— 0k)) V
= Ret ( (0k" A Rl (= wait’ A tr' = tr A state’ = state)) [prop. cale.]
_ - 0k V Rl (— ok) V
= Ret < (ok" A Rl (— wait’ A tr' = tr A state’ = state)) [Law 2 and prop. calculus]
= Ret(— 0k V (ok' A (= wait’ A tr' = tr A state’ = state))) [design]

= Ret(true - = wait’ A tr' = tr A state’ = state)
O

The reactive design semantics of Skip is given as an Rt healthy program in which the precondition is
true, and the postcondition states that it terminates immediately without consuming time.

By contrast, the action Stop (Definition 2) from the original Circus Time is given as a program that waits
forever.

Stop = CSP 1t (R3ct(0k’ A wait’ A7 /tr' =7 /tr)) (4.49)

However, unlike this definition from the original Circus Time, we impose state’ = state in our new Circus
Time in order to maintain consistency with other operators. Therefore, the UTP definition of Stop is given
as

Stop = CSP1ey(R3ct(0k’ A wait’ A7 /tr' = 7 /tr A state’ = state)) (4.50)

And its reactive design semantics is deduced as follows. As usual, the precondition and postcondition are
calculated in Lemma 13 (whose proof is left to the reader) and Lemma 14.
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Lemma 13. Stopj: = Rlct(— ok)

Lemma 14. Stopf = Rlc(= ok) V (wait’ A ™ /tr' = 7/tr A state’ = state)

Proof.
Stopf [Stop]
=(CSP1ct(R3ce(0k' A wait’ A7 /tr' = 7 /tr A state’ = state)))} [CSP1.4]
=((— ok A RT) V (ok’ A (R3ct(0k" A wait’ N 7/tr' =7 /tr A state’ = state))))} [subs.]

=((— ok A RT) V (true A (R3¢t (true A wait’ A 7 /tr' = 7 /tr A state’ = state))y))
[substitution and — wait in R3¢¢]

=(= 0ok A RT) V (wait’ A "/tr' = 7 /tr A state’ = state) [R1ct]
=Rl1ce(— 0k) V (wait’ A7 /tr' = 7 /tr A state’ = state)

O
Theorem 3. (Stop)
Stop = Reg(true - wait’ A 7 /tr' =7 /tr)
Proof.
Stop [Theorem 1]
=Rei(— Stop} + Stop}) [Lemma 13, 14]
=Rt (— Rlct(— 0k) F Rlee(— ok) V (wait’ A 7/tr’ = 7 /tr A state’ = state)) [design]

=Rt (- 0k V Rlee(— 0k) V (0k' A Rlee(= 0k)) V (ok” A (wait’ A 7™ /tr' = 7 /tr A state’ = state)))
[prop. calculus]
=Rt (— 0k V (0k' A (wait’ A 7 /tr’ = 7 /tr A state’ = state))) [design]
=Rei(true - wait’ A 7 /tr' = 7 /tr A state’ = state)
O

This reactive design states that Stop is a deadlocked program in which, in the postcondition, the trace is
extending to denote the lapse of time but not execute any observable events (7 /tr’ = 7 /tr), and moreover
any refusal set is a valid observation since ref’ is unconstrained.

The actions Chaos and Miracle are given as the R¢-healthy design Chaos and Miracle respectively.

Theorem 4. Chaos = Ret(false - true)
Theorem 5. Miracle = Rei(true F false)

The above two reactive designs state that if the precondition is false, the predicate Chaos is true no
matter what the postcondition is, and if the precondition is true, the predicate Miracle is miraculous whereas
its postcondition is false. We can further explore the behaviour of Miracle by unfolding the definitions of
the healthiness conditions.

Miracle [Miracle)
=R (true + false) [design]
=R (true A ok = ok’ A false) [propositional calculus]
=Rt (— 0k) [R3ct]
=R1ct 0 R2c¢ (T < wait > — ok) [relational calculus]
=R1c; 0 R2:4((Tor A wait) V (= ok A = wait)) [Law 4,10]
=R1. 0o R2:4(I o A wait) V Rlet 0 R2¢¢(— 0k A = wait) [Law 11 and predicate calculus]
=Rl (T A wait) V Rlee(— ok A = wait) [Law 5]
=(To A wait) V Rl (— ok A = wait) [T and Rl

]

=(= ok A RT A wait) V (ok’ A I A wait) V (= ok A = wait A RT) [propositional calculus and Rlct
=R1ct(— 0k) V (ok' A I A wait)
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The observations of Miracle are described in two parts: the left disjunct states that its predecessor diverges
and Miracle is in an unstable state (since ok is false), and the second one states that Miracle is waiting
for its predecessor’s termination (i.e. wait is true) but in a stable state (i.e., ok’ is true). In both cases,
this action has not started yet. As an unstarted action, Miracle must not be seen during the execution of
actions.

4.2 Sequential Composition

The definition of sequential composition in the original Circus Time is the same as that in the UTP.

P; Q =3Jobsy @ Plobsy/obs'] A Qlobsy/obs]| if outaP = inaQ = {obs'}
ina(P; Q) =1inaP outa(P; Q) = outa@

To deduce the reactive design of sequential composition, we first give an auxiliary law.

Law 58. Suppose P is Rlet and CSP1et, Rlct(— 0k); P = Rlct(— ok)

Proof.
Rlce(— ok); P [Rlct]
=(—- ok ANRT); P [relational calculus]
—— ok A (RT; P) [Lemma 42]
—— ok A RT [Rlct]
:Rlct(_\ Ok)
O

Below, we characterise the behaviour of the sequential composition of two R1c¢-healthy predicates.

Law 59. Suppose P, Q, R and S are predicates (ok,ok’ are not in aP, aQ, aR and aS),

= (Rlet(— P); Rlet(true)) A = (R1let(Q); Rlet(— R))
Rlct(P l_ Q) 3 Rlct(R |_ S) = Rlct "
Rlct(Q) ; Rlct(S)
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Proof.

Rl (PF Q); Rl (RES) [def of design]

=Rlc(— 0k VPV (k' AQ));Rlet(—0kV - RV (0k'AS)) [Law 4 and rel. cal.]
=R1ct(— 0k); Rleg(— 0k V=RV (0k' AS))VR1t(— P); Rlee(— 0k V=RV (0k' A S)) V

Rlct(ok’ AQ);Rleg(— ok V=RV (k' AS)) [Law 58]
=R1ct(— 0k) V Rlet(—= P); Rlee(m ok V = RV (ok' A S)) V [def of ; and case split on ok]

Rlct(ok’ AQ);Rlgg(mokV RV (okAS))
=R1ct(— 0k) V Rlet(— P)[false/ok’]; Rlet(— ok V = RV (ok’ A S))[false/ok] Vv [substitution]

Rl (— )[true/ok |; Rlet(— ok V = RV (ok' A S))[true/ok] v

Rl (ok' A Q); Rlee(— ok V = RV (ok' A S))

=R1ct(— ok) (Rlet(— P); Rlge(true)) vV [relational calculus]

Rl (= P); Rlet(— RV (0k' A S)) V R1c(0k' A Q); Rleg(— 0k V= RV (ok' A S))

=Rl (= 0k) V Rleg (= P); (Rleg(true) V Rl (= RV (0k' A S))) V [Law 4 and prop. calculus]

Rl (0k' A Q); Rlge(— ok V=RV (ok AS))

Rlct(—\ E)V(Rlet(— P); Rlgi(true)) VR (0k' A Q) ; Rlet(— ok V = RV (0k'AS)) [prop. cal.]
=R1ct(— 0k)V (Rlet(— P); Rlgg(true))V [relational calculus and Law 4]

Rlct(ok/ A Q); Rlet(— ok V (0k A= R) V (ok A ok’ A S))

=R1.(— 0k) V (Rlee(— P); Rlgg(true)) vV [relational calculus]

(Rlct(0k’ A Q) Rlet(— 0k)) V (Rlee(0k' A Q); Rlet(0k A= R)) V
(Rlct(ok' A Q); Rlee(ok A ok' A S))

=R1ct(— 0k) V (Rlee(— P); Rlce(true)) v [propositional calculus]
false v (RlCt(Q) ) Rlct( R)) (Rlct(Q) ; Rlct(()kl A S))
=R1ct(— 0k) V (Rlee(— P); Rleg(true)) v [def of design]

(Rlce(Q); Rlee(— R)) V (R1et(Q) 3 R1ct(5)) A 0k
:Rlct ( - (Rlct(_' P) N R]-Ct (true)) A~ (Rlct(Q) ; Rlct(_‘ R)) " Rlct(Q) y Rlct(S) )

O

Here Law 59 states that the sequential composition of two R1c¢-healthy designs is still a R1c¢-healthy
design. R2.¢ has the same property of designs through the composition.

Law 60. (R2.-design)

R2,(PF Q) = (- R2c(— P)) F R2(Q)

Proof.
R2.,(PF Q) [design]
=R2¢t(— 0k V= PV (k' A Q)) [Law 10 and predicate calculus]
== 0k V R2¢(— P) V (0k! A R2:(Q)) [design]

=(= R2et(= P)) F R2c(Q)
O

However, R3¢ does not preserve the similar property because the Circus Time identity II.; is not a
design, and hence R3¢¢(P) is not, even if P is a design. For this reason, Woodcock in [24] introduces a new
healthiness condition to replace R3, in order to make a design behave like the identity design when waiting.
And here we have a similar healthiness condition, R3jct(P) = Ip < wait > P where Ip = true - I. We
also have a useful law about the new healthiness condition.

Law 61. Rlct @) stct = Rlct o R3Ct
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Proof.
Rlct o R3jet(P) [
=R1ct(Ip < wait > P) [Law 7]
=Rl (Rlee(Ip) < wait > P) [Ip]
=R1c(Rlee(— ok V (ok' A IT)) < wait > P) [Law 4]
=R1ct(((— ok A RT) V (ok' A IT)) < wait > P) [IT;]
=R1.(I; < wait > P) [R3ct]

:R]-ct e} R3ct< )

Finally, we are ready to deduce the reactive design of sequential composition from its original definition.

Theorem 6. (Sequential composition) Suppose P and Q are two Circus Time actions,

 (R1et(Pl): Rleg(true)) A = (Rlcy(P}); Rley(— wait A R26:(Q))))
P; Q=R F
R]_Ct(Pft) 3 Rlct(ﬂ- < wait > cht(Q;))

Proof.

P;Q [Theorem 1]
= Rei(= P/ - Pf); Res(~ Qf - Q) Rei]
=R2¢ 0 R3¢t 0 Rlee(— P] - Pf); R2¢¢ 0 Rl 0 R3et(— Qf F Qf) [Law 12]
= R2.40(R3cto0R1ct(— PJ{ - P}f) i R2¢40R1ct0R3ct(— Q}: - th)) [R1ct, R2¢¢, R3ct are commutative]
= R2¢0 (R3¢0 Rlee(— Pf - Pf); Rleto R3et 0 R2e(— Qf - Q) [Law 15]
= R2c;0R3ct0 (Rlee(— P} b Pf); Rleeo R3ero R2ee (- Qf F Q) [Law 61]
= R2.;0R3¢t0 (Rlgg(— P}{ - P}); Rlcgo R3jcgo R2cq(— QJ{ - Qp) [Law 60]
= R2c¢ 0 R3¢t 0 (Rlet(~ P/ - Pf); Rler 0 R3jee (- R26e(Q)) F R2(Q)))) [R3jet]
= R20 R3¢0 (Rlee(~ P - P}); Rley(Ip < wait > = R2ee(Qf) F R2e(Q)))) [Tp]

]

= R2¢; 0 R3(Rlet(~ P} F Pf); Rlgp(true b I < wait > = R264(Qf) F R2¢(Qf)))  [Property 1-L2

= R2; 0 R3¢t (Rlet(— P] F Pf); Rl (true < wait > - R2ce(Q)) b I < wait > R2(Q))))

[conditional choice and propositional calculus]
= R2c:oR3e(Rlce(— P} b Pf); Rlce(wait V - R2ee(Qf) F I < wait > R2(Qf))) [Law 59]
= (R1e(P}); Rlce(true)) A — (Rlee(Pf): Rlce(— wait A R264(Q))))

=R2: 0 R3¢t 0 Rlgg (o [Rct]
Rlct(P;) 3 Rlct(ﬂ < wait > cht(Q}))

= (R1et(P); Rlg(true)) A = (Rle(P); Rles(— wait A R26,(Q))))
=Rt F
Rlct(Pf); Rlet (T < wait > R2c4(Qf))

O

This theorem shows that, if P does not diverge and @) does not diverge after P terminates, P ; @ behaves
like the composition of the terminations of P and subsequent (.
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4.3 Assignment

The assignment operator assigns a value to a local variable and takes no time. The definition (Definition 4)
in the original Circus Time is given as

— / 4 v _ / — /
= ¢ = CSP1ly (Rct < ok = ok’ N wait = wait’ A\ tr = tr' A front(ref) = front(ref’) A ))

state’ = state ® {x > wval(e, state)}

where @ is an override operator and an evaluation function val(e, state) returns the value of the expression
e in state.
The reactive design of the assignment operator is calculated as follows.

Lemma 15. R2.(tr' = tr) = (tr' = tr)
Lemma 16. (z := e)f = Rl (— ok)
Proof.
e)} [Definition 4]

CSP1 ok = ok’ N wait = wait’ A tr = tr’ A front(ref) = front(ref’) A
ot | Ret state’ = state ® {x — wval(e, state)}

f
[CSP1]
f
— Lt o ") g _ ’ !
( (= ok A RT) <Rct ( ok = ok’ A wait = wait’ A tr = tr’ A front(ref) = front(ref’) A >)>
f

state’ = state @ {x — wval(e, state)}

[substitution for wait and R3]
ok = ok’ A = wait’ A tr = tr' A front(ref) = front(ref’) A !
state’ = state ® {z — wval(e, state)}
[substitution for ok’
= ok A wait’ A tr = tr' A front(ref) = front(ref’) A
state’ = state @ {x — wval(e, state)}
[Lemma 15 and R1c4]
(= ok A RT) A = wait’ A tr = tr' A
front(ref) = front(ref’) A state’ = state ® {x — wval(e, state)}
[propositional calculus]
—— ok A RT [Rlc]
:Rlct(_\ Ok)

( ﬁ ok A RT (Rlct o R2¢¢ (
:(_\ ok A RT) vV <R]-ct o cht <

=(- 0k ART)V

O
Lemma 17. (2 := e)f = Rlct(— ok) V Rlet(— wait’ A tr = tr' A state’ = state @ {x — wval(e, state)})
Proof.
[Definition 4]

ok = ok’ N wait = wait’ A tr = tr' A front(ref) = front(ref’) A
(CSPlCt ( ct ( state’ = state & {x > val(e, state)} [CSP 1]

t
¢
ok = ok’ A wait = wait’ A tr = tr' A front(ref) = front(ref’) A !
( ~ ok A RT) (RCt < state’ = state @ {x — val(e, state)} f
[substitution for wait, ok’ and R3ct]

ok N = wait’ A tr = tr' A front(ref) = front(ref’) A ))

= ok ART)V <R1°t ° RZet < state’ = state @ {x — val(e, state)}

[Lemma 15 and R1c4]

=(= 0k A RT) V (Rlct(0k A = wait’ A tr = tr' A state’ = state & {z — val(e, state)}))
[R1.¢ and propositional calculus]

=Rl (— 0k) V Rl (— wait’ A tr = tr' A state’ = state ® {x — wval(e, state)})
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Theorem 7.
z =€ = Rey (true - ( - wait’ A tr' = tr A state’ = state & {z — val(e, state)} ))
Proof.

ri=e [Theorem 1
=Rt (~ (z:= e)}t H(z = e)}) [design]
=Ret(— 0k V (2 := e)}c V (ok' A (z:=e)})) [Lemma 16,17]

"R = 0k V Rl (- ok) V [
T \(0k" A Rlet(— ok) V Rlee(— wait’ A tr=tr' A state’ = state @ {x — val(e, state)}))

=Ret(— 0k V (ok' A (= wait’ A tr = tr' A state’ = state & {x > wval(e, state)}))) [design]
=Re¢(true - — wait’ A tr' = tr A state’ = state @ {x > wval(e, state)})

Law 2]

O

4.4 Wait

The wait action simply allows a specific number of time units to pass before termination, and its reactive
design is as follows, and the proof of the calculation from the original definition is straightforward and not
given here.

Theorem 8.
Wait d = Reg(true = 7 /tr' =7 /tr A state’ = state A (#tr' —#tr < d < wait’ > #tr' —#tr=d))

A wait action never diverges because its precondition is true, and is in a waiting state if wait’ is true
and the passed time since the start is less than d (#tr'—#tr < d), or terminates at time d. In addition, we
have a new non-deterministic wait action that may wait for any time unit whose value is between d; and ds.

Hir' —H#itr<ds
< wait’ >
#W#wzm) (4:51)

Wait dy..dy = Reg| true = 7 /tr' =" /tr M\ state’ = state A
( A FEtr' —#tr < do

This definition states that an non-deterministic wait can terminate arbitrarily between d; and dy. For
example, the postcondition denotes that it is waiting only if the time is less than dp, but can also terminate
at any time between d; and ds.

4.5 Conditional Choice and Guarded Action

The definitions of conditional choice and guarded action in the original Circus Time are given as follows
Pab>Q=0bAP)V(=bAQ)
b&P = P < b > Stop

where b is a condition (but tr, tr’, ref, ref’ ¢ ab) and is included in the alphabet of P and . And the
reactive designs of the two operators can be deduced from the above definitions.

Theorem 9. Suppose P and @Q are two Circus Time actions,

Pab>Q=Re((-Plabe-Q))F (Pfabr Q)

Proof.

PabrQ [Theorem 1]
= Ree(- Pf - Pf) < b > Rt~ Qf - Qf) [Property B-L8,L9,L13]
=Re((- Pl FPH<b>(-Qf - @Qf) [Property 1-L2]

=Ree((~ Pl ab>- Q) (Pf<abr Q)
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Theorem 10. Suppose P is a Circus Time action,
b&P = Re((b =~ PI) - (P} < b (wait' A7 /tr' =7/tr)))
Proof.
b&P [def-&
=P < b Stop

= Ret(— P]{ F ij) < b > Reg(true = wait’ A7 Jtr’ =7 /tr)
=Re((— Pf b > true) - (P} Qb (wait’ A7/tr' =7 /tr)))
=Ree((b=~ P{) - (P} < b (wait’ A7/t =7 /tr)))

4.6 Prefix

]

[Theorem 1 and Stop]
[Property 1-L2]

]

[prop. cal.

The prefix action c.e — P is usually constructed by a composition of a simple prefix and P itself, written
as (c.e — Skip); P. Since the reactive design of sequential composition has been given in Section 4.2, we
here need to deduce the reactive design of the simple prefix only. The definition (Definition 5) of the s1mple

prefix in the original Circus Time is given as

c.e = Skip = CSP14 (ok' A Ret ( wait_com(c) V terminating_com(c.e) ))

wait_com(c) = (wait’ A possible(ref, ref’, c¢) N " Jtr' =7 /tr)
possible(ref,ref’, c) = Vi : #ref . Fref o c & ref' (i)
term_com(c.e) = (= wait’ A diff (tr', tr) = ((c.€)))

terminating_com(c.e) = (term_com(c.e) V wait_com(c) ; term_com(c.e))

We construct the reactive design of the simple prefix as follows.
Lemma 18. (c.e — Skip)]fc = Rlci(— ok)
Proof.

o\
(c.e — Skip);

= (CSP1¢ (0k' A Rey ( wait_com(c) V terminating_com(c.e) )))}r
ok A RT) V (ok' A Re¢( wait_com(c) V terminating—_com(c.e) )))f

( f
= (

( - ok A RT) (false/\ (Ret ( wait_com(c) V terminating_com(c.e) ))f> )

- ok A RT) V false
- ok N RT
R ct(_‘ Ok)

Lemma 19.
(c.e = Skip)} = Rlet(— ok) V Rle(wait_com(c) V terminating_com(c.e))
Proof.

(c.e = Skip)}tc

= (CSP1¢ (0k" A Ret ( wait_com(c) V terminating_com(c.e) )));

= ((= ok A RT) V (ok’ A Ret( wait_com(c) V terminating_com(c.e) )) );
= (

- ok ANRT)V (true A (Ret ( wait_com(c) V terminating_com(c.e) ));)

f

[Definition 5]
[CSP1]
[substitution]
[prop. calculus]

[propositional calculus]
[R1ct]

O

[Definition 5]
[CSP1.4]

[substitution]

[propositional calculus]



4.6 Prefix 33

= (= 0k A RT) V (R ( wait_com(c)terminating_com(c.e) )); [Law 24]
t

= (- 0k ANRT)V (Rlct o R2¢¢ (( wait_com(c) V terminating_com(c.e) )f)> [substitution]

= (= 0k A RT) V (Rlg; 0 R2¢; (( wait_com(c) V terminating_com(c.e) )) [Lemma 6,8 and R1ct]

= Rl (= 0k) V Rlee(wait_com(c) V terminating_com(c.e))

O
Theorem 11.
c.e = Skip = Rey (true b ( wait_com(c) V terminating_com(c.e) ))
Proof.
c.e — Skip [Theorem 1]
=Ret(— (ce = Skz‘p)jﬁ F(ce— Skip)}) [Lemma 18, 19]
= Ret (— Rlee(— 0k) F Rlee(— ok) VR (wait_com(c) V terminating_com(c.e))) [design]

( = 0k V R1let(— 0k) V (ok' A Rlet(— 0k)) V )
- Rct (

ok’ A Rley (wait_com(c) V terminating_com(c.e))) [Law 2 and propositional calculus]

= Ret(— 0k V (0k" A (wait_com(c) V terminating_com(c.e)))) [design]

= Ret(true - wait_com(c) V terminating_com(c.e))

O

Note that the precondition in the design of the above definition is true, which means it never diverges.
In a timed setting, a simple prefix can behave in three different ways. The clause wait_com(c) expresses that
it can wait for interaction from its environment and meanwhile the channel ¢ is not refusable. The clause
term_com(c.e) simply denotes that the event is executed immediately. The composition of wait_com(c)
and term_com(c.e) means that it may wait for a while and then terminates with a fired event c.e.

We have made a few changes to this definition for capturing the behaviour of a simple prefix more
precisely. First, we constrain state and state’ in both wait_com(c) and term_com(c.e); otherwise the value
of the local state can become arbitrary after that. Second, we constrain ref and ref’ in term_com(c.e) in
order to prevent it from losing the history of refusals. Finally, we change the view of considering the state
at each time point. The interpretation of wait_com(c); term_com(c.e) is that, there is always a waiting
state before the simple prefix terminates or executes the event c.e. In other words, this actually states that
traces are prefix closed within the simple prefix, which is one of some important assumptions of the standard
CSP models. In Section 5.2, we will use a counterexample to show that the Circus Time theory violates this
assumption. The solution to this issue is that we allow the behaviour in term_com(c.e) to occur at next
time unit after wait_com(c). To sum up, we give a new reactive design with regard to these changes.

Definition 10. (Simple prefix)

c.e = Skip = Reg(true - wait_com(c) V term_now_com(c.e) V terminating_com(c.e))
wait_com(c) = (wait’ A possible(ref, ref’, c) N "/tr' = 7 /tr A state’ = state) (4.55)
possible(ref, ref’, ¢) =V i : #ref .. Fref o ¢ & ref’ (i) (4.56)
term_now_com(c.e) = (= wait’ A front(ref') = front(ref ) A diff (tr', tr) = ({c.e)) A state’ = state) (4.57)
) = (= wait’ A front(ref’) = ref A tr' — tr = ((c.e)) A state’ = state) (4.58)

(4.59)

terminating_com(c.e) = (wait_com(c) ; term_next_com(c.e))

term_next_com(c.e

Note that the difference between term_now_com(c.e) and term_next_com(c.e) is that the former speci-
fies that the event occurs in the current time unit (or the time unit in which the previous action terminates),
while the latter specifies that it occurs in the next time unit.

If this new reactive design refines the one (Theorem 11) calculated from the original definition, and
consequently it can be validated. In the theory of designs, a design, (P; F @), refines or is stronger than
another, if and only if, it has a weaker assumption, and has a stronger commitment, described as
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Law 62. (Refinement of designs)
(P QEPIFQ)=(PIEPaAQE (P2 A Q1))
Since the preconditions of both reactive designs are true, the refinement actually requires
(wait_com(c) o V terminating_com(c.e) o) E (wait_com(c) V term_now_com(c.e) V terminating_com(c.e))

where we use the subscript O to denote that the predicate comes from the original definition.

Proof.

(wait_com(c) V term_now_com(c.e) V terminating_com(c.e)) [terminating_com(c.e) (4.59)]
=(wait_com(c) V term_now_com(c.e) V (wait_com(c); term_next_com(c.€))) [wait_com(c) (4.55)]
=(wait’ A possible(ref,ref’,c) N " /tr' = 7 /tr A state’ = state) V [propositional calculus]

term_now_com(c.e) V (wait_com(c); term_next_com(c.e)))
=(wait’ A possible(ref,ref’, c) N "/tr' =" /tr) v [wait_com(c)o(4.53)]

term_now_com(c.e) V (wait_com(c); term_next_com(c.e)))

=wait_com(c)o V term_now_com(c.e) V (wait_com(c); term_next_com(c.e)))
[term_now_com(c.e)(4.57)]

=(= wait’ A front(ref’) = front(ref ) A diff (tr', tr)=({c.e)) A state’ = state) V  [propositional calculus]
wait_com(c)o V (wait_com(c); term_next_com(c.e)))

=wait_com(c)o V (= wait’ A diff (tr', tr)=({c.€))) V (wait_com(c); term_next_com(c.e)))
[term_com(c.e) o (4.54)]

=wait_com(c)o V term_com(c.e)o V (wait_com(c); term_next_com(c.e)))
[wait_com(c)(4.55) and term_next_com(c.e)(4.58) ]

=wait_com(c)o V term_com(c.e)o V [relational calculus]
(wait” A possible(ref,ref’ ¢) N " /tr' =7 /tr A state’ = state);
(= wait’ A front(ref’) = ref A tr' —tr = ((c.e)) A state’ = state)
=wait_com(c)o V term_com(c.e)o V [propositional calculus]
(wait’ A possible(ref,ref’,c) N7 /tr' = 7 /tr); (- wait’ A tr' — tr = ({c.e))) A
((possible(ref , ref’, c); front(ref’) = ref) A state’ = state)

=wait_com(c)o V term_com(c.e)o V [relational calculus]

!/

(
(wait’ A possible(ref, ref’, ¢) A ”/tr ="/tr); (= wait’ A tr' —tr = ((c.e)))
=wait_com(c)o V term_com(c.e [wait_com(c) o and term_com(c.e)o ]
(wait’ A possible(ref, ref’, c) A / ="/tr); (= wait’ A diff (tr', tr) = ((c.e)))
=wait_com(c)o V term_com(c.e)o V (wait_com(c)o; term_com(c.€)o) [terminating_com(c.e)]

=wait_com(c)o V terminating_com(c.€)o

O

All in all then, the reactive design of a prefix like c.e — P can be calculated by the composition of a
simple prefix and P itself.

Theorem 12. (Prefix)

= ((term_now_com(c.e)V terminating_com(c.e)) ; Rl — wait A R2Ct(P}:)))
c.e—» P=Rg =

(wait_com(c)V term_now_com(c.e) V terminating_com(c.e)) ; Rl T <wait > R2e+( Pf))
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Proof.

c.e = P [def of prefix]
= (c.e — Skip); P [Theorem 6]

= (R1ce((c.e = Skip)}) ; Rl (true)) A ~ (Rleg((c.e — Skip)t) ; Rley(— wait A R2e¢(P))))
= Res -
Rlci((c.e — Skip)}); Rlet (T < wait > R2c4(Pf))
[Theorem 11]

- (Rlct(false) ; Rlcy(true)) A = (Rlet((c.e — Skip)t); Rlee(— wait A R2Ct(PJ{)))
= Rt F
Rlct((c.e — Skip)}); Rlet (T < wait > R2c4(Pf))
[Theorem 11 and relational calculus]

= (Rt (wait_com(c) V term_now_com(c.e) V terminating_com(c.e)) ; Rlet (—wait AR2¢t (P}{)))
=Rt H
Rlct(wait_com(c)V term_now_com(c.e)V terminating_com(c.e)) ; Rlet (I < wait > R2c4(Pf))
[relational calculus]

= (term_now_com(c.e)V terminating_com(c.e)) ; Rlet (- wait /\R2ct(PJ{)))
= Rt F
(wait_com(c)V term_now_com(c.e)V terminating_com(c.e)) ; Rlet (I < wait > R2¢ (Py))

O

This theorem states that if it does not hold that P diverges after the termination of c.e — Skip, this
prefix just behaves either like wait_com(c) or like the composition of the execution of c.e and Pf.

4.7 Internal Choice

The internal choice is totally out of control of its environment, and its definition in the original Circus Time
is identical to that in the UTP.

PN@=PVvaQ
The reactive design of internal choice can be easily deduced as follows.
Theorem 13. Suppose P and @ are two Circus Time actions,
PQ=Re((~Pf A= Q) (PfV Q)

This states that if both P and @ do not diverge, it then behaves like either P]? or ij

Proof.
PmQ [def of ]
=PV Q [Theorem 1]
=Ret(—~ P/ P}) V Ret(— Qf F Q) [Law 2,8,15]
=Rt ((— PJ{ FPp) V(= Q]{ FQp)) [Property 1-L1]

=Ret((~ Pl A QD) F(PFV Q)
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4.8 External Choice

The action P O @ may behave either like the conjunction of P and @ if no external event has been observed
yet, or like their disjunction if the decision has been made. In a timed environment, this action in fact
requires that any waiting must be agreed by both actions. For example, the action, Wait 2 O Wait 3, can
behave only like Wait 2 because the waiting observation after two time units cannot be satisfied by Wait 2.
Moreover, Circus Time records the whole history of refusals throughout an execution rather than at the end.
In other words, other than the agreement on the traces, the refusals must also be agreed by both actions
in any waiting period. For example, if the event a resolves the external choice in ¢« — P O b — @), unlike
the approach in CSP, we cannot just use a — P to express the behaviour. This action can also not refuse
b before the occurrence of a.

On the face of it, the external choice in Circus Time is far more complex than that in CSP. As usual, we
apply Theorem 1 to the definition in the original Circus Time and then obtain the following reactive design.

Lemma 20. DifDetected(P, Q); = true
Proof.

DifDetected (P, Q)} [Definition 7]

(ok A = wait A (PN QA ok" Nwait’ N /tr’ =7 /tr) vV Skip)); !

=| —ok"V | ((ok' A= wait’ A tr' = tr A ref’ = ref A #tr = #ref A #tr' = #ref')
V (ok" A head(diff (tr',tr)) # () f

[substitution]
(ok A — false A ((P;c A Q]{ A ok" N wait’ N 7 Jtr' =7 /tr) vV Skipjjf));

- false Vv (false A = wait’ A tr' = tr A ref’ = ref N #tr = #ref N #tr' = ref’)
V (false A head(diff (tr', tr)) # ()

[relational calculus]

=true
O
Lemma 21.
DifDetected(P, Q)} = ((ok AP} A Qf ANwait' N7/ tr' =7 /tr); termination) V termination
termination = (= wait’ Ntr' =tr) V (head(diff (tr', tr)) # ()
Proof.
DifDetected(P, Q)} [Definition 7]

(ok A= wait A ((P A Q N ok’ A wait' N7 /tr' =7 /tr) V Skip)); '

=| —ok"V | ((ok' A = wait’ A tr' = tr A ref’ = ref A #tr = #ref A #tr' = #ref’) [subs.]
( V (ok’ A head(diff (tr',tr)) # () > f
(ok A — false A ((Pf A Qf A true A wait’ N7 /tr' =7 /tr) V Skip})) ;
- true V (true A —wait’ A tr' = tr A ref’ = ref A #tr = Href N #ir' = #ref’)
V (true A head(diff (tr', tr)) # () )
[propositional calculus]

_ < (ok A ((Pf A Qf A wait’ N7 tr' =7 /tr) v Skipf)) ; )

(= wazt’ /\ tr' = tr A ref’ = ref A 4tr = #ref N #tr’ = Href’) V (head (diff (tr', tr)) # ()
[relational calculus)

((ok/\Pf A Qf Nwait' N7 [tr' =7 [tr); (= wait’ Atr' = tr Aref' = ref Afftr = Fref Afttr' = F#ref') Vv

( ok/\PfAQf ANwait' N7 [tr' =" /tr); head (diff (tr', tr)) # () V

(ok A Skzp s (mwait’ N’ =tr ANref =ref AEtr = #ref AEtr’ = #ref') V

(ok A Skzpf head (diff (tr', tr)) # ()

[relational calculus)
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ok A PFAQf Nwait’ N7 [tr' =" [tr); (= wait’ Atr' =tr) V
(ok APfAQf Nwait' N7 [tr' =7 tr); head (diff (tr', tr)) # () V
ok A Skipf); (= wait’ Ntr' = tr Nref' =ref Agftr = Ffref Nt = F#ref') v

(

E [Lemma 12]
(ok A Skip;) ; head (diff (tr', tr)) # ()

(

(

ok A PFAQf Nwait’' N7 [tr' =" [tr); (= wait’ Atr' =tr) V
(0k APfAQf Nwait' N7 [tr' =7 tr); head (diff (tr', tr)) # () V
= (ok A (Rlet(— 0k) V Rlee(— wait’ A tr' = tr A state’ = state))) ;
< (= wait' Ntr' =tr Aref' =ref N#tr = #ref N#tr = F#ref’)
(0k A (Rlet(— ok) V Rlct(— wait’ A tr' = tr A state’ = state))); head(diff (¢r',tr)) # ()
[relational calculus]

Vv

(ok AP} A Qf Nwait' N7/ tr! =7/ tr); (= wait’ Ntr' =tr) v
= | ((ok AP{ A Qf Nwait' N7/ tr' =" /tr); head (diff (tr', tr)) # () V
(= wait’ Ntr' =tr) V (head (diff (tr', tr)) # ()
[Let termination = (- wait’ Ntr'=tr) V (head (diff (tr', tr)) # ()]

=((ok AP} A Qf Nwait' N7 /tr' ="/ tr); termination) V termination

O
Lemma 22. (PO Q); = P]}: \Y% Q]{
Proof.
(PO Q) [Definition 7]
=(CSP2.((P A Q A Stop) V (DifDetected(P, Q) N (P V Q))))}c [CSP2.¢ and Law 40]
[ ((P A Q A Stop) V (DifDetected(P, Q) A (P V Q) v ! o ,
= ( (k' A (P A Q A Stop) V (DifDetected(P, Q) A (P V Q) >f [substitution on of'
=((P A Q A Stop) V (DifDetected(P, Q) N (P V Q))); [substitution]
=(P] A Q] A Stop]) v (DifDetected(P, Q)} A (P] v Q1)) [Lemma 13,20]
:(PJ{ A Q]{ A Rlci(— ok)) V (true A (P]’f \Y Q]{)) [propositional calculus]
=P{ v @
O

Lemma 23.

(PO Q) = Rlee(— 0k)V (P} AQf ANwait' N7 [tr' =7 /tr A state’ = state) V (Diff (Pf, Qf ) A (PFV Qf))
Diff (P, Q) = ((P AN Q AN wait" A" /tr' =7 /tr); termination) V termination
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Proof.

(PO Q) [Definition 7]
=(CSP2((P A Q A Stop) V (DifDetected(P, Q) A (P V Q))))} [CSP2.¢ and Law 40]
_( ((P A QA Stop) V (DifDetected(P, Q) A (P V Q))) v ' - ,
= ( (o' A (P A Q A Stop) v (DifDetected(P, Q) A (P V Q)))!) ) , [substitution on ok’
=((P A Q A Stop) V (DifDetected(P, Q) A (P V Q)))} [substitution]
=(P{ A Qf A Stopf) V (DifDetected(P, Q) A (P} V Qf)) [Lemma 13,20]
=(Pf A Qf N (Rlee(— 0k) V (wait’ A7 [tr' =7 /tr))) v

((((ok APfAQf Nwait' N7 [tr' =7 [tr); termination) V termination) A (PfV Qf)) [P is CSP1¢]
=Rlc(— 0k) V (P} A Qf A wait' A7 /tr' =7 /tr) v

((((ok AP A Qf Nwait’ N7 [tr' =7 /tr); termination) V termination) A (Pf V Qf))

[Let Diff (P, Q) = ((P A Q A wait’ A" /tr' = 7 /tr); termination) V termination ]
=Rlc(— 0k) V (P} A QF A wait’ N7 /tr' =7 /tr) V (Diff (P, Qf) A (P} V Qf))
O
Theorem 14.
PO Q=Ree(~ P A= QL (PfAQf Nwait! N7/ tr' =7 /tr)V (Diff (Pf, Q) A(PFV QF)))
Diff (P, Q) = (P A Q A wait' A" /tr' =7 /tr); termination) V termination
termination = (= wait’ A tr' = tr) V head (diff (tr', tr)) # ()
Proof.

POQ [Theorem 1]
=Rt (— (P O Q); F (PO Q) [design]
=Rei(= ok V (PO Q) V (ok' A (P DT Q)}))) [Lemma 22,23]
g [ ok Plv Qv
T\ (k! A (R1ee(= 0k) v (PF A QF A wait' A7/t =7 /tr) v (Diff (P QF) A (PLV QD))

[propositional calculus]

“R ﬁOk/\PJ]:\/QJJ:V [design]
T\ ok A (P A QF A wait! A7t =7 tr) v (Diff (P, QF) A (PEV QD)) &

=Rt (— ij A = Qf = (P} A QF A wait’ A7/t =7 /tr) v (Diff (P, Q) A (PfV QF)))
O

This reactive design states that if neither of P and @ diverges, its postcondition reveals all cases in the
external choice: P and @ are agreed on waiting without executing any observable event, or in the beginning
they are agreed on waiting and then terminate (the former clause in termination) or execute external events
(the latter clause in termination), or they simply behave like termination immediately.

With regard to this reactive design, we mainly adopt two changes to its pre and postcondition respectively.
For the change in its postcondition, we redefine Diff (P, Q) as

Diff (P, Q) = (((P A Q AN wait" N "/tr' = 7/tr); term_next) V term_now) (4.60)
term_now = ((— wait’ A tr' = tr) V head(diff (tr', tr)) # () (4.61)
term_next = ((— wait’ A tr' —tr = (())) V head(tr' — tr) # ()) (4.62)

Clearly, the difference between term_now and term_nezt is the same as that between term_now_com and
term_next_com, which is explained in Section 4.6. The predicate term_now denotes the immediate termi-
nation or execution of observable events, whereas term_next states that the same actions occur at next time
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unit. Without this change, we cannot prove one of useful laws, (Wait m O Wait m + n)= Wait m. For the
change in the precondition of Theorem 14, we, here, adopt a different approach to deal with divergences.

We discern that the behaviour before a divergence captured in Theorem 14 of the original Circus Time
theory is simply but not very accurate. For example, the original definition of external choice uses PJ{ \Y Q}{
to capture the divergent behaviour individually. However, it introduces extra observation in an external
choice, which may result in false verification of properties. For example, (Wait 3; Chaos) O Wait 2 should
terminate after two time units and never diverge, while it has a divergent state in the original Circus Time
theory. Therefore, in this new theory, we change the precondition of external choice by considering the
divergent cases individually.

In a reactive design, the case for the divergence of the external choice’s predecessor is captured by R3¢,
and the divergent cases for itself are presented in the precondition

= (P} v Q) Atr! = tr); Rlg(true)) A (4.63)
= ((P}C (Qf A /tr" =7 /tr A wait'); tr' — tr = (()))); Rlct(true)) A (4.64)
- ((QJ{ A ((Pr A7)t =7 Jtr A wait’); tr' — tr = (()))); Rleg(true)) A (4.65)
= (PL A ((Q N7 Jtr! =7t A wait') ; head(tr' — tr) # () A (4.66)
= (Qf AN ((Py A7 /tr! =7/t A wait') ; head(tr' — tr) # () A (4.67)
= ((Pf v Q) A head(diff (tr', tr)) # () (4.68)

where, first, the predicate (4.63) states the external choice becomes divergent if any of them diverges
immediately, in which the behaviour after the divergence is simply Rl (true); second, (4.64) and (4.65)
state that either P or @ diverges, but both of them have not executed any event; third, (4.66) and (4.67)
state that either of them experiences an agreement on waiting and a subsequent execution of external events
before the divergence; finally, they immediately execute the external events and diverge later in (4.68). Note
that we always judge a divergence one time unit early so as to avoid Miracle. That is the reason that we
use tr'—tr = ({)) and head(tr'—tr) # () after each agreement on waiting. The entire reactive design of the
external choice operator is given in the following theorem

Theorem 15. (External choice)

= (((PJ{\/ QJ{)/\tr’ = ir); Rl (true)) A

(( AN(Qr N7 tr" =7 /tr Await’); tr' — tr = (()))); Rleg(true)) A

((Qf (P A7 /tr" =7 Jtr A wait’); tr' — tr = (()))); Rleg(true)) A
PO OZR, = (PLA((Q N7t =7 tr A wait') s head(tr' — tr) # () A
- (Qj{ A ((Pr A7t =7 tr A wait’) ; head(tr’ — tr) # () A

= ((PLv Q1) A head(diff (tr', tr)) # ())
l_

(PLA QF A wait' A7 /tr' ="/tr) v (Diff (PL Q) A (PLV QL))

Here, the definition of Diff is in (4.60). Although this reactive design of external choice seems a little
bit complicated, it is able to accurately capture the divergent behaviour. In addition, this definition holds
all algebraic laws about external choice like P O Chaos = Chaos in the original model. In addition, this
new reactive design can also refine the original one (Theorem 14). To validate this definition, we only need
to prove the following two refinement relations

(P} A QF A wait' N7 [tr =7 /tr); termination)
C (4.69)
(- PJJ: A = QJ{ A((Pf A Qf Nwait’ N7 [tr =7 /tr); term_next))
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Proof.
- P}{ A = Q}t A ((Pf A Qf N wait’ N7 [tr =7 /tr); term_next) [propositional calculus]
=(Pf A Qf Await’ N7 /tr =7 /tr); term_next [term_next|
=(Pf A Qf N wait' N7 /tr =" /tr); (= wait’ A tr' —tr = (())) V head(tr' — tr) # () [rel. calculus]
=(Pf A Qf Await’ N7 /tr =7 /tr); (- wait’ A tr' = tr) V head (diff (tr', tr)) # ()) [termination]
:(Pf A Qf A wait’ N7 /tr = 7 /tr); termination
O
= (((PJ]: Y, QJ{) Atr’ = tr); Rle(true)) A
- ((PJ]: AN((QF N7 tr" =7 /tr AN wait’); tr' — tr = (()))); Rlce(true)) A
/ ~ _~ VAN — .
- ((Qf /\f((Pf AN /tr/ = /t?" A\ wazt’)’ tr' — tr = <<>>)), 1Ct(true)) Co Pff/\—\ fo (4 70)
= (Pt A((Qf AT/t =7 tr A wait') 5 head(tr' — tr) # () A
- (QJ{ A ((Pp ATt =7 /tr A wait’) ; head(tr' — tr) # ()) A
= (P} v QL) A head(diff (tr', tr)) # ())
Proof. The above refinement relation depends on the following seven implication relations.
(1). (PLAtr' = tr); Rle(true)) = P} v Qf
((PJ{ Atr' = tr); Rle(true)) [relational calculus)
=P[; Rl (true) [P is CSP4]
:ij [propositional calculus]
f f
=P; V Qs
(2). ((Qf Atr' = tr); Rlg(true)) = Pl v Qf
The proof is similar to (1)
(3). (PLA((Qr A7 Jtr! =7t Await'); tr' — tr = (()))); Rt (true) = PL v Qf
(P}{ AN(Qr N7t =7 Jtr A wait'); tr' — tr = (()))); Rlet(true) [relational caluclus]
=P{; Rl (true) [P is CSP4y]
:P]{ [propositional calculus]
f f
=P; VvV Q;
(4). (QF A ((Py A7 /tr! =7t Await'); tr' — tr = (()))); Rlet(true) = Pf v Qf
The proof is similar to (3)
(5). PLA((Qr A7/t =7 /tr Await'); head (tr' — tr) # () = P} v Q]
(6). QF A ((Py A7/t =7 /tr Await') ; head(tr' — tr) # () = P v Qf
(7). (P} v QL) A head(diff (tr',tr)) # () = P{ v Qf
The proof of (5),(6) and (7) are straightforward.
O

Law 63. P O Chaos = Chaos



4.9 Parallel Composition 41

Proof.
P O Chaos
- (((P]{ v Chaos}c)/\tr’ = tr); Rlet(true)) A
- ((PJ{ A ((Chaosy A " [tr" = 7 /tr A wait’); tr' — tr = (()))); Rlet(true)) A
- ((Chaos}c A ((Pp ATt =7 tr A wait’); tr' — tr = (()))); Rleg(true)) A
R - (Pff A ((Chaosf A7/t =7 tr A wait’) ; head(tr' — tr) £ ())) A
o - (Chaosf ((Pf At =" tr A wait’) ; head(tr' — tr) # () A
((P Y% Chaosf) A head(diff (tr', tr)) # ()
l_
(P} A Chaosf A wait’ A" /tr' =" /tr) V (Diff (Pf, Chaost) A (Pf V Chaosf))
[Chaos(Theorem 4)]
= (Pl vtrue) Atr' = tr); Rlct(true)) A
- ((Pj: A ((Chaosy N " /tr' =7 /tr A wait’); tr' — tr = (()))); Rlct(true)) A
- ((C’haosf ((Py A7 Jtr" =7 /tr A wait’); tr' — tr = (()))); Rlce(true)) A
"R - (PJ{ A ((Chaosy N " /tr' = 7 /tr A wait’) ; head(tr' — tr) # ())) A
o - (Chaos}( N ((Py N7 tr" =7 Jtr A wait') head( tr) # ())) A
= ((P] v Chaos]) A head (diff (tr', tr)) # <>)
',
(P} A Chaosp A wait' A" /tr' =" /tr) v (Diff (P}, Chaost) A (Pf V Chaost))
[relational calculus]
false A
- ((P; A ((Chaosy N " Jtr' =7 [tr A wait); tr' — tr = (()))); Rlct(true)) A
- ((Chaos; N ((Py N7 tr" =7 Jtr A wait’); tr' — tr = (()))); Rlee(true)) A
_R., - (P]{ A ((Chaosy N " Jtr" =7 /tr A wait') ; head(tr’ — tr) # ())) A
- (Chaosf ((Pr A7 Jtr" =7 /tr A wait’) ; head(tr' — tr) # () A
= (P! v Chaos]) N head(diff (tr', tr)) # ())
'_
(P} A Chaosf A wait’ A" /tr' = 7 /tr) v (Diff (Pf, Chaosf) A (P} V Chaosf))
[relational calculus)
=Rt (true) [Chaos]
=Chaos

O

4.9 Parallel Composition

The parallel composition P |[s1 | {| CS [} | s2]| @ is the action where all events in the set CS must be syn-
chronised, and the events outside CS can execute independently. In addition, s; and s, contain the local
variables that each action can change during the composition. The parallel process terminates only if both
P and @ terminate, and it becomes divergent if either of P and @ does so.

The parallel composition in the original Circus Time is constructed as the similar approach in the UTP.
That is, it first transforms two actions into disjoint actions by renaming their alphabets, and generates the
final result by a merge operation.

Pllsi|{ €S }] ]| Q= (P UO(outaP) A (Q: UL(0utaQ)) s (irrery : My (4.71)

The labelling process Ul(m) simply passes dashed variables of its predecessor to labelled variables and
also removes these dashed variables from its alphabet, which is defined as

Ul(m) = var l.m; (I.m :=m);end m

where var z and end z are the variable declaration and undeclaration respectively, and their definitions in
the UTP book are given as
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Definition 11. Let A be an alphabet that includes x and z'. Then

var £ =3z e Iy a(var z) = A\ {z}
end z =31 e Iy alend z) = A\ {z'}

Notice that IT4 is the relational identity (aII4 = A). Therefore, through the variable declaration var
and the variable undeclaration end operators, the output alphabet of Ul(m) consists I.m only. However
under some circumstances we do need the initial values of P or (). For this reason, we expand the alphabet
after the labelling process. For example, P, denotes P A n’ = n. Here we are only interested in ¢r and
ref that will be used in M.

The predicate M| merges traces and refusals from its predecessor with respect to the interface CS, and
also updates the variables from s; and so. The merge operation in the original Circus Time model is defined
as

My = M., ; Skip (4.72)

M. 2 ok’ = (0.0k A 1.0k) N MTR(tr, tr',0.tr, 1.tr, ref , ref’, 0.ref , L.ref) A
=\ wait’ = (0.wait V 1.wait) A state’ = (0.state — s3) @ (1.state — s)

, . , ) .
T (tr, tr’,0.tr, 1.tr, ) ~ ( diff (tr', tr) € TSync(diff (0.tr, tr), diff (1.tr, tr), CS) A ) (4.74)

(4.73)

ref, ref', 0.ref, 1.ref ) — ref’ — front(ref ) = MRef (0.ref — front(ref ), L.ref — front(ref ), CS)

where the predicate MTR is the merge operation for the traces and refusals. As shown in (4.74), the resulting
trace, diff (tr', tr), is a member of the set of traces generated by the synchronisation function T'Sync, and
the corresponding refusals, ref’ — front(ref), is calculated by the function MRef on each time unit. The
detailed definitions of T'Sync and MRef are given in Appendix C.

The parallel composition terminates only if both of them have terminated (wait’ = (0.wait V 1.wait)),
and becomes divergent only if one of them does so (ok’ = (0.0k A 1l.ok)). In case M. may become
divergent, the action Skip is used to capture the traces and refusals before the divergence. However, the
definition (4.72) and its reactive design calculated from this definition cannot hold another of useful laws,
P || Chaos = Chaos. The CSP theory in the UTP uses the following predicate to hold this law,

Ju((ulaP =0tr—tr)A(ula@Q=1tr—tr) A (ul (P || Q) =u) Atr' =tr " u) (4.75)

where s | E restricts a sequence s to only elements of the set F. However, the original Circus Time theory
adopts only the predicate MTR that cannot retain the same result of (4.75). For example, the least trace
of Chaos is tr' = tr, or diff (tr', tr) = (()). Suppose that the trace from another action is ({a)). Through
the predicate MTR, we may observe the trace ((a)) rather than (()) that is what we really expect. To rule
out this unwanted case, we give an extra predicate to tackle it in the precondition.

= ((PI v Q) A tr' = tr); Rlce(true)) (4.76)

This predicate states that, if either P or @ behaves like Chaos, the other will not be considered. Thus,
we put the predicate (4.76) into the precondition of the reactive design (whose calculation can be found in
Appendix C) that is calculated from the original definition (4.71), and finally obtain the following theorem.

Theorem 16. (Parallelism)

Pllsi [{ CS [} | s2]] @ =
- (((PJ’: Y QJ{) A tr' = tr); Rlet(true)) A
30.tr,0.ref , 1.tr, L.ref o

- P}:[O.tr,O.ref/tr’, ref'] A Qp[l.tr, Lref /tr', ref’] \ | ; Rlcs(true)| A

A MTR(tr, tr',0.tr, 1.tr, ref , ref’, 0.ref , 1.ref )
Rt 30.tr,0.ref, L.tr, L.ref o

- Py[0.¢r, 0.ref /tr', ref’] A Q}t[l.tr, L.ref /tr', ref'] \ | ; Rlct(true)

A MTR(tr, tr’,0.tr, L.tr, ref, ref’, 0.ref , 1.ref )

}7
(((Pf; UO(outaP)) A (Qf s UL(outa@))) 4 {tr refy; Met)
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Note that if P or @ diverges eventually, we consider only the traces and their corresponding refusals that
satisfy MTR, which is given in the precondition of the above reactive design. This reactive design cannot
refine the definition in the original theory. However, we have proved a number of laws for parallelism that
can validate this reactive design.

Law 64. P|[| {| CS [} |]| Chaos = Chaos
Proof.

P[[{ €S [} 1| Chaos [Theorem 16]

= (P} v Chaos]) A tr' = tr) ; Rl (true)) A
30.tr,0.ref , 1.tr, 1.ref ®
- PJ{ [0.tr, 0.ref /tr', ref'] A Chaosp[1.tr, 1.ref /tr', ref'] \|; Rlct(true)| A
A MTR(tr, tr',0.tr, L.tr, ref , ref’, O.ref , 1.ref)
=Rt 30.tr,0.ref, 1.tr, 1.ref ®
- P[0.tr, 0.ef /tr!, ref'] A C’haos}c[l.tr, Lref Jtr', ref'] \ | ; Rlet(true)
A MTR(tr, tr',0.tr, L.tr, ref , ref’, O.ref , 1.ref)
l,

(((Pf; UO(outaP)) A (Chaosf ; Ul(outa Chaos))) 4 (ir refy; Met)
[Chaos (Theorem 4)]

- (((ij V true) A tr’ = tr); Rlet(true)) A
30.tr,0.ref, 1.tr, L.ref
- P]{ [0.tr, 0.ref /tr', ref'] A Chaosg[1.tr, L.ref /tr', ref'] \|; Rlet(true)| A
A MTR(tr, tr',0.tr, L.tr, ref , ref’, O.ref , 1.ref)
=Rt 30.tr,0.7ef, 1.tr, 1.ref ®
- P¢[0.tr, 0.ef /tr!, ref'] A C’haos}c[l.tr, L.ref /tr', ref'] | ; Rlet(true)
A MTR(tr, tr',0.tr, L.tr, ref, ref’, O.ref , 1.ref)
'_

(((Pf; UO(outaP)) A (Chaosf ; Ul(outa Chaos))) 4 (ir refy; Met)
[relational calculus)

- ((PJ{ A tr' =tr); Rle(true)) A — true
30.tr,O.ref, 1.tr, 1.ref o
- ( PJ{ [0.tr, 0.ref /tr', ref'] A Chaosg[1.tr, L.ref [tr', ref’}) ;i Rleg(true)| A
A MTR(tr,tr',0.tr, 1.tr, ref , ref’, 0.ref , 1.ref)
=Rt 30.tr,0.ref, 1.tr, L.ref ®
- ( Pg[0.tr,0.ref [t ref’] A Chaos}c[l.tr, l.ref /tr!, ref/]> ; R1lct(true)
A MTR(tr,tr',0.tr, 1.tr, ref , ref’, 0.ref , 1.ref)
'_

(((Pf; UO(outaP)) A (Chaosf ; Ul(outa Chaos))) y (ir refy; Met)
[design and propositional calculus]

=R (true)

Law 65. (a — Skip) ||| Miracle = Miracle
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Proof.

(a — Skip) ||| Miracle [Det-|||]
=(— Skip) |[[ {| 0 [} [1| Miracle

((((a — Skzp) Y Mz’mcleJ{) A tr' = tr); Rlet(true)) A
30.tr, Oref 1t7" l.ref @
(@ — Skip) [0 tr,0.ref /tr', ref’] A Miracles[1.tr, L.ref /tr, ref ; Rleg(true)| A

( /\MTR tr, tr ,0.tr, Ltr ref , ref’, 0.ref , 1.ref )
=R EI() tr, 0. ref 1. tr 1. ref °
(a — Skip)¢[0.tr,0.ref /tr', ref'] A Mzmclef [1.tr, L.ref /tr', ref'] \ | ; Rlct(true)
/\ MTR(tr, tr',0.tr, 1.tr, ref , ref’, 0.ref , L.ref)
'_
(a — Skip)}; UO(outa(a — Skip))) A (Miraclef ; Ul(outaMiracle))) y (i refy; Met)

[Miracle (Theorem 5)]
((((a — Skzp) V false) A tr' = tr) ; Rlet(true)) A

EIOtr Oref ltr l.ref o
(@ — Skip) [0 tr,0.ref /tr', ref’] A false[l.tr, 1.ref /tr', ref'] \ | ; Rlct(true)| A
/\MTR tr, tr ,0.tr, 1.tr, ref , ref’, O.ref , 1.ref )

=Rt 30 tr, 0. ref 1. tr 1. ref .
(a — Skip)¢[0.tr, 0.ref /tr', ref'] A false[l.tr, 1.ref /tr', ref'] \ | ; Rlc¢(true)
/\ MTR(tr, tr',0.tr, 1.tr, ref , ref’, 0.ref , 1. ref)

',

(a — Skip)} ; UO(outa(a — Skip))) A (false; Ul(outaMiracle))) i (i repy; Met)
[relational calculus]

- (((a — Skip)§ A tr' = tr); Rl (true)) A — false A — false A — false
=Rt F [prop. calculus]
false

=Ret(— (((a — Skip)jf. A tr' = tr); Rle(true)) - false) [Simple prefix (Definition 10)]
=Ret(— ((false A tr' = tr); Rlct(true)) - false) [relational calculus]
=Rt (true - false) [Miracle)
=Miracle

O

4.10 Hiding

Similar to the CSP hiding operator in the UTP [10], the hiding operator in the original Circus Time is defined
as follows (Definition 9)

P\ CS =Ret(Is,r e Pls,r/tr',ref'] A L) ; Skip (4.77)
Ly = diff (tr', tr) = diff (s, tr) L+ (X—C8) A r—front(ref) = ((ref’ — front(ref)) Uy CS) (4.78)

where two special operators, |; and U;, are defined to restrict timed traces and complement refusals respec-
tively.

try = (tra by CS) & Vi 1.#tr @ tri(i) = (tro(i) | CS) A #try = #try
refi = (refo Uy CS) < Vi : 1..#ref; o refi(i) = (refa(i) U CS) A #refy = #refo

As usual, the reactive design of the hiding operator is calculated as follows.

Lemma 24. Providing P is a Circus Time action,

Rl o R2:¢(Is,7 @ Pls,r/tr',ref'] AN Ly) =3s,r e Pls,r/tr' ref'] A Ly
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Proof.
TObedone.
O
Law 66. Suppose P is a Circus Time action,
(P\ CS); =Rilc 0 R2¢(3 s, 7 @ Prls,r/tr', ref'] A L;) ; Rleg(true)
Proof.

(P\ CS) [def of \]
=(Ret(Is,7 @ Pls,r/tr', ref'] A L) ; Skip)? [relational calculus]
=(Ret(Is,7 @ Ps,r/tr',ref’] A L))y ; Skip [Lemma 43]
=Ret(Ts,r e Pls,r/tr',ref'] A L)) ; Rleg (- ok) [relational calculus]
=(Ret(3Is,7 @ Pls,r/tr', ref'] A Lt) ; Rl (true) [Law 24]
=(Rlct 0 R2¢¢ (35,7 @ Pr[s,r/tr', ref'] A (Li))) ; Rley(true) [substitution]
=Rl oR2:(3s,7 @ PJ{ [s,7/tr',ref'] A Li); Rlet(true) [Law ?7]
=(3s,r e PJ{[S, r/tr',ref'] A Ly) ; Rleg(true)

O
Law 67. Suppose P is a Circus Time action,
(P\E);=((3s,re P]J:[s, r/tr' ref'] A Ly) ; Rlee(true) V (3s, 7 o P[s,r/tr', ref'] A Ly))
Proof.

(P\ E)} [def of \]
=(Ret(Is,r e Pls,r/tr', ref'] A Ly); Skip)} [relational calculus]
=(Res(3s,7 @ Pls,r/tr',ref'] A Ly))s ; Skip® [Law ?7?)
=Ret(Ts,r o Pls,r/tr',ref') A L)) ; (Rlee(— ok) V (ok A IT)) [rel. cal.]
=(Rect(Is,r o Ps,r/tr',ref'| A Li))s; Rleg(— 0k) V [Step 4 in Law 66)

(Ret(3s, 7@ Pls,r/tr',ref'] A Lt))s; (ok A IT)
=(3s,re Pf[s r/tr' ref'] A L) ; Rley(true) v [rel. calculus and unit law]

(Ret(3s,7 @ Pls,r/tr',ref'| A Ly))s; (ok A IT)
=(3s,r e Pf[s r/tr' ref'] A Lt); Rl (true) V (3s, 7 Pls,r/tr', ref'] A L)} [substitution]

=(ds,re Pf[s r/tr' ref'| A L) ; Rl (true)V (I s, v o P[s,r/tr' ref'] A Ly)

O

Now, the reactive design of hiding can be deduced in terms of the above laws.

Theorem 17. (Hiding) Suppose P is a Circus Time action,

P\ CS=Re(—((Fs,re PJJ:[S7 r/tr' ref' T A Ly) ; Rlee(true)) b (3s, v o Pfs,r/tr', ref'] A Ly))
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Proof.

P\ CS [Theorem 1]
=Ree (= (P CS); = (P\ CS)}) [def of design]
=Ree(0k A= (P\ CS)} = ok’ A (P\ CS)}) [Law 66 and Law 67]

ok A= ((3s,re P]J:[s, r/tr' ref'] A L) ; Rle(true)) =
=Rt , (s, r e P}r[s, r/tr' ref’] A L) ; Rleg(true) [prop. cal.]
ok’ A . , ;
V (3,7 e Pf[s,r/tr', ref'] A Ly)
=Ret(0kA= ((Fs,r e P]’:[s, r/tr', ref'| A Li); Rleg(true))= ok’ A(Is, 7 @ P]f[s, r/tr' ref | ALy)) [design]
=Rea(— ((Fs,r e ij [s,7/tr', ref'| A Ly) ; Rlce(true)) = (3s, 7 o Pils, r/tr', ref'] A Ly))

4.11 Recursion

The semantics of recursion is the same as that in the UTP [10]: weakest fixed point. Given a monotonic
function F', the semantics of recursion is the weakest fixed point of F'.

pXeF(X)=[ {X|F(X)C X} (4.79)
The strongest fixed point of F'(X) is defined as the dual of the weakest.
vF=-pX e F(=X) (4.80)

To express a recursion as a reactive design, we have to calculate the precondition and postcondition of a
recursively defined design. For that, we can use the definition of a recursive design and some theorems on
linking theories in [10]. In the theory of designs, any monotonic function of designs can be expressed in
terms of a pair of function that apply separately to the precondition and the postcondition, for example

F(P,Q)F G(P, Q)

Here, P and () are predicates representing the precondition and postcondition of a design, F' is monotonic
in P and antimonotonic in @, whereas G is monotonic in @ and antimonotonic in P. Thus, as described in
the theory of designs, the weakest fixed point is given by a mutually recursive formula, that we reproduce
below.

Law 68. (Property 1-L4)

pX,Y)e (F(X, V) GX,Y))=P(Q)F Q
where P(Y)=vX e F(X,Y)
and Q=pY e (P(Y)= G(P(Y),Y))

As shown in Theorem 1, if X is a reactive design, X = Ret(— Xf - Xf). Hence, similar to Law 68, the
weakest fixed point of a recursively reactive design can also be given by a mutually recursive formula.

Theorem 18. (Recursion)
H(X, V) o Ry (F(X, V) I G(X, ¥)) = Reo(u(X, V) o F(X, V) - G(X, V)

Clearly, this theorem states that the left part of the equation is the natural expression of a recursively
reactive design and the right part is the solution to calculate it. That is, the weakest fixed point of the
recursively reactive design is R¢t healthiness of the weakest fixed point of its recursive design. The calculation
of p(X,Y)e F(X,Y)F G(X,Y) is obviously by Law 68.

To prove the equation in Theorem 18, we directly adopt an important theorem from the linking theories
of the UTP book, which can be described here.

Theorem 19. Let D and E be monotonic functions. If there exists a function R such that RoD = Eo R,
then R(uD) = pE.
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As a result, the proof of Theorem 18 can be established as follows.

Proof.

Let D(XFY)=F(X,Y)F G(X,Y) and
E(Ret(X + Y)) = Ret(F(X, Y)  G(X, Y))

then EoRg (X F Y) [def of E]
=Ret(F(X,Y)F G(X,Y)) [def of D]
=Ret(D(XFY) [def of composition]

=Ry o D(XF Y)

therefore p(X,Y)e E(Ret(X F Y)) =Ret(p(X,Y) e D(X F Y))

4.12 Timed Event Prefix

A timed event prefix c.e@t — P allows the action to record the amount of time which has elapsed between
the initial event’s offer and its occurrence. The information of time may then be used by the subsequent
action as a local variable. Similar to the composition of an untimed event prefix in Section 4.6, c.e@t — P

can also be expressed as c.e@t — Skip ; P. Thus, we only need to give the definition of a simple timed event
prefix.

Theorem 20.

A wait_com_time(c) V term_now_com_time(c.e) V
c.c@t = Skip = Ret (true - ( terminating_com_time(c.e, t)

wait_com_time(c) = (wait’ A state’ = state & {t — #tr' —4ttr} A possible(ref , ref’, c) N Jtr' ="/ tr)
: ~ (= wait’ A state’ = state ® {t — #tr' — #ir} A
termnowcomtzme(c.e)-(diﬁ(tr,’ tr) = {{c.e)) A front(ref’) = front(ref)

. ~ (™ it tate’ = stat t > #tr’ —
term_next_com_time(c.e) = ( wait’ N\ state’ = state @ { i =% T}>

A tr' —tr = ({c.e)) A front(ref’) = ref
terminating_com_time(c.e) = (wait_com(c) ; term_next_com_com(c.e))

These predicates within the above definition are very similar to those in the definition of prefix in
Section 4.6.

4.13 Timeout

The timeout operator in the original Circus Time is the same as that in Timed CSP, which takes advantage
of the urgency of internal events caused by the hiding operator. That is, @) will take place if no observable
event in P can happen within d time units.

Pr{d} Q=(PO (Wait d;c— Q))\ {c} (c¢ aPUaQ)

However, the reactive design of the timeout operator is very complex and nearly unreadable if we begin
it with the reactive designs of Wauait, sequential composition, external choice and hiding, in light of the
definition above.

We intuitively give a simpler reactive design which includes the whole scenario of the timeout operator.
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Theorem 21.

= ((PL At =7/t A #htr' — #tr < d) ; Rlg(true)) A
- (P}J: A (Tt =" tr N #tr' —#tr < dAwait’) ; head (tr" — tr) # () A
= (P] A head(diff (tr, tr)) # ()) A
 ((Pf ATt =7 )tr A ttr’ — #ttr = d); (I =%t A = wait’) ; Q]{)
l_
(P} A wait’ N7 Jtr' =7 [tr Nt — 4tr < d) v

(PEA(((T/tr" =7/ tr Aftr’ —4ftr < d Await') ; term_next) V term_now)) V

((PF A (D /tr" =7 [tr A ttr’ — ttr = d)); (I~ A = wait') ; Qf)

P D{d} Q = Rct

From the above definition, we have a clear view of the behaviour of the timeout operator. In the
precondition, the first clause in the conjunction states that P diverges before d time units without executing
any external event, including the immediate divergence of P; the second states that P has waited for a whole
and executed some external events before d but becomes divergent later; the third states that P executes
the external events immediately and diverges later; the fourth states that @ diverges if P has not executed
any observable event before d. The postcondition describes three possible cases. First, P can wait for the
interaction of its environment less than d time units. Second, P can terminate or execute external events
within d. Finally, @ takes place if nothing happens in P by the end of d time units. Note that we use the
predicate (I~ A — wait’) and sequential composition to guarantee that @ starts immediately after d
while the final state of P at d is passed on as the initial state of Q).

The delay operator Wait can also be defined by the timeout operator, Stop and Skip as

Wait d = Stop > {d}Skip

Since the reactive designs of Skip and Stop have been given in Section 4.1 and 4.4, we, here, treat this
alternative definition of Wait as a law and furthermore prove it to show the consistency of this reactive
design of timeout.

Law 69. Wait d = Stop > {d}Skip

Proof.
Stop > {d} Skip [Theorem 21 (timeout)]
- (((Stop)}r ANt =" tr N’ — #ir < d); Rl (true)) A
= ((Stop)? A (T tr' =" /tr A #tr' —#tr < dAwait’) ; head(tr' — tr) £ () A
= ((Stop)} A head(diff (tr, tr)) # () A
— Ry, = (((Stop)§ A7 [tr! =7t A tr! —Fttr = d) 5 (I~ A = wait') ; (Skzp)?)
¢ =
((Stop)§ A wait’ N7 Jtr! =7 [tr A Ftr' — #tr < d) V
((Stop) s A(((7/tr' ="/ tr Ngftr! —Ftr < d Await') ; term_next) V term_now)) V
(((Stop)} A (T /tr' =7 [tr At — 4ftr = d)) ; (I~ A = wait') ; (Skip)})
[Stop and Skip and their preconditions]
- ((false A 7 /tr' = 7 Jtr A #tr' — #tr < d); Rl (true)) A
- (false A ((7™/tr' =" /tr A #tr' —Ftr < d Await’) ; head(tr’ — tr) £ ())) A
- (false A head(diff (tr,tr)) # () A
= (((Stop)§ A7 /tr! =7 [tr A ftr! — fttr = d) 5 (I~ A = wait') ; false)
= Rt L [rel. cal.

((Stop)§ A wait’ N7 Jtr' =7 [tr A Ftr' — #tr < d) V
((Stop) s A(((7/tr" ="/ tr Ngttr! —Ftr < d Await') ; term_next) V term_now)) V
(((Stop)} A (7/tr' =7 tr A Ftr' — Fttr = d)) 5 (LY A = wait') ; (Skzp);)
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((Stop)§ A wait’ N7 [tr! =7 [tr N Ftr' — F#tr < d) vV
=Ree | truet= | ((Stop) s A(((7/tr'="/tr Nttr' —ftr < d Awail') ; term_next) V term_now)) V
(((Stop)§ A () tr" =7 Jtr N #tr' —Fttr = d)); (T~ A = wait') ; (Skip)})
[Stop contradicts with term_now and term_next |

o | true - ((Stop)§ A wait’ N7 [tr' =7 [tr A #tr' — #tr < d) V
ot (((Stop)§ A (7 tr" =7 Jtr N Ftr! —Fttr = d)); (I~ A = wait') ; (Skip)})
[Stop and Skip and their postconditions]

= Ret [true (wait’ N [tr' =7/t A dEtr’ —4ftr < d) v
o (7 /tr' =" /tr N4t —Ftr=d) ; (L% A= wait’) ; (wait’ Atr' = tr A state’ = state))

[relational calculus)

= Rei(true = 7/tr' = 7 /tr A (#tr' — #tr < d < wait’ > #tr' — #tr = d A state’ = state))

4.14 Deadline

The deadline operators in this new model are hard. That is, the deadlines must be satisfied. Failure to meet
a deadline in Circus Time will result in an infeasible action. Here we define two kinds of deadlines: one (<)
is an action must execute an observable event within a deadline, the other (») is the action must terminate
within the deadline.

Theorem 22.

- ((P; A tr' = tr); Rlet(true)) A - ((PJ{ A #tr' — #ir < d); Rleg(true))
Pwr»d=Rg F
(P} A #ttr' — 4ttr < d))

The above definition guarantees that only the observation within d time units is valid. In other words, if
P cannot terminate within d time units, the time will stop at d. As a matter of fact, this deadline operator
incurs a timelock or timestop, which prevents time from passing beyond a certain point, if the deadline
cannot be satisfied.

The deadline operator («), which requests that external events must happen within d from the start, is
defined by external choice, delay and Miracle as

d 4« P = PO (Wait d; Miracle) (4.81)

Note that, here, Miracle plays an important role to generate a timelock after d time units if the external
choice cannot be resolved by P. The reactive design of this deadline operator is deduced from (4.81) and
the detailed proof can be found in Appdendix D.

Theorem 23.
= (PLAtr' = tr); Rlg(true)) A
= (PLA#tr' —#tr <d A tr' =7/ tr); Rl (true)) A
- (P]J: A ((#tr'—Ftr<d N7 Jtr' =7 [tr A wait’) ; head (tr' — tr) # () A
d 4P =R = (P} A head(diff (tr', tr)) # ()
l_
(P} A #ttr' —dtr < d A wait’ N7 [tr' =7 [tr) v

(Pf A (((Ftr' — #tr < d A7t = Ttr A wait'); term_next) V term_now))

From the precondition of this reactive design, the first clause states that P diverges immediately; the
second states that P diverges without executing any external event; the third expresses that P waits for a
while, executes some external events and then diverges later; the fourth denotes that P immediately executes
the external events and diverges afterwards. From the postcondition, it actually states that P must either
terminate or execute certain observable events before or at d time units. Note that term_now and term_next
have been defined in Section 4.8. Similar to », fail to meet the deadline can result in a timelock.
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4.15 Interrupts

Hoare’s CSP book [9] gives a generic interrupt operator, P A @, which allows P to execute, but it may
be interrupted by the first external event from @ and the program control is simultaneously passed to Q.
Thereafter, the standard models of CSP adopt a catastrophic interrupt, which is expressed as P A, @. Here,
the catastrophic event c¢ is unique, and its occurrence can interrupt P. However, this simpler interrupt might
not be convenient for specifying real-time systems. For example, a seminar room is booked for an hour.
Therefore one hour later after the punctual start, the seminar has to be interrupted if the next session has
been booked by someone else. But the speaker may continue his talk if no one turns up to use this room.
This example may be described as follows

SEMINAR A (Wait 1; close — Skip)

Timed CSP [18] uses the generic interrupt to satisfy time requirements. Note that the above process does
not mean that the interrupt must occur after one hour because the occurrence of close depends on the
environment. If we say that the seminar must finish after one hour no matter whether this room will be
used then, the generic interrupt is incompetent. Accordingly, a timed interrupt is introduced in Timed CSP
to describe this scenario.

SEMINAR A, Skip

which means the interrupt must happen one hour later. That is to say, the timed interrupt is time-driven
and out of control of its environment. The UTP semantics of the catastrophe in CSP has been discussed
in [11], and we will use the same idea to calculate its reactive design in Circus Time. Unfortunately, the
approach in [11] does not work for the generic interrupt. Therefore, we follow the idea in Timed CSP to
deal with the generic interrupt to consider it a special kind of parallel composition. For the timed interrupt,
it can still be treated as a sequential composition and therefore its reactive design is directly given.

4.15.1 Catastrophe

We use the same approach in [11] but with changes to accommodate time behaviours to generate a UTP
definition for a catastrophic interrupt, which is then calculated to produce a reactive design. The general
idea in [11] is to use a new healthiness condition I3, whose name simply reflects its relation to R3¢, to
bring the catastrophic event forward to any waiting state of the interruptible process while this event is not
refused by an alphabet extension. An I3 healthy process can only execute while its predecessor is in an
intermediate state, or can behave like a Circus Time identity if its predecessor terminates.

Definition 12. I3(P) = P < wait > I

Here we can clearly see I3’s relation to R3¢ by the law R3¢t(I3(P)) = II.; which states that an I3
healthy process will behave as the identity if it is required to be R3¢t healthy. In addition, to make sure
the interrupt event is not refused during the execution of the interruptible process, an alphabet extension
operator is defined as

- ¢~ . . : e A
Definition 13. P1¢ = (P Apossible(ref, ref’, c)); (H < wait > ( front(ref') = front(ref) ))
where possible(ref, ref’, ¢) is defined in Section 4.6. The predicate I ~"¢ is the relational identity without
the variables ref and ref’. Note that we use front(ref’) = front(ref) to free the last element of refusals in P,
since we usually request that the last refusal is arbitrary if a process terminates. Furthermore, we develop
a new predicate, interrupt(c, @), to describe that an event is forced to occur despite an apparent situation
opposite to an ordinary action in Circus Time.

Definition 14.
try(c, Q) = (I < wait’ > term_now_com(c)); Q

Note that term_now_com(c) has been defined in Section 4.6. The action in try(c, @) is similar to the
prefix operator in Circus Time but without the constraint of the healthiness conditions. Also, it simplifies
the behaviour of the prefix so as to terminate with the immediate execution of c.e, or just behave like
the identity. Here, the usual non-refusal of ¢ will be achieved by the alphabet extension when sequentially
composed with the interruptible action.
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Definition 15. force(c, Q) = 13(try(c, Q))

The definition of force(c, @) in Definition 15 is an I3-healthy try(c, Q) that states that it behaves as the
identity (II.;) when its predecessor terminates, and otherwise behaves like ¢ry(c, @). Thus, the predicate
interrupt(c, @) is defined as a CSP1¢¢-healthy force, which considers divergences of its predecessor and ).

Definition 16. interrupt(c, @) = CSP1.(force(c, Q))

The definition for catastrophe is given as a sequential composition between the interruptible action P with
an alphabet extension by augmenting the interrupt event ¢, and the newly-defined predicate interrupt(c, Q).

Definition 17. P A, Q = R3¢ 0 CSP2¢(P ¢ ; interrupt(c, Q))

Here, R3¢ restricts the bound of I3, and CSP2.; requires that a divergence within this interrupt may
also contain termination.
To obtain the reactive design definition of catastrophe, we calculate it as follows.

Lemma 25. (PT¢; (= ok A RT))f = (Pff A possible(ref , ref’, ¢)); Rleg(true)
Proof.
(P*¢; (= ok A RT)); [Definition 13|
=((P Apossible(ref , ref’, ¢)); (I < wait > ( I~ A front(ref’) = front(ref) )) ; (- ok A RT))s
[relational calculus]
=(Py Apossible(ref , ref’, ¢)); (I < wait > ( I~ A front(ref’) = front(ref) )) ; (= ok A RT)
[relational calculus]

(Py A possible(ref , ref’, ¢)); (IL A wait); (= ok A RT) V

(Ps A possible(ref, ref’, ¢)); (= wait A T=" A front(ref’) = front(ref)); (= ok A RT)
[relational calculus]

=(PJ{ A possible(ref,ref’, c)); RT V (P]{ A possible(ref,ref’, c)); RT [propositional calculus]
:(P]J: A possible(ref ,ref’, ¢)); Rlet(true)
O
Lemma 26. P1¢; (ok A try(c, Q) A wait) =
< ((P A possible(ref ,ref’, c) N ok’ A wait") v )
((P A possible(ref , ref’, ¢)); (ok A wait A term_now_com(c)); (— wait A Qf)
Proof.
Pt (ok A try(c, Q) A wait) [Definition 14]
=PT¢; (ok A (I < wait’ > term_now_com(c)); Q) A wait) [Definition 13|

_ ( (P Apossible(ref , ref’, ¢)); (I < wait > ( I~ A front(ref’) = front(ref) )) ; )
T\ (ok A ((IT < wast’ > term_now_com(c)); Q) A wait)
[rel. calculus]
(P Apossible(ref ,ref’, ¢)); (I A wait) ; (ok A wait A ((IL A wait'); Q)) V
( (P Apossible(ref, ref!, ¢)); (L~ A wait A front(ref’) = front(ref)); )
(ok A wait A ((— wait’ A term_now_com(c)); @))
[rel. calculus and front(ref’) = front(ref) in term_now_com(c)]

P Apossible(ref, ref’, c)); (ok N wait A IT A wait’); Q) V .
= [@ is R3ct]
—\ ( (P Apossible(ref, ref’, ¢)); (ok A wait A — wait’ A term_now_com(c)); Q ) ct
((P A possible(ref ,ref’, ¢)); (ok A wait A I A wait'); (wait A L)) V
( (P Apossible(ref, ref’, ¢)); (ok A wait A = wait’ A term_now_com(c)); (- wait A Qf) )

[relational calculus]
((P A possible(ref , ref’, ¢)); (ok A wait A I A wait’); (wait A ok’ A L)) V
( (P Apossible(ref, ref’, ¢)); (ok A wait A term_now_com(c)); (= wait A Q)
((P A possible(ref, ref’, ¢) A ok’ A wait") V
(P Apossible(ref, ref’, ¢)); (ok A wait A term_now_com(c)); (— wait A Qf)

) > [rel. calculus]
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Lemma 27.

(P2 Q) =
( ((P;( A possible(ref, ref’, ¢)); Rl (true)) vV

((Pf Apossible(ref, ref’, ¢)); (wait A term_now_com(c)); (- wait A QJ{))

Proof.

(P Dee Q)
= (R3¢t 0 CSP2 (P15 interrupt(c.e, Q)));
(CSP2.(PT¢¢; interrupt(c.e, Q)));
((PTe¢; interrupt(c.e, Q)); )}c
= ((P*e°; interrupt(c.e, Q) V (ok’ A (PT%°; interrupt(c.e, Q))t))f
= (P*“¢; interrupt(c.e, Q))
_ (PHee CSP L (foree(c.c. Q)]
= (P*¢¢; ((= ok A RT) V (ok A force(c.e, Q))));
(P‘” € (= ok A RT)) (P, (ok A force(c.e, Q)));
= ((P /\ possible(ref , ref’, ¢)); Rleg(true)) v
=( Pf A possible(ref , ref’, ¢)); Rle(true)) v
(PTec: (ok A (try(c.e, Q) < wait > Hct)))lfc
((Pf A possible(ref , ref’, c)); Rlet(true))
vV (PTee; (ok A try(c.e, Q) A wait))}c

(P]’: A possible(ref , ref’, ¢)); Rlet(true)) Vv
Prees (ok A = wait A ﬂ—c{»)); \%

Pt A possible(ref, ref’, (
Pt A possible(ref, ref’,

/\/\

P A possible(ref , ref’,
A possible(ref | ref’,
Pt A possible(ref , ref’,

); Rle(true)) V false v
);

A possible(ref , ref’,
'+ A\ possible(ref, ref’,

Rl (true)) V false v

Rl (true)) v
A possible(ref , ref’,

P
P
Pf A possible(ref , ref’,
P
P

(
(
(
(
(
(
(
(
(
(
(
(
(
( ); Rlct(true)) v
(

(
(
(
(P
(
(Pf
(
(
(
(
(
(
(

f
Pf A possible(ref , ref’,
Pf A possible(ref , ref”,

(7

Lemma 28. (P A, Q) =

((Pf A possible(ref,ref’, ¢)); Rlet(true))V

(Pf A (possible(ref, ref’, c); front(ref') = front(ref)) A= wait’) v
(P A possible(ref, ref’, ¢) A wait”) v
(

¢)); (wait A wait_com(c)); (wait A Hct))}c v
¢)); (wait A term_now_com(c)); (— wait A Qf))

(wait A wait_com(c)); (wait A Hct))§ \Y
¢)); (wait A term_now_com(c)); (- wait A Q))

);
); (wait A wait_com(c)); Rleg(true)) v
t A possible(ref , ref’, ¢)); (wait A term_now_com(c)); (= wait A QJ]:))

!
f

!
f

¢)); (wait A term_now_com(c)); (— wait A Q}c))

(Ptec; (ok A force(c.e, Q)));

V (PTe¢; (ok A = wait A ﬂ'ct))jcr

);

¢)

c)

);

¢));

¢)); (wait A wait_com(c)); (wait A = ok AN RT)) V
Y A possible(ref , ref’, ¢)); (wait A term_now_com(c)); (= wait A Q}C))

c)

c)

);

¢)

);

)

(Pf Apossible(ref, ref', ¢)); (wait A term_now_com(c)); (= wait A Qf))

[Def-17

[R3.¢ and substitution

]
]
[CSP2.]

[J-split]

[subs.]

[Def-16]

[CSP1.]
[relational calculus]
[Lemma 25]
[Def-15,12]

]

[relational calculus

[Lemma 26]
[substitution]
[substitution]

[relational calculus]

[relational calculus]
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Proof.
(P A Q)f [Def-17]
= (R3¢t 0 CSP2: (P interrupt(c, Q)))} [R3¢¢ and substitution]
= (CSP2.(P**; interrupt(c, Q)))} [CSP2.]
= ((P*°; interrupt(c, Q)); J)} [J-split]
= ((P*¢; interrupt(c, Q)) V (ok' A (P*¢; interrupt(c, Q)); [subs.]
= (P*¢; interrupt(c, Q))} [Def-16]
= (P*¢; CSP1¢(force(c, Q)))} [CSP1.4]
= (P™¢; ((= ok A RT) V (ok A force(c, Q))))} [relational calculus)
= (P*; (= ok ART))} V (P*¢; (ok A force(c, Q)))} [Lemma 25]
= ((P]ff Apossible(ref ;ref’,c)); Rleg(true))V (P*e; (ok A force(c,Q)))} [Def-12,15]

[relational calculus]

( ((PJ{ A possible(ref, ref’, ¢)); Rlgg(true)) vV )
(PTe5 (ok A (try(c, Q) < wait > Iey)))}

((Pf A possible(ref , ref’, ¢)); Rlce(true)) V (P75 (ok A = wait A )}

V (PT¢5 (ok A try(c, Q) A wait))} [II.+ and propositional calculus]
((Pf A possible(ref, ref’, ¢)); Rlet(true)) V (P75 (ok A = wait A IT))%
V(P (ok A try(e, Q) A wait))}tc [Lemma 26]

(P A possible(ref, ref’, c) A ok’ A wait')} Vv
((P A possible(ref , ref', ¢)); (ok Await A term_now_com(c)); (= wait A Qy))}
[Def-13 and relational calculus]

( (( Pf A possible(ref, ref’, ¢)); Rlet(true)) V (P*¢; (ok A = wait A I))§ V )

((ij A possible(ref,ref’, ¢)); Rleg(true)) v

((P A (possible(ref , ref’, c); front(ref’) = front(ref))); (ok A= wait A H))Jte v
(P A possible(ref, ref’, c) A ok’ A wait')} v

((P A possible(ref , ref', ¢)); (ok Await A term_now_com(c)); (= wait A Qy))}

((Pf/\posszble(ref ref’,c)); Rleg(true))V

(P A (possible(ref, ref', c); front(ref’) = front(ref)) A= wait')} vV

(P A possible(ref, ref’, c) A ok’ A wait')} v

((P A possible(ref , ref’, c)); (ok Await A term_now_com(c)); (= wait A Q)

[relational calculus]

[substitution and relational calculus]

(Pf A possible(ref , ref’, ¢)); Rlet(true)) Vv
A (possible(ref , ref’, ¢); front(ref’) = front(ref)) A— wait’)V
A possible(ref  ref’, ¢) A wait") V
(P’ Apossible(ref, ref', c)); (wait A term_now_com(c)); (= wait A Qf))

(
_ | 7
(Pf
(

O

Thus, we finally get the following reactive design for the catastrophic interrupt, simply by applying
Lemma 27 and 28 and Theorem 1.

Theorem 24.

(PA: Q)=
- ((P; A possible(ref , ref’, ¢)); Rlct(true)) A
= ((Pf A possible(ref ,ref',c)); (wait A term_now_com(c)); (= wait A Q]’:))
',
(P} A (possible(ref, ref’, c); front(ref') = front(ref)) A= wait’) v
(P; A possible(ref, ref’, ¢) A wait") V
((Pf Apossible(ref, ref', c)); (wait A term_now_com(c)); (— wait A Qf)

Rct
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Proof.

(P A Q) [Theorem 1]
=Rt (— (P A Q); (P A Q);) [design]
=Ret(= 0k V (P A Q) V (ok' A (P A, Q)F)) [Lemma 27, 28]

ok v/ ((PJ{ A possible(ref , ref’, ¢)); Rlet(true)) vV
((Pf Apossible(ref, ref’, ¢)); (wait A term_now_com(c)); (= wait A QJJ:))
—Ryy ((ij A possible(ref , ref’, ¢)); Rlet(true)) Vv
ok! A (P} A (possible(ref, ref’, c); front(ref') = front(ref)) A= wait’) v
(P} A possible(ref , ref’, ¢) A wait") V
((Pf Apossible(ref, ref’, ¢)); (wait A term_now_com(c)); (= wait A Qf))
[propositional calculus and design]
- ((ij A possible(ref , ref’, ¢)); Rle(true)) A
= ((Pf A possible(ref ,ref',c)); (wait Aterm_now_com(c)); (= wait A Q]{))
',
=Rt

(Pf A (possible(ref, ref’, c); front(ref') = front(ref)) A= wait") v
(P} A possible(ref, ref’, ¢) A wait") v
((Pf Apossible(ref, ref’, ¢)); (wait A term_now_com(c)); (— wait A Qf)

O

The precondition from the above definition states that the interruptible action P diverges only if the
interrupt event ¢ has not occurred, or P is interrupted by ¢, sequentially composed with the divergence
of @. At any waiting state of P, ¢ cannot be refused. In its postcondition, the first clause states that P
terminates without an interrupt, the second that P has not terminated before ¢, and the third that P is
interrupted by ¢ and it sequentially behaves like (). This reactive design is derived from rigorous calculation
of Definition 17, which is fully based on the work in [11]. The validation of this definition is also similar to
that in [11] by proving that it respects a number of laws.

For example, the existing step law for the catastrophic interrupt given in [9, 17] still holds, and its proof
is fully based on the distributive and eliminative laws, and the approach adopted in [11].

Law 70. (e > P)A. Q@=(a— (P A, Q))O(c— Q)

4.15.2 Generic interrupt

In the generic interrupt, P A @, Q is executed concurrently with P until either P terminates the execution,
or ) performs an interrupt event. However, the approach that we used in Section 4.15.1 cannot be applied
here because a generic interrupt is actually a paralleled action rather than a specially sequential action. The
characteristic of parallelism of the generic interrupt also inspires us to use the idea of parallel composition
in the UTP to construct its reactive design.

First of all, we consider the merge function of timed traces and the sequences of refusals of P and Q).

ISync({), S, refr, refa) = (), ref1) (4.82)

ISync(S, (), refr, ref2) = (1, refi) (4.83)

ISync((t1) ~ 1, (t2) ™ Sz, (r1) " refi, (r2) 7 refz) (4.84)
= ((t1), {(r1 N 12)) ® ISync(S1, Sa, refi, refa) iff to = ()

ISync({t) 7 81, () 7 Sz, refi, refa) = ((t2) 7 S2, refa) iff t2 # () (4.85)

In Circus Time, we split a failure into a trace and a refusal for the convenience of expression or even simpler
mechanisation. Unfortunately, here we have to reunite them again as a pair because they are manipulated
together. In addition, the new operator to concatenate a sequence of pairs is given as follows.

(S1,1efi) © (S, refa) = (517 Sa, refy 7 refa) (4.86)

Note that ISync does not support commutativity. The rule (4.82) states that P has no further trace to
interact with @. That is, P may terminate or diverge in practice. The rule (4.83) just describes a same
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situation for @. The rule (4.84) presents the behaviour that no interrupt happens within the current time
unit. The rule (4.85) underlines that @ interrupts P.

We also consider the values of ok’ and wait’ that are determined by whether the interrupt has occurred
or not. For example, their values are those of @ if interrupted. Otherwise, we take those of P. Hence, we
define two predicates to show whether one trace can interrupt another.

~ o[ tro<diff (Ltr,tr) AN/ front(tro) = () A
enable(tr,0.tr, 1.tr) = I try < last (tro) 2 () A ditro < dediff (0.4r, 1) )

) ~ ~ o~ tro < diff (1.tr, tr) A
disable(tr,0.tr, 1.tr) = ( ("/ltr ="/tr)V 3try e < ~ iy = () A Adiff (0.1 1r) < tro

The predicate enable states that if there exists a subsequence of diff (1.tr, tr), which has not executed any
event (7 /front(trg) = ()) except for the last element (last(trp) # ()), and meanwhile 0.¢r has not terminated
(F#trg < #diff (0.tr, tr)), we conclude that 1.¢r can interrupt 0.¢r and the merge of them must finish with the
rule (4.85). The predicate disable states that 1.¢r cannot interrupt 0.¢r if, either that 1.z has not executed
any external events since ¢r, or that there exists a subsequence of diff (1.tr, tr), which contains empty traces
(™ /tr = {)) only and whose length is longer or equal to #diff (0.tr, tr).

We consider the merge predicate of the postcondition first, which describes non-divergent behaviours.
If P does not diverge and () cannot interrupt P, no matter @ can diverge or not, the behaviour will not
become divergent. In the meantime the values of ok’ and wait’ depend on those of P.

M2 ( IMTR(tr tr" 0.ref 1.ref ;ref ;ref’ 0.ref 1.ref ) A disable(tr,0.tr,1.tr) )

A ok’ = 0.0k A state’ = 0.state A wait’ = 0.wait
IMTR(tr, tr',0.tr, 1.tr, ref , ref’, 0.ref , L.ref ) =

diff (tr', tr), e diff (0.tr, tr), diff (1.¢r, tr),
(( ref’ — front(ref) ) o ync< 0.ref — front(ref), 1.ref — front(ref) ))

Similarly, if @ does not diverge but does interrupt P, the behaviour is still stable regardless of the state of
P.

o = < IMTR(trtr" 0.ref 1.ref ;ref ;ref’ ,0.ref 1.ref ) A enable(tr,0.tr,1.tr) >

A ok’ = 1.0k A state’ = 0.state @ 1.state N\ wait’ = 1.wait

Here, we treat the update of local state very roughly, and it will be further discussed later. For the
precondition of the reactive design, we are only interested in the divergence of P if the interrupt has not
happened, and the one of @ if it has done. As a result, the divergent behaviour can be captured as follows.

f
0.tr,0.1¢f Py [0.tr, O.ref/t.r’, ref'| A Qg[1.tr, Lref /tr', ref']
1tr, Lref A disable(tr,0.tr, 1.tr) A iRl (true)
’ IMTR(tr, tr',0.tr, 1.tr, ref , ref’, 0.ref , L.ref)

f
0.tr, 0.7ef Pr[0.tr,O.ref /tr', ref'| A Qg [Ltr, Lref [tr', ref']
3 1tr, 1.ref A enable(tr,0.tr,1.tr) A ;R1c¢(true)
R IMTR(tr, tr',0.tr, 1.tr, ref , ref’, 0.ref , 1.ref )

Thus, the integrated definition of the interrupt operator is a combination of the above cases, including
an extra predicate to tackle the immediate divergence of P or (). That is, the divergent cases are given in
the precondition, and the other are given in the postcondition.



4.15 Interrupts 56

Definition 18.

PAQZ

- (((P}c \Y Q}Jf) A tr' = tr); Rlet(true)) A
P}c [0.tr,0.ref /tr!, ref'] A
HLtr, Loref /e ref’] A
0.7, 0.7ef, Qf[L.tr, )
- 3 r,0.ref o disable(tr,0.tr, 1.tr) A ;Rlcg(true) A
1.tr, L.ref bt Ot ]t
rotr' 0.tr, 1.tr,
MTR ref, ref’,0.ref , 1.ref
PE[0.tr, 0.ref /tr', ref '] A
Qf[l.tr L.ref /tr!, ref'] A
0.tr, 0.ref, f ’ ’
- ( Ltr, 1.1"(3]} ) enable(tr,0.tr, 1.tr) A ;R1ct(true)
tr, tr', 0.tr, 1.¢r, )

IMTR ( ref, ref’,0.ref , 1.ref
'_

((Pf; UO(outaP)) A (Qf 3 Ul(outa@)))+{errery s (IM1V IM2)

Here, we use the CSP2.-converge law [3], P! = P! v P/ if P is CSP2; healthy, to replace P; and
Qr with P and Qf respectively.

Through the parallel-by-merge approach, we give the reactive designs of the generic interrupt operator.
However, we need to carefully consider the treatment of local variables during any merge operation. In
parallel composition, we update the values of the local variables by their names, and usually do not allow
any action to update the shared local variables because the result of the update cannot be guaranteed. Here,
even without involving shared variables, updating local state is still unpredictable in terms of this reactive
design. For example, if an assignment is executed in the interruptible action like the following

(Wait 2; 2 :=1) A a — Skip

we do not exactly know whether the assignment happens before or after the interrupt, and whether x should
be updated at the merge operation. From Definition 18, if a cannot interrupt the former action, the merge
predicate IM 1 directly uses state’ = 0.state to update the local state; otherwise, IM2 is employed to simply
execute state’ = 0.state @ 1.state no matter that the occurrence of a is before or after z := 1.

A ban on using assignments in the interruptible action can easily solve this problem but make Circus
Time insufficient to model real-time systems. One possible solution is to use a time stamp to record the time
when a variable is updated. In other words, we consider a variable as a tuple consisting of an expression
(or name), a value and a time stamp. A detailed scenario is that both actions, e.g., P and (), obtain a
same copy of local variables from their predecessor with initialising all time stamps as zero; a variable is
always marked with a relative time once its value has been changed in P; and all variables in () are marked
with the relative time when the first event (or the interrupt) occurs; and thus in the merge operation, the
variables from P whose time stamps are greater than that in @ are not considered.

Apart from the ambiguous update of local state, the generic interrupt is unexpectedly different from
the catastrophic interrupt even if we make the interrupting action as ¢ — (. In fact, their relation can be
expressed as

PA(c— Q) CPA,Q (4.87)

since P A (¢ — @) contains more behaviours. For example, with two assumptions on the generic interrupt
operator, we could prove Law 71, (P A ¢ — @) = P A. Q. Because of these two assumptions, we can
easily prove the above refinement relation.

The idea adopted in this section to calculate the definition of catastrophe is to consider @ sequentially
composed with P but lifted forward to happen whenever P is waiting for the interaction. However, in Circus
Time P may execute an event immediately only so that it cannot be interrupted by means of the definition
in Theorem 24. For example, the interruptible action in Lemma 29 is not interruptible.

Lemma 29. ((a — Skip) O Miracle) A. @ = ((a — Skip) O Miracle)
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Proof.

((a — Skip) O Miracle) A. Q [Theorem 24|

= ((((a — Skip) O Mz'mcle)? A possible(ref , ref’, ¢)); Rlet(true)) A
= ((((a — Skip) O Miracle)} A possible(ref ;ref’,c)); (wait A term_now_com(c)); (= wait A Q}{))
l_
(((a — Skip) O Miracle)} /\(possible(rfef, ref’, c); front(ref’) = front(ref)) A= wait") Vv
(((a — Skip) O Miracle); A possible(ref, ref’, ¢) A wait") v
((((a — Skip) O Miracle)} A possible(ref, ref’, ¢)); (wait A term_now_com(c)); (- wait A Qf)
[Theorem 26 and its precondition]

= ((false A possible(ref, ref’, ¢)); Rle(true)) A
= ((((a — Skip) © Miracle)} Apossible(ref,refl'_, ¢)); (wait A term_now_com(c)); (mwait A ij))
(((a — Skip) O Miracle)} A (possible(ref, ref’, c); front(ref') = front(ref)) A= wait’) v
(((a — Skip) O Miracle)} A possible(ref, ref’, ¢) A wait’) v
((((a — Skip) O Miracle)} A possible(ref, ref’, ¢)); (wait A term_now_com(c)); (= wait A Qf)
[Theorem 26 and its precondition]

= Rct

= Rct

true A
= ((((a — Skip) O Mimcle)]tC /\possible(ref,refl’_, ¢)); (wait A term_now_com(c)); (—wait A QJJ:))
(((a — Skip) O Miracle); A (possible(ref, ref’, ¢); front(ref") = front(ref)) A= wait")V
(((a — Skip) O Miracle)} A possible(ref, ref’, ¢) A wait’) v
((((a — Skip) O Miracle)} A possible(ref, ref’, ¢)); (wait A term_now_com(c)); (- wait A Qf)
[Theorem 26 and its postcondition]

= Rct

_ (( diff (tr', tr) = ({a)) A state’ = state A

(o i O
— wait’ A possible(ref ref’c) ) s (wait A term_now_com(c)); (mwait A Q¢ ))

R - wait’ A diff (tr', tr) = ((a)) A state’ = state A >
= et

(possible(ref , ref’, ¢); front(ref’) = front(ref))
((— wait’ A diff (tr', tr) = ((a)) A state’ = state) A possible(ref, ref’, ¢) N wait’) V
<( = wait’ A diff (tr', tr) = ({(a)) A

state’ = state N possible(ref, ref’, ¢

) ) ; (wait A term_now_com(c)); (— wait A Qf)

N—

[relational calculus)

true
l_
= Ret - wait’ A diff (¢r', tr) = ((a)) A state’ = state A [R1ct]
( (possible(ref , ref’, ¢); front(ref’) = front(ref)) )
false V false
= Ret(true - — wait’ A diff (tr', tr) = ((a)) A state’ = state) [Theorem 26]

= (a — Skip) O Miracle

O

Here, Miracle can force the event a to occur immediately and then terminate. More discussion about
the interaction between Miracle with other operators can be found in [23]. The behaviour in Lemma 29 can
be captured by the first clause in the postcondition in Theorem 24. However, Lemma 29 does not hold if
using the generic interrupt, because the event ¢ is able to interrupt as long as it occurs immediately too,
via the rule 4.85 in ISync.

As a result, the relation between the catastrophic and generic interrupts is complement rather than
inclusive. The catastrophic interrupt can deal with the update of local state well but restricts the flexibility
of interrupting actions, whereas the generic interrupt can capture the behaviour of actions comprehensively
but lacks a simple treatment for local variables in interruptible actions.

To validate the reactive design semantics of a generic interrupt and also underpin the consistency between
the catastrophic and generic interrupts, we are about to prove the step law (Law 70) by means of Definition 18
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but with necessary constraints. We impose two assumptions on the interruptible action P, which are formally
expressed as P A state’ = state and P(tr') A try < tr’ = P(trg) respectively. The former states that P does
not change its local state, and the latter states that traces are prefix closed. Based on these two assumptions
on the interruptible action, we simply prove

Law 71. (PAc— Q) =P A, Q

where the catastrophic interrupt has been proved to preserve Law 70 in Section 4.15.1 or the work [11].
Firstly, we give the reactive design of prefix in Definition 19.

Definition 19. (Prefiz)

term,now,com(c) Vi . . ;
terminating_com(c) ) ; Rl (—wait A Qf) +

wait_com(c)V term_now_com(c)
V terminating_com(c)

c— Q:Rct
< ) s Rlee(I <Qwait > Qf)

wait_com(c) = wait’ A possible(ref, ref’, c) N " /tr' = 7 /tr A state’ = state

term_next_com(c) = (= wait’ A tr' —tr={(c)) A front(ref’) = ref A state’ = state)
Secondly, Law 71 relies on the following lemmas.

Lemma 30. (((term_now_com(c)V terminating_com(c)); P)Atr' =tr) = false

This lemma, in fact, is used to remove the immediate divergence from the reactive design in Definition 18,
since ¢ — @ does not so. The proof of this lemma is simple because ¢ is about to occur in term_now_com(c)
and terminating_com(c) that contradict tr’ = tr.

Lemma 31.

30.tr,0.ref , 1.tr, L.ref ®

Pf[().tr, 0.ref /tr', ref'| A (¢ — Q)}[L.tr, Lref /tr', ref]
A disable(tr,0.tr, 1.tr) A ;R1c¢(true)
IMTR(tr, tr',0.tr, 1.tr, ref, ref’, 0.ref , 1.ref)

= (PJ’: A possible(ref , ref’, c)); Rlgg(true)

If (¢ — Q)} cannot interrupt PJ’: , it means that the trace truncated from diff (1.tr,tr) executes no
external event when participating the merge (IMTR), while ¢ is not in any refusal between ref’ and ref, or
possible(ref,1.ref, ¢). Therefore, with regard of the rules 4.83 and 4.84 in ISync, we obtain the right part
of Lemma 31 with ease.

Lemma 32.

30.tr,0.ref , 1.tr, L.ref ®

P{0.tr, O.ref /tr! ref'] A (e — Q);[l.tr,l.ref/tr’,ref’]
A enable(tr,0.tr, 1.tr) A ;R1ct(true)
IMTR(tr, tr',0.tr, L.tr, ref , ref’, 0.ref , L.ref)

= (P}f A possible(ref ,ref’,c)); (wait A term_now_com(c)); (= wait A Q]’f)

If (¢ — Q); can interrupt Pft before a divergence, diff (¢r/,tr) consists of the trace truncated from
diff (0.tr', ¢r) and a sequentially immediate execution of ¢ — . The proof of Lemma 32 is also straightfor-
ward with our two assumptions.

In combination with Lemma 30, 31 and 32, we can prove the equivalence of the preconditions between
P A c—Qand P A, Q. Proving the equality of the postcondition between the two operators is very similar
to Lemma 31 and 32. That is, the predicate with IM 1 in Definition 18 corresponds to the first two predicates
of the postcondition in Theorem 24, the predicate with IM2 directly corresponds to the third predicate in
the postcondition of catastrophe. Unlike the alphabet extension in Theorem 24, the merge of refusals in
Definition 18 does not need to consider whether P terminates or not. In brief, the generic interrupt holds
the step law, but subject to two restrictions, when taking advantage of Law 71. As a matter of fact, the
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generic interrupt can hold the step law only if P does not change its local state. Another assumption is
solely for Law 71.

The generic interrupt in Circus Time can hold other existing laws in CSP. For example, since Stop offers
no external event, it can never interrupt any action. Similarly, if Stop is interruptible, only interrupt can
oceur.

Law 72. (P A Stop) = P = (Stop A P)

If Skip is the interrupting action, similar to Stop, the interrupt always behaves just like the interruptible
action.

Law 73. P A Skip=P

However, in Circus Time, Skip can be interrupted because we can allow events to happen without any
delay, which can even occur prior to the start of Skip.

Law 74. Skip A P C Skip

In addition, the divergent action cannot be cured by interrupting it, or it is not safe to specify a divergent
action after the interrupt.

Law 75. (P A Chaos) = Chaos = (Chaos A P)
The proofs of Laws 72-75 can be found in Appendix E.

4.15.3 Timed Interrupt

A timed interrupt, P A4 @, allows P to run for no more than a particular length of time, and then performs
an interrupt to pass the control of the the process to ). Compared with the event-driven interrupt where
the environment of the process can prevent the interrupt event from happening, this time-driven interrupt
cannot be avoided (if P does not terminate before time d) since its environment is not involved. As a matter
of fact, the timed interrupt can be defined via the event-driven interrupt and hiding as follow
Definition 20. P Ay Q@ = (P A Wait d; (e — Q)) \ {e} ed¢ a(P)Ua(Q)

where the special event e becomes urgent to interrupt P immediately after d time units.

However, to avoid the complex semantics introduced by hiding, we directly give its definition to describe
the behaviour of the timed interrupt, rather than calculating its reactive design from Definition 20.

Definition 21.

- ((P}{[ A #tr' — #ir < d); Rleg(true)) A
= ((Pf A #tr' — gttr = d) 5 (wait A T~ A = wait') ; Q}c)
PAg Q= -
(P} AN #tr' —#tr < d) v
((P; A F#tr' — ttr = d) 5 (wait A I~ A = wait') ; th)

In fact, the timed interrupt is quite like a kind of sequential composition because the interrupting action
has no influence on the interruptible action. The postcondition in the above definition states that, within
d time units, we can only observe P, or ) can take over the program control at d. For the divergent cases,
we consider that P diverges within d, otherwise () diverges after d.

Apart from the usual laws for association, and distribution through nondeterministic choice, it also
satisfies the distributive law through external choice.

Law 76. (PO Q) Ay R= (P Aq R) O (Q Ay R)

Furthermore, any step law only changes the interruptible action and the time d. For example, we can
eliminate the timed interrupt by the following laws.

Law 77. Stop Ay P = Wait d; P
Law 78. Skip ANq P = Skip if d >0
Law 79. (Wait d; P) Ngrar Q@ = Wait d; (P Ay Q)
Law 80. (Wait (d+d'); P) Ag Q = Wait d; Q
The proof of the above laws can be found in Appendix E.
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5 Application of Reactive Designs

One of major differences between the original and new Circus Time theories is the introduction of Miracle
in the semantic model. The action Miracle itself is a very unusual action since it expresses an action that
has not started yet. Such an action has not been explored in the original Circus Time and does not exist
in the standard CSP models. However, Miracle is very useful as a mathematical abstraction in reasoning
about properties of a system.

Since the reactive design semantics exposes the pre-postcondition semantics, it provides us with a more
concise, readable and uniform UTP semantics, and helps us understand the behaviours of some subtle
processes. For example, the interaction between Miralce and other operators has not been fully explored
particularly in a timed environment, even though the work in [24] has given a remarkable insight to some
unusual processes which involve Miracle in an untimed environment.

5.1 Prefix and Miracle

The action Miracle has miraculous behaviour that simply denotes an unstarted state. Therefore, it should
never appear during the execution of an action. As a result, the newly established reactive design of
sequential composition can help us to figure out the exact behaviour of the combination of a simple prefix
and Miracle.

Theorem 25.

c.e = Miracle = Reg(true - (wait’ A possible(tr, tr', c) A 7 /tr' = 7 /tr A state’ = state))

Proof.
c.e = Miracle [property of Prefix]
wait_com(c)V term_now_com(c.e) \ _ . f
- <R1Ct ( V terminating_com(c.e) s Rlee(nwait AR2ct (Mzmclef )
= Rt
wait_com(c)V term_now_com(c.e) \ . . . '
Rl (\/ terminating._com(c.c) ; Rl (I <wait > RZCt(Mzmclef))
[Miracle(?7?)]
wait_com(c)V term_now_com(c.e) \ .
B (RlCt < V terminating_com(c.e) s Rlct (- wait AR2c(false))
- Rct
R1., ( wait_com(c)V term_now_com(c.e) )  Riee (T <1 wait > R2e4 (false))

V terminating_com(c.e)
[R2.¢(false) = false and relational calculus]

= Ret(true - Rl (wait—_com(c) V term_now_com(c.e) V terminating_com(c.e))); Rlee(II A wait))
[relational calculus]

(Rlct(wait_com(c)); Rlet (I A wait)) V
=Rey [ truet | (Rlci(term_now_com(c.e); Rlet(I A wait)) V [terminating_com(4.59)]
(Rl (terminating—com(c.e)) ; Rlet(IL A wait))

(Rlct(wait—com(c)); Rlet (T A wait)) V
=R [truel- (Rl (term_now_com(c.e); Rl (I A wait)) V
(Rlct(wait_com(c) ; term_next_com(c.e)); Rlet (I A wait))
[wait’ in term_now_com and term_next_com is false and relational calculus]

= Rt (true F (Rlet(wait_com(c)) ; Rlet (I A wait)) V false V false)  [wait_com(4.55) and prop. cal.]
wait’ A possible(tr, tr', ¢) A . .

= Rct<true F Rl ( ~ = e s(tate’ _ s)tate ) s Rl (I A wazt)) [R1ct, rel. cal. and unit law]

= Rei(true - Rl (wait’ A possible(tr,tr', c) A 7 /tr' = 7 /tr A state’ = state)) [Law 2]

= Rei(true - wait’ A 7 /tr' = 7 /tr A possible(tr, tr', c) A state’ = state)
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This theorem states that, if this action starts, it will wait for interaction with its environment (wait’ =

true), but will never actually perform any event (7 /t¢r’ = 7 /tr) even if the event c.e has been offered. This
action is different from that of the standard CSP failures-divergences model in which one of the assumptions
requires that, if an event is not in the refusal set, the process is always willing to execute the event. This
theorem also shows that, compared with the failures-divergences model of CSP, the semantics of Circus Time
is rather loose.

5.2 External Choice and Miracle

Another unusual behaviour is that of the external choice of Miracle with a simple prefix. Below, we give
two auxiliary laws about the components in the definitions of prefix and external choice. And the proof of
the two lemmas is straightforward and can be found in [23]..

Lemma 33. term_now A wait_com(c) = false
Lemma 34. term_now A terminating_com(c) = false

Theorem 26.

(c.e — Skip) O Miracle = Reg(true = (diff (tr', tr) = ((c.e)) A state’ = state A = wait'))

Proof.

(c.e = Skip) O Miracle [Simple prefix(Theorem 11) and Miracle]

= Rt (true F (wait_com(c) V term_now_com(c.e) V terminating_com(c.e))) O Reg(true - false)
[O(Theorem 15) and relational calculus]

true -
= Rt ((wait,com(c) V term_now_com(c.e) V terminating_com(c.e)) A false Await’ A/ tr! :/\/tr) \
(Diff ((c.e — skip), false) A ((c.e — Skip)} V false))
[propositional calculus]
= Ree(true F Diff ((c.e — Skip);, false) A (c.e — Skip)}) [Diff (4.60)]
= Ret(true - (((c.e — Skip)} Nfalse Await’ N7 /tr' ="/tr); term_nextV term_now) A(c.e — Skip)}tc)
[relational calculus]
= Ree(true b term_now A (c.e — Skip)}) [postcondition in prefix]

= Ret(true - term_now A (wait_com(c) V term_now_com(c.e) V terminating_com(c.e))) [prop. cal.]

R (true - (term_now A wait_com(c)) V (term_now A term_now_com(c.e))
et V (term_now A terminating_com(c.e))

[Lemma 33 and 34 |

= Ret(trueltfalseV (term_now A term_now_com(c.e)) Vfalse)  [term_now(4.61), term_now_com(4.57)]
Rt (true - ((= wait’ A tr' = tr) V (head(diff (¢r', tr)) # ())) A
= Het { HU€ (= wait’ A diff (tr', tr) = ((c.e)) A front(ref’) = front(ref) A state’ = state )

[property of sequences and propositional calculus]
= Rq¢ (true - (= wait’ A diff (tr', tr) = ((c.e€)) A front(ref") = front(ref) A state’ = state )) [R1c¢]
= Rei(true - (= wait’ A diff (tr', tr) = ({c.e)) A state’ = state))

O

This above theorem states that this action performs the event c.e and terminates immediately. There
is no state in which the action is waiting for the environment to offer c.e. It simply occurs instantly since
there is no observation in which ¢’ = ¢r. This violates another important assumption of the standard CSP
models where traces are prefix closed.
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5.3 Skip in External Choice

From the definition of prefix in Section 4.6, an event may occur instantly if its environment is ready. However,
the action in Theorem 26 actually excludes other choices and preserves the instantaneity of the event only.
In other words, Miracle is able to make external events become urgent.

The action Skip can also make events become urgent. For example, if putting Skip with a simple prefix
in an external choice, we can have the following theorem.

Theorem 27.
(c.e — Skip) O Skip = Skip V Re (true - (= wait’ A state’ = state A diff (tr/, tr) = ((c.€)) ))
Proof.

(c.e = Skip) O Skip [Simple prefix (Theorem 11) and Skip(?7?)]

_R (true L (waitcom(c) V term_now_com(c.e) )> OR (true}— <—| wait' Ntr’ = tr >)
— flct ct

V terminating_com(c.e) A state’ = state
[def-O0 (Theorem 15) and relational calculus]

"R [true [ ((ce— Skip); N Skip; A wait’ N7 [tr' =7 [tr) v
Tt (Diff ((c.e — Skip)t, Skip}) A ((c.e — Skip)s v Skip}))

= R ( true - false V (Diff ((c.e — Skip)}, Skipf) A ((c.e — Skip)} V Skip}))) ) [Diff (4.60)]

.e — Skip)% A Skip}
=Rt ( true - <( /\(wazit’ A /i];)tj;/ _ AZ;);“ ) ; term_next V termnow) A ((c.e — Skip); v Skipt)) )

[wait” is false in Skipf]

[wait’ is false in Skipf

]
=R ( true - (false; term_neat V term_now) A ((c.e — Skip); v Skip})) ) [relational calculus]
= Re¢(true - term_now A ((c.e — Skip)} \Y Skip;)) [propositional calculus]
= Ree(true b (term_now A (c.e — Skip);) V (term_now A Skipf)) [Properties of Ret |
= Re¢(true - term_now A Skip}) V Reg(true - term_now A (c.e — Skip)}tc) [term_now(4.61) and subs.]

_ ((— wait’ Atr' =tr)V head (diff (¢tr', tr)) #£ () Nt
=Rt <true - ( A (— wait! At = tr A state’ = state) V Ret(true F term_now A (c.e — Skzp)f)

[Properties of sequences and propositional calculus]
= Ret(true b = wait’ A tr' = tr A state’ = state) V Ret(true = term_now A (c.e — Skip)}) [Skip(?7)]
= Skip V Reg(true b= term_now A (c.e — Skip)}) [postcondition of prefix]

= SkipV Ret(true - term_now A (wait_com(c) V term_now_com(c.e) V terminating_com(c)))
[Lemma 33,34]

= Skip V Reg(true - false V (term_now A term_now_com(c.e)) V false)

[term_now(4.61) and term_now_com(4.57)]

Ry (= wait’ A tr' = tr) v (head (diff (¢tr', tr)) # ())) A
= Skip V Ret (true - <( = wait’ A\ diff (tr', tr) = ((c.e)) A front(ref’) = front(ref) A state’ = state )))

[property of sequences and propositional calculus]
= Skip V Reg(true = — wait’ A diff (tr', tr) = ((c.e)) A state’ = state)

O

Even though Skip cannot guarantee that c.e must occur immediately, it excludes the possible behaviour
that the event is waiting for the interaction from its environment.

5.4 Hiding in Recursion

There is a very subtle law in the CSP theory about hiding and recursion as

(uP ec— P)\ {c} = Chaos (5.88)
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which is difficult to be proved using their original UTP definitions. However, the newly-defined reactive
designs allow us to prove this law with little effort. To prove this law, we use the Kleene theorem rather
than the traditional definition of the weakest fixed point to calculate the recursive design in the recursively
reactive design.

Theorem 28. (Kleene fized point theorem,)
If F is continuous 2, then u X o F(X) = | |>°_, F"(true) where F°(X) = true, and F"** = F(F"(X)).

This theorem states a normal form for programs that contain recursion. First of all, the behaviour of
a recursive program is expressed as an infinite sequence of predicates {F® | i € N} and each F' is a finite
normal form. Since each F**! is defined by its previous expression, F**! is potentially stronger if F* C Fit+!,
If 7 is large enough, the exact behaviour of the program can be captured by the least upper bound of the
infinite sequence, written | |, F"(true).

In addition, we are able to prove a similar theorem for the strongest fixed point of F'.

Theorem 29. If F is continuous, vX e F(X) =[]>", F"(false)

Proof.
vX o F(X) [def of v]
= X e F(-X) [Theorem 28]
== |_| (AX e = F(= X))"(true) [relational calculus]
n=0

oo
= |_| = (AX e = F(= X))"(true) [predicate calculus]

n=0

= |_| F"(false)
n=0

O

Now, firstly, we calculate the reactive design of a single call of u P ¢ ¢ — P as Law 81. This is simply
achieved by Theorem ?7?.

Law 81.

= ((term_now_com(c)V terminatmgi:com(c)); Rl (— wait/\RZCt(PJ’:)))
wait_com(c) V (term_now_com(c) ; Rlet(— wait A R2c4(Pf))) V
(terminating—com(c) ; Rlet(— wait A R2¢4(P5f)))

c— P =R

Secondly, via Theorem 18 and Law 81, we let X = — PJ{ and Y = P!, then

F(X,Y) ==((term_now—_com(c)V terminating_com(c)); Rlet(— wait AR2¢¢(— X))) (5.89)
G, 1) = (-eon) ¢ s om0 Rlalo it £ 200 ) o
As a result, the weakest fixed point of (u P e ¢ — P) \ {c¢} can be calculated by the following law.
Law 82.
p(X,Y) e Ret(F(X, V) F G(X,Y)) = Ret(vX o F(X, V) - Q)
Proof.
(X, Y)e Ret(F(X,Y)F G(X,Y)) [Theorem 18]
=Ret(u(X,Y)e F(X,Y)F G(X,Y)) [Law 68]

=Rt ((vX o F(X,Y))F Q)
O

2A function is continuous only if its value at a limit point can be determined from its values on a sequence converging to
that point. Also, a continuous function is monotonic.
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Note that, since the postcondition of the recursive design has no influence on the final result, we here
simply use @ to denote it and never unfold it in the later proof.

Next, we calculate the strongest fixed point of F' by means of the Kleene theorem. Before starting to
prove the law (5.88), we give some useful properties where Lemma 35 and 36 states that they are R2c¢
healthy, and Lemma 37 is a sequence property. The proofs of these three lemmas can be found in [23].
Lemma 38 calculates the precondition of P e ¢ — P.

Lemma 35. R2.(term_now_com(c)) = term_now_com(c)
Lemma 36. R2.(terminating_com(c)) = terminating_com(c)

Lemma 37.

diff (¢’ tr) = ((e)) A\ [ diff (er' tr) = ({e)) A\ _, . , _ N
<f7’0nt(ref’) = front(ref) ) ’ (fmnt(ref’) —front(ref)) = (diff (tr', tr)=((c, c}) Afront(ref") = front(ref))

Lemma 38.

“v(AX e~ (( term_now_com(c)V terminating_com(c)) ; Rlet(— wait A R2¢¢(— X)))) =
(ﬂzo_o (( front(ref') = front(ref) A diff (tr', tr) = ((¢)™) A state’ = state ) ; R1lee(true)) )

- 122~ (( term_now_com(c)V terminating_com(c)) ; Rlet(— wait NR2¢¢(— false)))”

Proof.
= V(A X o= ((term_now_com(c)V terminating_com(c)); Rlet(— wait A R2c4(— X)))) [Theorem 29]
=~ |_|()\ X e —((term_now_com(c)V terminating_com(c)); Rlet(—wait AR2(—X))))" (false) [subs.]
n=0
= - |_| = (( term_now_com(c)V terminating_com(c)); Rlet(— wait AR2¢¢(— false)))n [unfold [ ]
n=0

= (( term_now_com(c)V terminating_com(c)) ; Rlet(— wait AR2¢(— false))) V
=~ = (( term_now_com(c)V terminating_com(c)); Rlet(— wait AR2c¢(— false)))1 Y
122, = (( term_now_com(c)V terminating_com(c)) ; Rlet(— wait AR2¢4(— false)))”
[property of [ ] and Lemma 35,36)

[ ((term_now_com(c))™; Rlet(— false)) Vv
= [ (( term_now_com(c)V terminating_com(c)) ; Rleg(— wait AR2cq(— false)))n

[term_now_com(4.57)]
Moo (= wait’ Adiff (tr', tr) = ({c)) A front(ref’) = front(ref ) A state’ = state )" Rley(— false))
Vo 10, (( term_now_com(c)V terminating_com(c)) ; Rlet(— wait AR2¢¢(— false)))”
[Lemma 37 and relational calculus]

_ ( o (( front(ref’) = front(ref) A diff (tr', tr) = ((c)™) A state’ = state ) ; Rle(— false)) \/>
T

T (( term_now_com(c)V terminating,com(c)) ; Rl (— wait AR2ct(— false)))n

O

Finally, we are ready to prove the law, (uP e ¢ — P) \ {c¢} = Chaos, and the proof is simply the
combination of the laws and theorems above.

Theorem 30.

(wP ec— P)\ {c} = Chaos
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Proof.

(uPec— P)\{c} [Theorem 17]
=Ret(~ ((3s,r e (uP ec— P)ils,r/tr',ref'] A L;); Rleg(true)) - EET) [def of ]

:Rct( (Is,re(uP ec— P)

R, (Els re —|1/ )\X ((

~Re Sl (<
ds,re q_|noo0 ( (

=Rt Js,re <“ (Mo = ((

afftre

~Re [\ <ﬁ E <(

= Rect(true)

= Chaos

)i
jﬁ[sm/tr’,r@f’] A Ly); Rlei(true)) V = ok V (ok’ A EE) )

[Theorem 18 and Law 82]
term_now_com(c) \/> ;Rlct( - watt A\

! ! .
terminating_com(c) R2 (= X) >>>>[S,T/tr ref ]/\Lt> 7Rlct(true)>
V - ok V (ok' N EE
[Lemma 38]

front(ref’) = front(ref) A

(¢, tr) = ((c)™) A state’ = state
term_now_com(c)V
terminating_com(c)

) ; Rleg(— false)) vn [
(—d‘alse)))

s,r/tr'ref' TN Ly |
) iR1ct(mwait AR2¢¢
Rl (true)
V = ok V (ok’ N EE)
[property of [] and predicate calculus]

front(ref’) = front(ref) A ) I
diff (tr', tr)={{c)™) A state’ = state )’Rl"t(_‘ false)>> [s,r/tr",ref T A Ly
v ;

term_now_com(c) \Q iR1ct(mwait AR2ct (— false))) ) [s,r/tr ref’| A Ly

Rl (true)
V = ok V (ok' N EE)
[L:(4.78), property of [ ] and relational calculus]

terminating_com(c

((tr" = tr A front(ref’)
term_now_com(c)V
terminating_com(c)

= front(ref)); Rlet(true)) v
>;Rlct(—\wait/\R2ct(ﬂfalse))> )[s,r/tr’,ref’]/\Lt ;
Rl (true)

V = ok V (ok’ N EE)
[R1.¢ and relational calculus]

true Vv

term_now_com(c) \§> iR1ct(mwait AR2¢ (- false))> ) [s,r/tr! ref’ | A Ly ;

R1.¢(true)
V - ok V (ok’ N EE)

terminating_com(c

[propositional calculus]
[Chaos]

O

In addition, more cases of the relation between Miracle and other operators have been explored in [23].
For example, if we put Miracle and an ordinary action in parallel, the result is Miracle itself deduced from
our intuitive conclusion that all processes participating in a parallel must start at the same time, but Miracle
can never start, and thereby the whole process can never start either. The proof of this subtle process can

be found in [23].

"We simply use EE to denote the unused part of the proof.
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6 Conclusion

In this report we have developed a new Circus Time model which is an extension to the original Circus Time
model. The semantics of the new model is also based on UTP, providing a wider variety of timing operators
which is considered sufficient for expressing and reasoning about timing behaviour of SCJ programs. In
addition, each action in Circus Time is expressed as a reactive design. Compared with the relational UTP
semantics in the old model, the reactive-design semantics is a more concise, readable and uniform UTP
semantics. Although this semantics has been explored in the early work [3, 13, 22], we here provide a
complete version. That is, we provide a reactive design for each operator in Circus Time.

The deadline operators, one of major contributions in this model, is extremely helpful when reasoning
about SCJ programs. It is similar to operators in existing process algebras and temporal logic [7, 19, 16].
We adopt a similar idea to that in [7]: failure to meet a deadline results in infeasibility in the model of the
program. A deadline is viewed as an assertion for static analysis [6, 15]; it is used to identify timing paths
and to inform a schedulability analysis. If the deadline cannot be guaranteed, the program is rejected. In
Circus Time a deadline are treated as a requirement to a program’s environment, imposing its environment
to interact. Failure to meet the deadline will lead to a miraculous behaviour. In this model, the deadline
operators are defined by means of a brand-new action Miracle which denotes an unstarted state. In fact,
this action has always been remained in the semantics of the original Circus Time, but has never been fully
explored until now. Moreover, we have investigated any combination of Miracle with other operator, which
is vital for developing the right operational semantics.

In the future work we will mechanise the Circus Time model in a theorem prover since handwritten
proof is error-prone. Oliveira [14] has embedded the denotational semantics of Circus in the theorem prover
ProofPower and later Zeyda [29] has complemented this embedding by extending it to deal with general
UTP theories. We will use their approaches to mechanise Circus Time.

A Properties of healthiness conditions

A.1 Property of sequences

Property 5. Suppose all traces such as s and t are non-empty.

Ll. s=t=s<1t

L2. s=1t= front(s) <t

L3. (3r Ofront( )T Af mnt(r) t)y=s=<t

4. BresxrArst)=s=<t

L5. (sxrAr=<gt)=> (#dzﬁ(r s) + #diff (¢, 1)) = #diff (¢, s)
L6. #tr = #ref N #tr' = #ref’ = #ref = (()) N #diff (tr', tr) = #ref’
L7 diff (¢,(()) = ¢

18, diff(1,1) = ()

L9. diff (diff (t,s),r) = diff (¢, conc(s, r))

L10. s % t = (diff (t,s) = r) = (conc(s,r) = t)

L11. s gt =) < diff (¢, s)

L12. head(t — front(s)) = t(#s)

L13. (t(#s)) 7 tail(t — front(s)) =t — front(s)
L4 (T/t =7 /s = (a) A #t = #s) = (diff (1, 5) = {(a)))

A.2 Property of Rl
Law 2. Rl o Rlee(P) = Rl (P)
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Proof.

R]-ct (¢] R]_Ct(P) [Rlct]
=P A RT A RT [RT is idempotent]
=P AN RT [R1ct]
=R1.(P)

O
Law 3. Rlct(P A Q) = Rlct(P) A Rlct(Q)
Proof.

Rl (P A Q) [R1ct]
=P A QART [propositional calculus]
=P ART A QART [Rlct]
=R1.(P) A R14(Q)

O
Law 4. Rlct(P V Q) = Rlct(P) V Rlct(Q)
Proof.

R1.(PV Q) [R1ct]
=(PV Q)ART [propositional calculus]
=(PART)V (QART) [R1ct]
=R1.(P)V R14(Q)

O
Law 5. Rlct(ﬂct) - Hct
Proof.

Rlce(It) [R1ct]

:Hct A\ RT [Hct]

=((—= ok AN RT) V (ok' AN II)) A RT
=(—= 0k ANRT)V (ok' NI A RT)
=(— ok ART)V

[propositional calculus]

[property 5-L1,1.2)

(k' NI Atr' = tr Aref' = ref Atr < tr' A front(ref) < ref’ A #tr = #ref A #tr' = #ref’)

=(= 0k ART)V (ok' NI Ntr' = tr Aref’ = ref N4ttr = #ref N #tr' = Href’)

=D

Law 6. R1.:(P; Q) = P; Q provided P and @ are Rl healthy

[Hct]
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Proof.

P;Q [assumption]
=Rl (P); Rl (Q) [R1c]

=3 tTOa Tef(), U @ (

=3 tTOa T’Gfo, U @ (P[t’l”o, ref07 ’UO/tT,v T@f/, UI] A Q[tTOa T6f07 ’l}o/t?”, ref, U]) A
tr < tr' A front(ref) < ref’ A #ttr = #tref A #tr' = #ref’

= Rlct(P; Q)

Law 7. R1(P < b > Q) = Rl (P) < b > Rley(Q)

Proof.

Rl (P <b> Q)
=((bAP)V(mbAQ))ANRT
=(bAPANRT)V(=bAQART)
=R1.(P) < b Rl(Q)

A.3 Property of R2
Law 8. R2Ct o cht(P) = cht(P)
Proof.

R2.; 0 R24(P)
=P((()), diff (tr', tr))({()), diff (tr”', tr))
=P((()), diff (diff (tr', tr), (())))
=P((()), diff (tr', tr))
=R2.(P)

Law 9. R2c¢(P A Q) = R2¢(P) A R24¢(Q)

Proof.
R2..(P A Q)
=(P A Q)(()), diff (tr', tr))

=P({O), diff (', tr)) A Q). diff (tr', tr))
:cht(P) AN R2ct(Q)

Law 10. R2,(P V Q) = R2(P) V R2(Q)

(P At tr A front(ref) < ref’ A #tr = H#Href A #ir' = F#ref’);
(Q N tr g tr' A front(ref) < ref’ N #tr = #ref N #tr' = #ref’)

Pltrg, refo, vo /tr', ref’, v’ Atr < trg A front(ref ) <refo NEtr = F#ref A Firg = #refo A

Q[tro, refo, vo/tr, ref , v] Atrg < tr! A front(refo) < ref’ N#try = #refo N #tr' = Fref’

[sequential composition]

[property 5-L3,14]
[R1ct]

[<> and Rlgg)
[propositional calculus]
[<> and Rlc]

[R2¢¢
[substitution
[property 5-L7

]
]
]
[R2ct]

[R2ct]
[substitution]
[R2c¢]
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Proof.

R2.(P V Q) [R2ct]
=(P Vv Q)({(), diff (tr', tr)) [substitution]
=P((()), diff (tr',tr)) v Q(((), diff (tr', 1)) [R2c¢]
=R2.(P) VR2:(Q)

Law 11. R2Ct(ﬂ—ct) = Hct
Proof.

R2.¢(II.t)

= (( (= ok Atr < tr' A front(ref) < ref’

A ftr = dhref A #tr — dref! > V (ok" NI N#tr = #ref N #ir' = #ref’)) (), diff (tr', tr))

[substitution]
=(= ok A(()) < diff (tr', tr) A front(ref) < ref’ A #{()) = #ref N #diff (tr', tr) = #ref’)
V (k" NI A diff (tr', tr) = (()) A #)) = #ref A #diff (tr', tr) = #ref’) [property 5-L8,L11]
=(= ok Atr < tr' Afront(ref) < ref' N#(()) = #ref N #diff (tr', tr) = #ref')V

(k' NI Atr' = tr A #{()) = #ref A F#diff (tr', tr) = #ref’) [property 5-L6]
(= ok Atr < tr' Afront(ref) < ref’ A#tr = Ftref A #tr' = #ref' )V

(ok’/\ﬂ/\tr = tr \ #tr = #ref N\ #tr' = #ref’) [T

O
Lemma 39. For a fresh variables u, R2(P; Q) = (P(((}), tr'); Q(tr, diff (tr', u))[tr/u]
Proof.

R2.:(P; Q) [R2ct]
=(P; Q)({()), diff (tr', tr)) [substitution]
=((P; Q) diff (tr', u)))[tr/u] [sequence substitution]
=(P((O), tr') s Q(tr, diff (tr', u)))[tr/u]

O
Law 12. R2.(P; Q) = P; @ provided P and @ are R2¢; healthy
Proof.

R2.(P; Q) [Lemma 39
=(P(((), tr") 5 Q(tr, diff (tr', w)))[tr/u] (@ 1s R2t]
=(P(()), tr'); QU)), diff (diff (tr', w), tr)))[tr/u] [property 5-L9]
=(P{()), tr'); QU)), diff (tr', conc(u, tr))))[tr/u] [[property of assign (leading assign)]]
=(P((O), tr') 5 tr == conc(u, tr); Q). diff (tr', tr)))[tr/u]

[[property of assign(following assign) and property 5-L10]
=(P(()), diff (tr',w)); QU)), diff (tr', tr)))[tr/u] [substitution]
=(P((()), diff (tr', tr)); Q). diff (tr”, tr))) = P;Q [P and Q are R2¢]

O

Law 13. R2:(P < b > Q) = R2:(P) < b > R2:(Q) if b not contain tr and ¢’
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Proof.

=((b AP)V (= b A Q). diff (tr', 1r))
(

(
)

[<> and R24]

[assumption and substitution]

=(b A P(QO), diff (tr',tr))) v (= b A Q). diff (tr', tr))) R2¢]
:R2Ct(P) < b > cht(Q)
O
Law 14. cht o R]-ct = R]-ct o R2Ct
Proof.
cht o R]_ct(P) [R]‘Ct]
=R2:t(P A tr < tr' A front(ref) < ref’ N #tr = #ref A #tr' = #ref’) [R2c¢]
=(P A tr < tr' A front(ref) < ref’ A #tr = #tref A #tr' = #ref’)((()), diff (tr', tr)) [subs.]
]

=P{(), diff (tr', tr)) A () < diff (tr', tr) A front(ref) < ref’ A
F#(O) = #tref A #Ediff (tr', tr) = F#ref’
)

[property 5-L6,L11

=P{(), diff (tr', tr)) A tr < tr' A front(ref) < ref’ A #tr = #ref A #tr' = #ref’ [R2c¢]

—R2Ct(P) A tr < tr' A front(ref) < ref’ N #tr = #ref A\ #tr' = #ref’

=R1c; 0 R24(P)

A.4 Property of R3
Law 15. R3¢ 0 R3ct(P) = R3¢t (P)
Proof.
R3c: 0o R3c:(P)
=1 < wait > (T < wait > P)

=1, < wait > P
=R3.:(P)

Law 16. R34 (P A Q) = R3c(P) A R34 (Q)
Proof.
R3ct(P/\ Q)
=T, < wait > (P A Q)
=(I.¢ A wait) V (- wait A P A Q)
=((Tet A wait) V (= wait A P)) A ((ILee A wait) V (= wait A Q))
:R3ct(P) A R3ct(Q)

Law 17. R3.t(P V Q) = R3¢ (P) VR3¢t (Q)
Proof.

R3c¢(PV Q)
=1, < wait > (P V Q)
=(Te A wait) V (- wait A (P V Q))
=(I.¢ A wait) V (- wait A P) V (- wait A Q)
=R3c¢(P) V R3ct(Q)

[R3ct]
[property of <ir>]
[R3ct]

O

[R3ct]

(<]

[propositional calculus]
]

[ ct

O

(R3¢t
(<>

]
]
[propositional calculus]
]

[ ct

O
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Law 18. R3¢ (I ;) = Iy

Proof.

R3ct(Iet) [R3ct]
=T < wait > I [property of <it>]
=1

O
Lemma 40. RT; RT = RT
Lemma 41. RT(tr,tr") = RT((()), diff (tr'tr))
Lemma 42. RT; P = RT if P is Rl and R3¢
Proof.

RT; P [propositional calculus]
=RT; ((ok V = ok) A (wait V — wait) A P) [relational calculus]

=(RT; (ok A wait A P)) V (RT; (ok A = wait A P)) V [P is R3¢ and propositional calculus]

(RT; (= ok A wait A P)) V (RT; (= ok A = wait A\ P))

=(RT; (ok A wait A P)) V (RT; (ok A = wait A P)) V [I ]

(RT; (= ok AN wait AN Ig)) V (RT; (= ok A = wait A P))

=(RT; (ok A wait A P)) V (RT; (ok A = wait A P)) V [Lemma 40]

(RT; (= ok A wait A RT)) V (RT; (= ok A = wait A P))

=(RT; (ok A wait A P)) V (RT; (ok A = wait A P))V RT V (RT; (— ok A = wait A\ P)) [Law 6]

=(RT; (ok A wait AN P) AN RT)V (RT; (ok AN = wait N P) N RT)V RT V [propositinal calculus]

(RT; (= ok A = wait A P) A RT)
=RT

O
Law 19. R3.:(P; Q) = P; @ provided P is R3¢t and @ is Rl and R3¢t
Proof.

P: Q [P is Rlct]

=(T. < wait > P); Q [relational calculus and IT .|
=((= ok A RT A wait); Q) V ((ok’ A wait A IT); Q) V ((— wait A P); Q) [Lemma 40]
=(= ok A RT A wait) V ((ok" A wait A IT); Q) V ((— wait A P); Q) [@Q is R3]
=(= ok A RT A wait) V ((ok” A wait A IL); (Iz A wait)) V ((— wait A P); Q) [rel. calculus and II.]
=(Te A wait) V (= wait A P); Q) [relational calculus)
=(I . A wait) V (- wait A (P; Q)) [R3ct]
:R3ct(P; Q)

O
Law 20. R3ct(P <qb> Q) = RSCt(P) <br> R3ct(Q)
Proof.

R3c(P b Q) [R3ct and <]
=(Tc A wait) V (- wait AP AD)V (- wait AN Q A —b) [propositional calculus]
=(Tee A wait A(bV b))V (= wait NP AD)V (—wait AN QA= Db) [R3ct]

=R3(P) <1 b > R3¢ (Q)
O
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Law 21. R3ct 9] Rlct = Rlct o R3ct

Proof.
R3.t o Rl (P) R3¢ ]
=T, < wait > Rl (P) [Law 5]
=R1ct(I.t) < wait > Rl (P) [Law 7]
=R1. (T < wait > P) [R3ct]

:R]-ct o R3Ct(P)

O
Law 22. R3ct ] R2ct = cht ] R3ct
Proof.

R3c; 0o R2¢¢(P) [R3ct]
=1, < wait > R2¢4(P) [Law 11]
=R2.(I.;) < wait > R2:4(P) [Law 13]
:R2ct(ﬂct < wait > P) [R3ct]
:cht o R3Ct(P)

O
Law 23. (R3.t(P))¢ = ((I)¢ < wait > P°)
Proof.

(R3ct(P))c [R3ct]
=(I. < wait > P)° [predicate calculus]
=(I.)° < wait > P°

O
Law 24. (Re¢t(P)); = Rlcy 0 R2¢¢(Py)
Proof.

(Ret(P))y [Ret and R3ct]
=(II < wait > Rl 0 R2¢(P))s [substitution]
=(R1ct 0 R2¢(P))y [predicate calculus]
:R]-ct () R2Ct<Pf)

O
Law 25. (Ret(P)): = (Iet)s
Proof.

(Ret(P)): [Ret and R3]

=(T. < wait > Rlet 0 R2e4(P)): [substitution]

=(Iet)e
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A.5 Property of CSP1.

Law 26. CSPlct ] CSPlct = CSPlct

Proof.

CSP1. 0 CSP1.(P) [CSP1.4]
=PV (- ok ANRT)V (- ok AN RT) [propositional calculus]
=P V (- ok AN RT) [CSP1.¢]

O

Law 27. CSP1, o Rl = Rl 0 CSP1
Proof.

CSP1.; o Rl (P)
=(P A RT) V (- ok AN RT)
=(P V (= ok AN RT)) A (RT V (- ok A RT))
=CSP1.(P) A RT
=Rl 0 CSP1(P)

Law 28. CSPlct o cht = cht o CSP]_Ct
Proof.

CSP1. o R2.(P)
=P((()), diff (tr', tr)) V (= ok A RT)
=P((()), diff (tr', tr)) V (= ok A RT({()), diff (7', tr)))
=(PV (= ok A RT))({(), diff (tr', tr))
=Rl 0 CSP1(P)

Law 29. CSPlCt o RSCt = R3ct o CSP]_Ct
Proof.

CSP1e; o R3e(P)
=(T. < wait > P)V (= ok A RT)
=(Te A wait) V (- wait A P) V (- ok A RT)
=(II.¢ N wait)
=(Te A wait) V (- wait A (P V (- ok A RT)))
—R3; 0 CSP1(P)

< <

Law 31. CSP1.(P) = Rl¢ o H1(P) provided P is Rl

Proof.

CSP1.(P)
=PV (- ok A RT)
=(P A RT) V (= ok A RT)
=RT A (P V = ok)
=R1.; o H1(P)

(= ok A RT A wait) V (- wait A (P V (= ok A RT)))

[CSP1.: and Rlg)
[propositional calculus]
|
]

[CSP1.: and propositional calculus

[ ct

O

[CSP1.: and R2¢¢)

[Lemma 41]
[predicate calculus]
[CSP1.t and R2¢4)

O

[CSP1.: and R3]
[<r]

[propositional calculus]
[property of IT .|
[CSP1.: and R3]

O

[CSP1.
[P is Rlct]
[propositional calculus]

[R1ct and H1]

O
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Law 32. CSP1. (P A Q) =P A Q provided P and @ are CSP1¢
Proof.

CSP1.(P A Q) [CSP1c]

=(PAQ)V (— ok ART)
=(PV (= ok A RT)) A (Q V (= ok A RT))
=P AQ

Law 33. CSP1. (P V Q) = PV Q provided P and @ are CSP1
Proof.

CSP1ct(P A Q)
=(PV Q)V (- ok A RT)
=(PV (= ok ART))V (QV (- ok A RT))
=PV Q

Law 34. CSP1 (P b > Q) = CSP1(P) < b > CSP1.(Q)
Proof.

CSP14(P <b> Q)
=(PAb)V(=bAQ)V (—okART)
=(PAD)V(—bAQ)V(=0kANRTA(bV D))
=((PV (m ok ART)) ANb)V ((QV (= ok ANRT)) A=)
=(CSP1(P) A b) V (CSP1c(Q) A D)
=CSP1.(P) < b > CSP1,(Q)

Law 35. CSP1.(P; Q) = P; @ provided P and @ are CSP1
Proof.

:CSP]-ct(CSP]-ct(P); CSP]—ct(Q))

[propositional calculus]
[P and @ are CSP1¢)

[CSP14]
[propositional calculus]
[P and @ are CSP1]

[CSP1.: and <ir>|

[propositional calculus

[CSP1

]

[propositional calculus]
]

(<]

[P and @ are CSP1]
[CSP1.4]

=(P; Q) V (P; (m ok ART))V ((—m ok ANRT); Q) V ((— ok AN RT); (- ok A RT)) V (= ok A RT)

[relational calculus]

=(P; Q) V (P; (m ok ANRT))V ((— ok ANRT); Q) V ((— ok A RT); (— ok A RT)) [relational calculus]

=(PV (= ok ANRT)); (QV (— ok A RT))
=P; Q

[P and @ are CSP1]
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A.6 Property of CSP2
Law 36. CScht o CSP2ct = CSP2ct

Proof.

CSP2¢; 0 CSP2.(P) [CSP2]
=P J J [property of J]
=P;J [CSP2¢]

O
Law 37. CSP2.:(P V Q) = PV @ provided P and @ are CSP2
Proof.

CSP2.(P V Q) [CSP2c¢]
=(PVQ);J [relational calculus]
=P;JVQ; J [CSP2]
=P; @

0
Law 38. CSP2, (P <b> Q) =P < b Q provided P and Q are CSP2¢
Proof.

CSP2Ct(P <bp> Q) [CSP2Ct and <[>]
=((PAD)V(QA—-D));J [relational calculus]
=((P; J)ANDB)V ((Q; J)A—b) [CSP2¢¢ and <ip>]
=P<db> Q

O
Law 39. CSP2.:(P; Q) = P; @ provided @ is CSP2
Proof.

CSP2.(P; Q) [CSP2]
=P; Q; J [CSP2ct]
—P; CSP2(Q) [Q is CSP2¢)]
=P; Q

0
Law 40. P;J = P/ v (P! A ok')
Proof.

p;J 7]
=P; (ok = ok’ A wait’ = wait A tr' = tr A ref’ = ref A state’ = state) [relational calculus]
=(P; (= ok A IT=°F)) v (P; (L% A ok")) [relational calculus]
=(P; (= ok A IT=°F)) v ((P; (I~°F) A ok) [right one-point, twice]

=P/ v (P! A ok
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B Proofs in transformation

B.1 Proofs of Property 3
L7. L(Expands(try, tr))) = (tr < tr' A front(ref) < ref’ A #diff (tr', tr) = #(ref’ — front(ref))
Proof.

L(Ezpands(try, tr})) [def of L]

tr = proj_fst(tr:) A tr' = proj_fst(tr]) A
= Jtry, tr] @ Expands(try, tr]) A (ref proj_snd(try) A ref' = proj_snd(tr!) [Ezpands(2.2))
At e front(try) < tr} A tr = proj_fst(try) A tr' = proj_fst(tr{) A
T fst(last(try)) < fst(tr, (#tn)) ref = proj_snd(try) A ref’ = proj_snd(tr])
[Property 2-L1]

front(proj_fst(try)) < proj_fst(tr;) A . , ‘ ,
. tr = proj_fst(try) Atr’ = proj_fst(try) A

e ! < / g
Fitry, try @ (front(pm] snd(m)) < proj_snd(tr{) A | A <ref — proj_snd(try) Aref’ — proj._snd{tr!)

fst(last(try)) < fst(tri(#tre))
[Property 2-1.2,13,14]

front(proj_fst(try)) < proj_fst(tr]) A f; ip;(gfii(é?,))//\\
=dtr, tr] e front(proj_snd(tr,)) < proj_snd(try) A A ~ proj- ¢
last( (try))

. . , . ref = proj_snd(try) A
proj_fst(ir,)) < proj_fst(tr]) (#proj_fst A

[Property 2-1.4]
. tr = proj_fst(try) A
front(proj_fst(try)) < proj_fst(tr]) A i _p J fst( t,)
; = proj_fst(tr;) A
= Jtry, try front(prog,snd(trt)) < proj_snd(tr;) A ref = proj_snd(try) A
last(proj_fst(try)) < proj_fst(tr))(#proj_fst(try)) -

ref’ = proj_snd(tr;)
A ( #proj_fst(try) = #proj_snd(try) A >

Hproj_fst(tr]) = #proj_snd(tr]) [substitution]

= Jtry, tr] o (front(tr) < tr' Alast(tr) < tr'(#tr) A front(ref) < ref’ A #tr = #tref A #tr' = #ref’)

tr = proj_fst(try) A tr' = proj_fst(tr) A i 3
A ( ref = proj_snd(tr;) A ref' = proj_snd(tr!) [predicate calculus]

= (front(tr) < tr’ A last(tr) < tr'(#tr) A front(ref) < ref’ A #tr = #ref A #tr' = $tref’)
A Jtry, try @ ( tr = proj_fst(try) A tr’ = proj_fst(tr;) A ref = proj_snd(try) A ref’ = proj_snd(tr]) )
(1)[propositional calculus]
= (front(tr) < tr' A last(tr) < tr' (#tr) A front(ref) < ref’ A #tr = #ref A #tr' = #ref’)  [def of ¥]
= tr < tr] A front(ref) < ref’ A #tr = #ref N F#tr' = #ref’
(2)[Let try = tr ® ref and tr{ = tr' ® ref’]
< front(tr) < try A last(tr) < tr'(#tr) A front(ref) < ref’ A #tr = tref N #tr' = #ref’

tr = proj_fst(tr ® ref) A tr' = proj_fst(tr' ® ref’) A
A < ref = proj_snd(tr ® ref) A ref’ = proj_snd(tr’ ® ref’) [Law 41, 42]
= front(tr) < try A last(tr) < tr'(#tr) A front(ref) < ref’ A #ttr = #tref A #tr' = #ref’ [def of <]

= tr < tr] A front(ref) < ref’ N #tr = #ref N #tr' = #ref’

L8. L(tr] = try) = (tr' = tr A ref’ = ref N #tr = #ref A #tr' = #ref’)
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Proof.

L(tr, = try) [def of L]

_ - ! - /
tr = proj_fst(try) A tr' = proj_fst(tr]) A ) [Property 2-L5]

= Jtre,try @ tre = try A (ref = proj_snd(tr) A ref’ = proj_snd(itry)

— Tiry tr] e <projfst(trt) = proj,‘fst(tr{) //\> A ( tr = proj,fst(trt) A tr! = proj,fst(tré) /\/ )
proj_snd(try) = proj_snd(tr]) ref = proj_snd(try) A ref’ = proj_snd(try)
[Property 2-14]
— St trl e <projfst(trt) = pmj,'fst(tr;) //\) A ( tr = pm]:,fst(trt) A tr! = proj,fst(trt’) /\/ )
proj_snd(try) = proj_snd(tr]) ref = proj_snd(try) A ref’ = proj_snd(tr])
A ( #proj_fst(try) = #proj_snd(try) N #proj_fst(tr;) = #proj_snd(tr]) )
[substitution and predicate calculus]
=tr' = tr A ref’ = ref A #tr = #ref A #tr' = F#ref’ A
Jtry, try o (tr = proj_fst(try) A tr' = proj_fst(tr}) A ref = proj_snd(try) A ref’ = proj_snd(tr}))
(1)[[propositional calculus]
= tr' = tr A ref = ref A #tr = Fref A #tr’ = Fref’
(2)[Let try = tr ® ref and tr; = tr' ® ref’]
<= tr' =tr A ref = ref A Ftr = Fref A Ftr’ = F#ref’ A

(I S ) o
— tr' = tr A ref' = ref A Htr = #ref A Htr' = #ref’ =
O
L9. L(I,) = I,
Proof.
L(1m,) [ I.(2.7)]

=L((— ok A Ezpands(try,tr))) V (ok’ A wait’ = wait A state’ = state A try = try))
[L and Property 3-L2,14]

=(= ok A L(Ezpands(try, try))) V (ok" A wait’ = wait A state’ = state A L(try = tr}))
[Property 3-L7,L8]

=(= ok A tr < try A front(ref) < ref’ A #tr = #ref A #tr' = F#ref’) v [I.¢]
(ok’ A wait’ = wait A state’ = state A tr' = tr A ref’ = ref N #tr = #ref A #tr' = #ref’)
=14
O

L10. L(trace’ =t) = ("/tr' — " /tr = t)
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Proof.
L(trace’ =t) [2.1]
=L(Flat(tr;) — Flat(tr;) = t)
=3try, tr o (tr = proj_fst(try) A tr' = proj_fst(tr}) A ref = proj_snd(try) A ref’ = proj_snd(tr}))
A Flat(try) — Flat(try) =t [Property 2-L6]
=3try, try @ (tr = proj_fst(try) A tr' = proj_fst(tr{) A ref = proj_snd(try) A ref’ = proj_snd(tr)))
N "/ (proj_fst(try)) — 7/ (proj_fst(try)) =t [substitution]

_ , tr = proj_fst(try) A tr' = proj_fst(tr]) A ~pd o~
=y, try o (ref = proj_snd(try) A ref’ = proj_snd(tr;) AL [tr=t
(1)[propositional calculus]

="/t =" tr =t
(2)[Let try = {tr,ref)) and tr; = (tr', ref’))]
eI =t =t A Tty b e ( tr = proj_fst({(tr, ref))) A tr’ = proj_fst({(tr', ref'))) A )

ref = proj_snd({(tr,ref))) A ref’ = proj_snd({(tr’, ref")))
[predicate calculus]

="Jtr' =" Jtr =1t

O
L11. L(wait_com(c)s) = wait_com(c)
Proof.
L(wait_com(c)y) [wait_com(c)(4.55) and possible(2.25)]
=L(wait' ANV i : F#try. F#tr] e ¢ & snd(try(i)) A trace’ = ()) [Property 3-L4]
=wait’ A L(Y i : #try. . #tr] @ ¢ & snd(tr;(i)) A trace’ = ()) [def of L]

tr = proj_fst(try) A tr' = proj_fst(tr]) A
ref = proj_snd(try) A ref’ = proj_snd(try)

>

=wait’ \ Itry, tr] e (

Vi #try. Ftr, o ¢ & snd(tri(i)) A trace’ = ()

[Property 3-L10]
tr = proj_fst(try) A tr' = proj_fst(tr]) A )
(/

A

/

o -,/ /
=wait’ A 3try, try e <ref = proj_snd(try) A ref’ = proj_snd(tr])
Vi #tr Fttr, o ¢ & snd(tri(i)) A (T /tr' =7 /tr = ()

tr = proj_fst(try) A tr' = proj_fst(tr]) A
ref = proj_snd(try) A ref’ = proj_snd(tr])

[Property 2-L3,L7]

=wait’ A\ Itry, tr] e < A [substitution]

L ftproj_fst(try).#tproj_fst(tr;) e ¢ ¢ proj_snd(tr{)(i) A (7/tr' =7 /tr = ()

tr = proj_fst(try) A tr' = proj_fst(tr]) A ) A

/

o .,/ /
—wait’ A Jtr, iy e <ref = proj_snd(try) A ref’ = proj_snd(tr])

Vi #tr. #tr' e c g ref (i) A (7t — 7 /tr = ()
(1)[propositional calculus]
= wait’ AVi: #tr.ttr' e c & ref' (i) A (T /tr' = 7 Jtr = ()
= wait_com(c) ¢t
(2)[Let try = tr ® ref and tr{ = tr' ® ref’]

< wait' ANV i Ftr.Ftr e c ¢ ref (i) A (T/tr' = /tr = () A

tr = proj_fst(tr ® ref) A tr' = proj_fst(tr’ ® ref’) A
A ( ref = proj_snd(tr & ref) A ref’ = proj_snd(tr’ ® ref’) [Law 41, 42]

= wait’ NYi: #tr.#ttr’ e c & ref (i) N (7 /tr' = 7 /tr = () [wait_com(c) )

= wait_com(c) ¢t
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O
L12. L(term_com(c.e);) = term_com(c.e) o
Proof.
L(term_com(c.e)t) [term_com(c)(4.57)]
=L(— wait’ A trace’ = (c.e) N #tr] = #ir;) [Property 3-L4]
== wait’ A\ L(trace’ = (c.e) N #tr] = #ir,) [Z]

=

=

. wait! A Tty trl e ( tr = proj_fst(try) A tr' = proj_fst(tr]) A
- tr

r_ r_
ref = proj_snd(try) A ref’ = projsnd(tr{)) A trace’ = (c.e) A3ty = gfir,

[Property 2-L4 and Property 3-L10]

)> ATt =7 Jtr = (c.e) A

#proj_fst(try) = #proj_fst(try) [substitution and preidcate calculus]

tr = proj_fst(try) A tr' = proj_fst(tr{) A
ref = proj_snd(try) A ref’ = proj_snd(tr;

== wait’ \ try, tr; o (
== wait’' N Jtr' — 7 Jtr = (c.e) A #tr' = #tr A
Jtry, try o (tr = proj_fst(try) A tr' = proj_fst(tr}) A ref = proj_snd(try) A ref’ = proj_snd(tr}))

(1)[propositional calculus]

= = wait’ N7 /tr' = T Jtr = (c.e) A #ir' = #ir [term_com(c.€) ]
= term_com(c.e)
(2)[Let try = tr ® ref and tr{ = tr' ® ref’]

< s wait’ N7 /tr' = T Jtr = (c.e) N #tr' = #itr A

tr = proj_fst(tr ® ref) A tr' = proj_fst(tr’ & ref’) A
A ( ref = proj_snd(tr & ref) A ref’ = proj_snd(tr’ & ref’) [Law 41, 42]

== wait’ N "Jtr' — 7 Jtr = (c.e) N #tr' = #tr [Property 5-L14]
== wait A diff (tr', tr) = ({c.€)) [term_com(c.e) ]

=term_com(c)

O
L13. L(terminating_com(c.e):) = terminating_com(c.e) s
Proof.

L(terminating_com(c.e)) [terminating_com(c.e)y(4.59)]
=L(wait_comy(c) ; term_comy(c.e) V term_comy(c.e)) [Property 3-12,L6]
=L(wait_comy(c)); L(term_comy(c.e)) V L(term_comy(c.e)) [Property 3-L11,L.12]
=wait_comy(c) ; term_comy(c.e) V term_comy(c.e) [terminating_com:]
=terminating_com(c.e) .

O
L14.
L(dif (try, try) € TSync(dif (0.try, try), dif (1.tr{, try), CS)) =
diff (tr', tr) € SSync(diff (0.tr', tr), diff (1.tr', tr), CS) A
ref’ — front(ref) = MRef (0.ref’ — front(ref), 1.ref’ — front(ref), CS)
Proof. The proof is based on the induction rules on timed traces and will not be given here. O

L15. L(M,) = M,
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Proof.

L(M,) [2.34]

ok’ = (0.0k A 1.0k) A wait’ = (0.wait V 1.wait) A
=L | dif(tr], try) € TSync(dif (0.tre, tre), dif (1.tre, try), CS)
A state’ = (0.state — s2) @ (1.state — s1)

( ok’ = (0.0k A 1.0k) A wait’ = (0.wait V 1.wait) A )

[Property 3-14]

[Property 3-L14]

L(dif (tr], try) € TSync(dif (0.tre, try), dif (1.tre, try), CS))
A state’ = (0.state — s2) @ (1.state — s1)

ok’ = (0.0k A 1.0k) A wait’ = (0.wait V 1.wait) A
diff (tr', tr) € SSync(diff (0.tr', tr), diff (1.tr', tr), CS) A

T | ref’ — front(ref) = MRef (0.ref’ — front(ref), 1.ref’ — front(ref), CS) [def of M}
A state’ = (0.state — s2) @ (1.state — s1)
= M
O
L16.
L(dif (tr}, try) = dif (s¢, try) L, (BEvent — CS)) =
diff (tr', tr) = diff (s, tr) 4+ (X — CS) A
r — front(ref) = ((ref’ — front(ref)) U, CS
Proof. The proof is based on the induction rules on timed traces and will not be given here. O
L17.
L(DifDetected(P, @)¢) = DifDetected(L(P), L(Q))ct
Proof.

L(DifDetected (P, Q))

_ , . PAQANA ok A . (oK' N = wait’ A try = try) V

=1L (_‘ ok"V <0k A wait A (( wait’ A trace’ = () v Skipe)) (ok’ A fst(head(dif (try, try))) # ()
[Property 3-L2,L6]

_ / ‘ PAQAok A . _ (ok" N = wait’ A try = try) V

= TokviL (Ok“ watt (( wait! A trace’ = () )V SFP L\ (s A fst(head (dif (i, 1)) # 0))
[Property 3-1.2,1.3]

/ ‘ L(P)ANL(Q) A ok’ Await’ ‘ . (ok! A = wait’ N L(tr] = try)) V
= - ok'V (ok/\—' wait \ (( A L(trace’ = () V L(Skip,) || ; L

[Property 3-L8,L10 and Law 45]
L(P)NL(Q) A ok’ Nwait’
== ok'V <0k/\—| wait \ (< /\(A;tr’ (:Q,)\/ti war ) \/Skipct)> ;
((ok’ A = wait’ A tr' = tr A ref’ = ref A Ftr = Href N #tr' = F#ref') v

(o' A L(fst(head (dif (tr}, try))) # ())) ) [Property of L and dif]

L(P)NL A ok’ Await’
= - ok’ V [ 0k A= wait A (A) , (Q)\ or V Skipet ) ; [DifDetected )
ANt ="t

((ok" A= wait" A\ tr' = tr N ref’ = ref A 4tr = Ftref N #tr' = F#ref') V (ok' Nhead(diff (tr', tr)) # ())))
= DifDetected(L(P), L(Q))t

(k" N L(fst(head(dif (tri, tr:))) # ()))

)
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B.2 Proofs of Property 4
L1. L(R1¢(X)) = Rl (L(X))
Proof.
L(R1¢(X)) [R1¢(2.3)]
=L(X A Ezpands(try, tr})) [Expands(2.2)]
=L (X A (front(try) < tr] A fst(last(try)) < fst(tr}(#tr:)))) [def of L]

_ , tr = proj_fst(try) A tr' = proj_fst(tr]) A
=3itn, try e (ref = proj_snd(try) A ref’ = proj_snd(tr]) NX

A (front(try) < tr{ A fst(last(try)) < fst(tr](#tre))

_ , tr = proj_fst(try) A tr' = proj_fst(tr{) A
=3tri,tr e (ref = proj_snd(try) A ref’ = proj_snd(tr]) NX

A tr < tri A front(ref) < ref’ A #tr = #ref N #tr' = $ref’

=L(X) A tr < try A front(ref) < ref’ A #tr = #tref N #tr' = #ref’

=R1(L(X))

L2. L(R2¢(X)) = R2(L(X))

[Property 3-L7]

[def of L)

[R1¢]
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Proof.

L(R2¢(X)) [R2¢(2.4)]
=L(3r e X[{((),r)), dif (try, tr)/tre, try]) [substitution]
=L(3try, tr,r @ X AN try = (((), 7)) A tr] = dif (tr(, try)) [def of L]
=3 try, try, v o f(try, try, tr ot ref ref ) A X A try = (((), 7)) A tr) = dif (tr}, try)) [dif (2.5)]
=Ttry, tr],r e f(try, try, tr tr' ref ref' ) AN X Atry = (), 1)) A [Property 2-L5]

tr; = ((fst(head(tr,— front(try)))—fst(last(tr;)), snd(head(tr;— front(tr;))))) 7 tail(tr; — front(try))
=3try, try,r e f(try, try, trtr' ref,ref’) A X A proj_fst(try) = ({)) A proj_snd(tr;) = r A
proj_fst(try) = (fst(head(tr; — front(try))) — fst(last(try))) ™ proj_fst(tail(tr, — front(tr))) A

proj_snd(try) = (snd(head(tr{ — front(tr)))) ~ proj_snd(tail(tr; — front(try)))
[def of f and Property 2-19,1.10,L.11,1.12]

=3try, tr],r e (7*2; z 5Z2§:£iéi§; )t )/\/\t:’e f:' ir;]r;fit;ﬁ()t;\{ )) A [substitution]
X A proj_fst(try) = ({)) A proj_snd(try) = (r) A
proj_fst(try) = (fst(head(tr,— front(try)))—fst(last(try))) ™ tail(proj_fst(try) — front(proj_fst(try)))
A proj_snd(tr;) = (snd(head(tr; — front(tr;)))) ™ tail(proj_snd(tr;) — front(proj_snd(try)))

tr = proj_fst(try) A tr' = proj_fst(tr]) A

o /
=3y, bry, e (ref = proj_snd(try) A ref’ = proj_snd(tr])

)/\X/\tr:<<>>/\ref:r/\

tr' = (fst(head(tr; — front(tr))) — fst(last(try))) ™ tail(tr' — front(tr))

A ref’ = (snd(head(tr; — front(try)))) ™ tail(ref’ — front(ref)) [Property A.1-L12]
tr = proj_fst(try) A tr' = proj_fst(tr]) A B B

ref = proj,snd(t;t) A ref’ = projsnd(trt')) AKX N tr= () Aref = (r) A

tr’ = (fst(tr,(#try)) — fst(last(try))) 7 tail(tr’ — front(tr)) A

ref’ = (snd(tr,(#tr))) 7 tail(ref’ — front(ref)) [Property 2-L.2,1.7,1.13]

tr = proj_fst(try) A tr' = proj_fst(tr]) A
ref = proj_snd(try) A ref’ = proj_snd(tr])

=3try, tr{,r e (

zﬂtrt,trt’,r0< )/\X/\trz(())/\refzr/\

tr' = (proj_fst(tr{(#try)) — last(proj_fst(tr))) 7 tail(tr' — front(tr)) A
ref’ = (proj_snd(tr{(#tr;))) ™ tail(ref’ — front(ref)) [substitution and Property 2-L4]

tr = proj_fst(try) A tr' = proj_fst(tr]) A

. ’
=3y, try,r e (ref = proj_snd(try) A ref’ = proj_snd(try)

)/\X/\trz(@)/\refzr/\

tr' = (tr' (#tr) — last(tr)) ™ tail(tr' — front(tr))
A ref’ = (ref'(#ref)) 7 tail(ref’ — front(ref)) [def of diff and Property A.1-L13]

tr = proj_fst(try) A tr' = proj_fst(tr]) A

_ !
=3ty try, 7 e <ref = proj_snd(tr) A ref’ = proj_snd(try)

)/\X/\tr(())/\refr/\

tr' = diff (tr', tr) A ref’ = ref’ — front(ref) (L]

=Jre L(X)Atr={) Aref =1 A tr' = diff (tr', tr) A ref’ = ref’ — front(ref)
=LX) A tr= () A tr' = diff (tr', tr) [R2c¢]
O

L3. L(R3¢(X)) = R3c¢(L(X))
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Proof.
L(R3¢(X))
=L(I; < wait > X)
=L(I;) < wait > L(X)
=1, < wait > L(X)
=R3c¢(L(X))

L4. L(CSP1¢(X)) = CSP1(L(X))
Proof.

L(CSP1,(X))
=L(X V (= ok A Ezxpands(tr, try)))
=L(X) V L(— ok A Ezpands(try,tr;))
=L(X) V (= ok A L(Expands(try, try)))
=L(X)V (- ok AN RT)
—CSP1(L(X))

L5. L(CSP2¢(X)) = CSP2.(L(X))

Proof.
L(CSP24(X))
=L(X; Jt)
=L(X); L
—L(X); ( (ok = ok’) N wait’ = wait N state’ = state N )
front(try) = front(tr]) A fst(last(try)) = fst(last(tr]))

(ok = ok') N wait’ = wait A state’ = state A )

=L(X); ( L(front(try) = front(tr)) A fst(last(tre)) = fst(last(iry)))

(ok = ok") A wait’ = wait A state’ = state A

—L(X); ( Itre, try e f(try, tri, tr, tr', ref, ref’) A )

front(tr) = front(tr') A front(ref) = front(ref’) A
last(tr) = last(tr’)

=L(X); ( (ok = ok') A wait’ = wait A\ state’ = state A tr = tr' A front(ref)

=L(X);J

L6. L(CSP3:(X)) = CSP3(L(X))
Proof.
L(CSP3,(X))
=L(Skip; ; X)
=L(Skip;) ; L(X)
=Skipcy ; L(X)
=CSP3.(L(X))

(ok = ok’") A\ wait’ = wait A state’ = state A
=L(X); Itre, try o f(try, try, tr,tr', ref , ref’) A front(proj_fst(tre))
front(proj_snd(try)) = front(proj_snd(tr;)) A last(proj_fst(try)) =

[R3:(2.6)]
[Property 3-L5]
[Property 3-L9]

]

[ ct

O

[CSP1,(2.8)]
[Property 3-L2]
[Property 3-1L4]
[Property 3-L7]

[CSP1]

O

[CSP2.(2.9)]
[Property 3-L6]
[/1(2.13)]

[Property 3-L4]

[L and Property 2-1.2,L8]

= front(proj_fst(try)) A >)

last(proj_fst(try))

[substitution]

[predicate calculus]

= front(ref") ) [Jet]

[CSP2¢]

O

[CSP3.(2.10)]
[Property 3-L6]
[Law 45]
[CSP3.t]
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L7. L(CSP4,(X)) =

Proof.

L(CSP4(X

—L(X);

=L(X); Skip.:

(
=L(X ; Skip;)
(X

)

CSP4c(L(X))

L(Skipy)

—CSP4.:(L(X))

L8. L(CSP5(X

Proof.

) =

L(CSP5,(X

=L

(

=L(X [[| Skip:)
(X
=L(X

)

) Il Skiper
:CSP5ct(L(X))

CSP5ct(L(X))

) 1| L(Skip;)

C Parallelism

[CSP4,(2.11)]
[Property 3-L6]
[Law 45]
[CSP4]

O

[CSP5.(2.12)]
[Law 52]

[Law 45]
[CSP5]

O

We give the definitions of T'Sync, Sync and MRef in parallelism. The synchronisation function TSync takes
two timed traces and a set of events on which the actions should synchronise, and returns the set containing
all possible timed traces. Given two timed traces S; and Ss, TSync is defined as follows:

TSy’}”LC(Sl, SQ, CS) =

TSync((), (), €S) ={0}
TSync({t1)
TSync({t1)
where Sync is defined for the synchronisation of two sequences of events,

Sync(t, t1, CS)

Sync(ty, ta, CS) =

Syne((), (), CS) =
Sync({er) " t, (),
Sync({e1) " t, (),

T 5, (), 08) =
™51, (ta)

{0}
cs)={}
CS) = {{e1)} ™ Syne(t

Sync((e1) ™ t1,(e2) " 12, CF) = ( ?

Sync({e1) ™
Sync({e1) ™
Sync({e1) ™

tl, <€2>
tl, <61>
tl, <62>

"1y, CS) =

(
- tg, CS) = {<6l>
AtQ,CS):{<61>} Sync(tl,tg,CS)

{

~ S, C8) =

TSy’fLC(SQ, Sl, CS)

(), €S)

er)}  Sync(ty, (e2) ~
2)} 7 Sync({er)

7 Sync(ty, (e2)

t, b, CS)
"1y, CS)

{(t") | ' € Sync(tr, (), CS)} ™ TSync (81, (), CS)
{(t") | t' € Sync(t1, ta, CS)} ™ TSync(Si, Sz, CS)

iff e € CS
’Lff €1 ¢ cs

2 O\ g CS A e ¢ CS

)

iﬁ61§§05/\62605
iff e € CS
iff 1€ CSNeye CSNe # e

And the function MRef is used to merge the two refusal sequences.

MRef (refi, refz, CS) =

MRef ((), (
MRef ({r1) ™
MRef ({r1) ™

), C

) =)
refi, (), CS) = (ry)
refy, (ra) 7 refa, CS) =

MRef (refz, refi, CS)

™ MRef (refy, (), CS

)

(rnUm)N CS)U

((r1 N)\ CS)) ™ MRef (refy, refo, CS)
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Lemma 43.

Skip! = Rlc(— ok)

Proof.
Skip”
=(Ret(true - — wait’ A tr' = tr A state’ = state))
=(Rlet 0 R26t(Ioy < wait > (true - — wait’ A tr' = tr A state’ = state)))’ (I
=(R1et 0 R264(((— ok A RT) V (ok' A IT)) < wait > (true - — wait’ A tr' = tr A state’ = state)))’
[substitution]
=R1c; 0 R2c¢((— 0ok A RT) < wait > — ok)) [relational calculus]
=R1. o R2.4(— ok) [property of R2¢¢]
:Rlct(_\ Ok')
O
Lemma 44. Skip' = Rlet(— ok) V (ok A (I <1 wait > (I~ A front(ref’) = front(ref))))
Proof.
Skip*
=(Res(true - = wait’ A tr' = tr A state’ = state))"
=(Rl¢t 0 R2¢¢ (I < wait > (true - — wait’ A tr' = tr A state’ = state)))* (I
=(Rlet o R264(((— ok A RT) V (0k' A IT)) < wait > (true - — wait’ A tr' = tr A state’ = state)))’
[substitution]

=Rl 0o R2:4((— 0k A RT) V II) < wait > (= ok V (= wait’ A tr' = tr A state’ = state)))
[relational calculus]

=Rl 0 R2c4(— 0k V (I < wait > (= wait’ A tr' = tr A state’ = state)) [property of R2c¢]
=R1c(— ok V (I < wait > (= wait’ A tr' = tr A state’ = state)) [relational calculus]
=Rlet(— 0k) V (ok A (I < wait > (I~ A front(ref’) = front(ref))))

Lemma 45.

(((P; UO(outaP)) A (Q; UL(0utaQ)))+(errery s M)} =

P]}: [0.tr, 0.ref /tr', ref'] N Qp[1.tr, L.ref /tr', ref’]
A MTR(tr,tr',0.tr, 1.tr, ref , ref’, 0.ref , 1.ref)
Pr[0.tr,0.ref [tr', ref'] A Q}f[l.tr, L.ref /tr! ref’]
AN MTR(tr, tr',0.tr, 1.ér, ref , ref’, 0.ref , 1.ref )

30.tr,0,ref, 1, tr, 1, ref o ( ) ; Rleg(true) v

30.tr,0,ref, 1, tr, 1, ref o ( > ; Rlci(true)
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Proof.
(P U0(outaP)) A (Q: UL(0uta@))) sy : M) (4]
=(((P; UO(outaP)) A (Q; UL(0utaQ))) 1 (errery ; Met; Skip)}
:(((Pf 5 UO(OUtO‘P)) A (Qf 5 Ul(OUtOZQ)))+{tT,T'5f} 5 My Skipf) [Mct]
—(Py: UO(outaP)) A (G s UL(0utaQ))) s 1r repy: [Lemma 43]

wait’ = (0.wait V 1.wait) A state’ = (0.state — s2) B (1.state — s1)
((Pr; UO(outaP)) A (Qr ;s UL(outaQ))) 4 {tr,ref?; [relational calculus)

ok’ = (0.0k A 1.ok) A MTR(tr,tr',0.tr, 1.tr, ref , ref’, 0.ref , L.ref) A Rilee(— ok)
wait’ = (0.wait V 1.wait) A state’ = (0.state — s2) @ (1.state — s1) )’ ot 0

<0k’ = (0.0k A 1.0k) A MTR(tr, tr',0.tr, 1.tr, ref , ref’, O.ref | 1.ref ) /\> . Skip!
(

=((Pr; UO(outaP)) A (Qf ; Ul(outa@))) 4 {tr,ref}; [relational calculus]
(false = (0.0k A 1.0k) A MTR(tr,tr',0.tr, Ltr, ref, ref’,0.ref, L.ref)); Rlce(true)
(P} UO(outaP)) A (Qf ; UL(0uta @)+ (ur,reyy: .
= ' Vv lat 1 calcul
( MTR(tr, tr',0.tr, 1.tr, ref, ref’,0.ref , 1.ref); Rle(true) [relational caleulus}
((Py; UO(outaP)) A (Qf ; UL(0utaQ)))+ (irref};
MTR(tr, tr',0.tr, 1.tr, ref , ref’, 0.ref , L.ref ); Rlct(true)

P}C[O.tr, 0.ref /tr', ref') A Q¢[1.tr, 1.ref /tr', ref’]
A MTR(tr,tr',0.tr, 1.¢r, ref , ref’, O.ref , 1.ref )
Pr[0.tr,0.ref /tr', ref'] A Q;[l.tn 1.ref /tr!, ref’]
A MTR(tr,tr',0.tr, 1.¢r, ref , ref’, O.ref , 1.ref )

=30.tr,0,ref, 1, tr,1,ref o ( ) ; Rlei(true) v

30.tr,0, ref, 1, tr, 1, ref ® < ) ; Rlci(true)

Lemma 46.

(((P; UO(outaP)) AN(Q; Ul(outaQ))) 4 1irrefy s My)f =

( ((P; UO(outaP)) A (Q: UL(outaQ)))(errery s M)} V )
((P}; UO(outaP)) A (QF; UL(0uta@))) s ferrery: Mer)
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Proof.
(((P; UO(outaP)) A (Q; UL(outaQ))) (e ey s M)y [M]
=(((P; UO(outaP)) A (Q; UL(outaQ))) 4 gerrer} s Mer; Skip)}
=(((Py; UO(outaP)) A (Qr ; UL(0utaQ))) 4o rery ; Met; Skip) [Met]
(77Ut 1 (@ i) Lemma 44]

(0.0k A 1.ok) N MTR(tr,tr',0.tr, 1.tr, ref , ref’, O.ref, 1.ref ) A
wazt’ = (0.wait V 1.wait) A state’ = (O state — s3) @ (1.state — s1) :

Rlci(— ok) V (ok A (I < wait > (I~ A front(ref’) = front(ref))))

((Py; UO( outaP)) (Qr; Ul(outaQ)))Hmmf};

ok’ = (0.0k A 1.0k) AN MTR(tr,tr',0.tr, 1.tr, ref, ref’, O.ref , L.ref) A\ Rilee(— ok) Vv

wazt (0.wait V 1.wait) A\ state’ = (0 state — sp) @ (1.state — s1) )7~ °*

((Py; UO( outaP)) (Qr; Ul(outaQ))) 4 gr,refys

ok’ = (0.0k A 1.0k) AN MTR(tr,tr',0.tr, 1.tr, ref, ref’, 0.ref , L.ref) A\

wazt’ = (0.wait V l.wait) A state’ = (0.state — s2) @ (1.state — s1) )’ [Lemma 18]
(ok A (I < wait > (I~ A front(ref') = front(ref)))

=(((P;UO0(outaP)) A (Q; Ul(outaQ))) 4 1tr ref} ; MH)f Vv [relational calculus]

( ( Pf ) UO OUtOLP)) (Qf ) UI(OUtO‘Q)))-i-{h ref}s

ok’ = (0.0k A 1.0k) A MTR(tr,tr',0.tr, 1.tr, ref , ref’, 0.ref | 1.ref ) > [Lemma 18]

wait’ = (0.wait V 1.wait) A state’ = (0.state — so) B (1.state — s1)
(ok A (I < wait > (I~ A front(ref') = front(ref)))

=(((P;UO0(outaP)) A (Q; Ul(outaQ)))41tr ref} 5 MH)§ Vv [relational calculus]

( ((Pf ) UO O’U,tO[P)) (Qf ) Ul(OUtaQ)))+{tr ref}s

ok' = (0.0k A 1.0k) A MTR(tr, tr',0.tr, 1.tr, ref , ref’, O.ref , 1.ref) ) [M..]
ct

wait’ = (0.wait V 1.wait) A state’ = (0 state — s3) @ (1.state — s1)
(I < wait > (I~ A front(ref’) = front(ref)))

=(((P; UO(outaP)) A (Q; UL(0uteQ))) s errefy s My)s V [P and Q are CSP4]

Qf ; Ul(outa@))

((P; UO(outaP)) A (Q;Ul(OutaQ)))+{tr,ref}§Ml)ﬁ\)/ )

( s U0(outarP)) A > i Mey; (I < wait > (I~ A front(ref’) = front(ref))) >
+{tr,ref}
( Pf ; UO OutOéP)) A (th 5 Ul(OUtO‘Q)))-&-{tr,Tef}; My

Theorem 31.

(((P; UO(outaP)) A (Q; UL(outa@))) 4 {or,rery s M) =
P;C[O.tr, O.ref /tr', ref') A Qp[1.tr, L.ref /¢, ref’]
A MTR(tr, tr’,0.tr, L.tr, ref, ref’, 0.ref , 1.ref)
P[0.tr, 0.ref /tr!, ref'] A Qj:[l.tr, L.ref /tr', ref']
A MTR(tr,tr',0.tr, 1.tr, ref , ref’, 0.ref , 1.ref)
|_
(((PE s UO(outaP)) A (@3 U1 (0utaQ))) s gorregy: M)

Proof. The proof is simply based on Lemma 18 and Lemma 19. O

30.tr,0, ref,1,tr, 1, ref ® ( ) ; Rlce(true) v

30.tr,0,ref , 1, tr, 1, ref ® ( ) ; Rlct(true)

D Deadline

Law 83. Wait d; Miracle = Reg(true b 7 /tr' = 7 /tr A #tr’ — #tr < d A wait”)
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Proof.

Wait d ; Miracle [defs of Wait and Miracle]

A state’ = state

r_ =
= Rct<true 2t =7t A (#tr’ — #ir < d < wait’ > ( i — gtir = d ))) ; Ret(true F false)

[Theorem 6]
) VY. ;
C ) C C bl C C
- (Rlct(false) ; Rlcg(true)) A = (Rlee((Wait d)f); Rlee(— wait A R2¢¢(false)))
'_
#ir' — #tr < d
< wait’ >
#itr' —H#tr=d
A state’ = state
#ir' — #tr < d
< wait’ >

#ir' — H#tr =d )

= Rt [rel. cal.]

Rl | ©/tr' =" /tr A ( > ; Rlee(I < wait > R2¢(false))

i Rlet (I < wait > R2.¢(false))

=Ret | trueFRe | ©/tr =" /tr A
( A state’ = state

[R2.t(false) = false and relational calculus]
#ir' — #tr < d

< wait’ >
#itr' — H#tr = d )

A state’ = state

s R1ct (I A wait) | [relational calculus]

=Rt [true - Rl | ©/tr' =7 /tr A (

= Res(true - Rl (T/tr' = 7 /tr A #tr' — #tr < d A wait’) ; Rlee (I A wait)) [R1c¢ and unit law]
= Rei(true = 7/tr" = 7 /tr A #tr’ — #tr < d A wait”)

O

Theorem 23
= (PLAtr' = tr); Rlgg(true)) A - (Pf A head(diff (tr',tr)) # () A
= (P} Agttr’ —#tr <d A7 /tr' =7 /tr); Rl (true)) A
d 4P =R - (PJ’: A ((#tr' —Ftr<d N7 Jtr' =7 /tr A wait’) ; head (tr' — tr) # ()))
(P} A #tr' —dtr < d A wait’ N7 Jtr' =7 [tr) v )
(PE A (((#tr = #tr < d A7t = "tr A wait'); term_neat) V term_now))
Proof.

d <P [def of <
= P O (Wait d; Miracle) [O-Theorem 15]
- (((P}C\/(Wait d; Mimcle)jz)/\tr’ = tr); Rl (true)) A
- ((PJ{ A (Wait d; Miracle)s N7 /tr' =7 /tr A wait’); tr' — tr = (()))); Rlct(true)) A
= ((Wait d; Mimcle)ﬁ A ((Pp ATt =7 /tr A wait’); tr' — tr = (()))); Rleg(true)) A
_ R, - (P}{ A (Wait d; Miracle)p A" /tr' =7 /tr A wait’) ; head(tr' — tr) # ())) A

¢ - ((Wait d; Mimcle)f N ((Py N7 Jtr" =7 Jtr A wait’) 5 head(tr’ — tr) # ())) A
= (P} v (Wait d; Miracle)}) A head(diff (tr', tr)) # ())
(P} A (Wait d; Miracle)t A wait’ A7 /tr" =7 /tr) v )

(Diff (Pf, (Wait d; Miracle);) A (Pf Vv (Wait d; Miracle)}))

[Law 83 and its precondition]
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= Rct

= Rct

= Rct

= Rct

= Rct

- ((P]J:/\(((falsev(Wait d; Miracle);) N7 /tr' =" /tr Nwait"); tr' —tr=(()))); Rlet(true)) A

= ((P{ A(

= (((P] vfalse) Atr' = tr); Rl (true)) A

- ((false A ((Pr A 7 /tr" =7 /tr A wait’); tr' — tr = (()))); Rle(true)) A
- (P]{ A (((false V (Wait d; Miracle);) A7 /tr' = 7 /tr A wait’) ; head(tr' — tr) # () A
- ((false A ((Py A7 /tr" =7 /tr A wait’) ; head(tr’ — tr) # () A
= ((P] V false) A head (diff (tr', tr)) # ()
( (P} A (Wait d; Miracle)y A wait’ A7 /tr' =" /tr) v
(Diff (Pf, (Wait d; Miracle)?) A (P} V (Wait d; Miracle)}))

[relational calculus]

= (PIAtr' = tr); Rlgg(true)) A - (Pf A head(diff (tr',tr)) # () A
((Wait d; Miracle); A7 /tr' =" /tr Nwait"); tr'—tr=(()))); Rlet(true)) A
A (((Wait d; Miracle); A7 /tr' =7 /tr A wait') ; head(tr' — tr) # ()))
(P} A (Wait d; Miracle)} A wait’ A7 [tr' =7 [tr) V
(Diff (P}, (Wait d; Miracle);) A (P} Vv (Wait d; Miracle)}))

f

f
_‘(Pf
l_

[Law 83 and the postcondition]
- ((P]{/\tr’ = tr); Rl (true)) A - (PJ{ A head (diff (tr', tr)) # () A

- ((P}c/\((#tr’—#tr< ANTJtr'=""/tr Nwait'); tr' —tr={(()))); Rlet(true)) A

- (PJ’: A (Ftr' —Ftr<d N7 Jtr' =7 /tr A wait’) ; head (tr' — tr) # ())) [rel. cal.
(P} A #tr' —#tr < d A wait’ N7 Jtr' =7 [tr) v
(Diff (Pf, (Wait d; Miracle);) A (P} v (Wait d; Miracle)}))
= (P} Atr' = tr); Rlce(true)) A = (P] A head(diff (tr', tr)) # ()) A
- ((P;c/\#tr’—#trg AN Jtr'=""/tr); Rle(true)) A

— (PL A (e —#tr <d A2 Jtr' = 7 /tr A wait') s head (tr' — tr) # ()))

(P} A #tr' — dtr < d A wait’ N7 Jtr' =7 [tr) v
(Diff (Pf, (Wait d; Miracle);) A (P V (Wait d; Miracle)}))
[Diff (3.40),Law 83 and the postcondition]
= (PIAtr' = tr); Rl (true)) A — (Pf A head(diff (tr', 1)) # () A
- ((P}{ AN#tr —H#tr <d A7 /tr' =7 /tr); Rl (true)) A
= (P] A ((#tr' —tr <d N[t =7/t A wait') ; head (tr' — tr) # ()
(P} A #Etr' —4tr < d A wait’ N7 [tr' =7 [tr) v

A (P V (#tr' —Fttr < d A7t = "t A wait'))

+ ((((P]’f N #tr' —Ftr < d AN 7tr' = Ttr A wait’); term_next) V termnow))

[term_now(4.61), term_next(4.62) and relational calculus]
= (PLAtr' = tr); Rl (true)) A — (PL A head(diff (tr', tr)) # () A
- ((P}{/\#tr’—#trg AN /tr'=""/tr); Rle(true)) A
- (P}{ A (F#tr' —F#tr<d N7t =7 /tr A wait’) ; head (tr' — tr) # ()))
'_
(P} AN #tr' — tr < d A wait’ N7 Jtr' =7 [tr) v

[rel. cal.]

(P A (((PFAF#U —F#tr < d A 7"tr' = "tr A wait’); term_next) V term_now))
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= Rct

= (PLAtr' = tr); Rl (true)) A — (P] A head(diff (tr', tr)) # () A
= (P} N#ttr' —#tr <d A7 /tr' =7 /tr); Rl (true)) A
- (P;c A ((Ftr' —#tr<d N7 Jtr' =7 /tr A wait’) ; head(tr' — tr) # ()))
'_
(P} A #ttr' —dtr < d A wait’ N7 [tr' =7 [tr) v
(P A (1 — #tr < d A7t = "tr A wait'); term_neat) V term_now))

E Interrupts

E.1

Genetic interrupts

Lemma 47. 7 /1.tr = 7 /tr = disable(tr,0.tr, 1.tr)

Proof.

The proof simply relies on unfolding the definition of disable.

Lemma 48.

Proof.

/1tr =7 /tr A #0.4r = #0.ref A Litr = #l.ref =
(IMTR(tr, tr',0.tr, L.tr, ref , ref’, O.ref , L.ref) = (tr' = 0.tr A ref’ = 0.ref))

The proof is based on the induction law.

Law 72 (P A Stop) = P = (Stop A P)

Proof.

(P A Stop)
= (P! v Stopl) A tr' = tr) ; Rleg(true)) A
PJ{ [0.tr,0.ref /tr’, ref'] A
. 0.tr, 0.r¢f, Stop[1.tr, Lref /tr', ref'] A
1.tr,1.ref *

tr, tr', 0.tr, 1.¢r,
IMTR ( ref, ref’,0.ref , 1.ref )

=Rect PF[0.tr, O.ref /tr!, ref '] A

1tr, Lref enable(tr,0.tr, 1.tr) A ;Rlcg(true)
R tr, tr',0.tr, 1.tr,

ref,ref’, O.ref , 1.ref

'_

: ( 0.tr,0.7ef, ) Stop}t[l.tr, Loref Jtr!, ref'] A

IMTR <

((Pf; UO(outaP)) A (Stopf; Ul(outauStop))) s ger,rery s (IM1V IM2)

disable(tr,0.tr, 1.tr) A ;R1c¢(true) A

[Definition 18]

[Stop and its precondition]

- (((P]{ V false) A tr' = tr); Rlet(true)) A
PJ’: [0.tr,0.ref /tr', ref'] A
0.4, 0.ref, Stopi[1.tr, Lref /tr', ref'] A
1.tr, L.ref

!
IMTR ( tr,tr’, 0.tr, 1.tr, )

ref, ref’, 0.ref , L.ref

=Rt P[0tr, O.ref /tr!, ref '] A

o3 ( 0.tr,0.ref,

false[l.tr, L.ref /tr', ref'] A
1.tr, L.ref )

enable(tr,0.tr, 1.tr) A ;R1ct(true)
!
IMTR < tr, tr',0.tr, 1.tr, )

ref, ref’,0.ref , 1.ref
'_

((Pf; UO(outaP)) A (Stopf; Ul(outaStop))) s (i repy s (IM1V IM2)

disable(tr,0.tr, 1.tr) A ;R1ct(true) A

[rel. calculus]
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= (P} A tr' = tr); Rleg(true)) A
P]{ [0.tr,0.ref /tr’, ref'] A
Stopt[1.tr, L.ref /tr', ref’] A

0.tr, 0.7ef, Lt :
- r,Q.ref disable(tr,0.tr, 1.tr) A ;R1ct(true) A true

1.tr, L.ref

tr, tr',0.tr, 1.tr,

ref,ref’,0.ref, 1.ref
'_

:Rct
IMTR (

((Pf; UO(outaP)) A (Stopf; Ul(outaStop))) s (ir,repy s (IM1V IM2)
[Stop and its postcondition]

- ((Pf A tr' = tr); Rlet(true)) A

P]’: [0.tr,0.ref /tr', ref'] A
0.tr,0.ref (wait’" A 7 Jtr! =7 Jtr)[1tr, Lref [ tr', ref’] A
- < 1_”,’ 1.ref7 > disable(tr,0.tr, 1.tr) A ;R1¢g(true)
’ tr, tr',0.tr, 1.tr,

ref, ref’,0.ref, 1.ref

}_

:Rct
IMTR <

((Pf; UO(outaP)) A ((wait' A7 /tr' =7 /tr); Ul(outaStop))) s ir ey ; (IM1V IM2)
[Lemma 47,48]
- ((PJ]: A tr' = tr); Rlet(true)) A
0.tr.0.ref P]{ [0.tr,0.ref /tr', ref’] A
_R., = 1tr, Lref o (wait’ A7 Jtr" = 7 Jtr)[Ltr, Lref Jtr ref’] A |:R1lct(true)
N ’ tr’ = 0.tr A ref’ = O.ref
}_
((Pf; UO(outaP)) A ((wait’ A7 /tr" =7 /tr); Ul(outaStop))) gir,refy s (IM1V IM2)
[predicate calculus]

}_
((Pf; UO(outaP)) A ((wait" A7 /tr" = 7 /tr); Ul(outaStop))) 4 gir,refy s (IM1V IM2)
[P is CSP4. and relational calculus]

:Rct

- P+
f
((Pf; UO(outaP)) A ((wait" A7 /tr' =7 [tr); Ul(outaStop))) (irrefy s (IM1V IM2) >
[Lemma 47 and 7 /1.tr = 7 /tr contradicts with enable(tr,0.tr, 1.tr) in IM2)

- Pl
((Pf; UO(outaP)) A ((wait’ A7 /tr' =7 /tr); Ul(outaStop))) s ir refy ; IM1
[Lemma 48 and relational calculus]
=Rt (— P;c - Pf) [Theorem 1]
=P

( = ((P{ A tr' = tr); Rlge(true)) A - (Pf; Rl (true))

P = Stop A P can be probed in a similar manner. O

Law 73 P A Skip = P
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Proof.

(P A Skip) [Definition 18]

:Rct

:Rct

:Rct

= (P! v Skip]) A tr' = tr) ; R1e(true)) A
PJ{ [0.tr, O.ref /tr', ref'] A
Skipt[1.tr, Lref /tr', ref’] A
0.tr, 0.7¢f, Ut )
3( 1 ;;n 12@ )' disable(tr,0.tr, 1.tr) A ;Rlcg(true) A
R tr, tr', 0.tr, 1.¢r,
IMTR ( ref, ref’,0.ref , 1.ref )
PF[0.tr, O.ref /tr!, ref '] A\
Skip] [L.tr, Lref /tr', ref'] A
0.tr, 0.7ef, pLL-trs )
- EI( 1 t:" 1266]} ) enable(tr,0.tr, 1.tr) A ;Rlce(true)
R tr, tr',0.tr, 1.tr, )

IMTR < ref,ref’, O.ref , 1.ref
'_

((Pf; UO(outaP)) A (Skipf; Ul(outaSkip))) 1 (i repy s (IM1V IM?2)
[Skip and its precondition]

= (((P]{ V false) A #r' = tr) ; Rlct(true)) A
PJ{ [0.tr,O.ref /tr', ref'] A
Skipt[1.tr, Lref /tr', ref’] A
0.tr, 0.ref, S ) ’
( 1.tr, 1.7”!} ) dzsabtle(;fr/, Oo.t:, 11.25;’) A ;R1ct(true) A
r,tr',0.tr, 1.tr,
IMTR ( ref, ref’,0.ref , L.ref )
P[0tr, O.ref /tr!, ref '] A [rel. calculus]
false[l.tr, L.ref /tr', ref'] A
) enable(tr,0.tr, 1.tr) A ;R1ct(true)
tr, tr',0.tr, 1.tr,
ref, ref’,0.ref , 1.ref
'_

3 0.tr,0.7ef
1.tr, L.ref

IMTR <

((Pf; UO(outaP)) A (Skipf; Ul(outaStop))) (e ey ; (IM1V IM2)

- ((P}{ A tr' = tr); Rlet(true)) A
P}’f [0.tr, O.ref /tr', ref'] A

Skipt[1.tr, Lref /tr', ref’] A
0.tr, 0.7¢f, Ut 7
- < 1 t: 1:,66]} > disable(tr,0.tr, 1.4r) A ;R1g¢(true) A true
Ar, 1. ’
IMTR ( tr,tr’,0.tr, 1.tr, >

ref, ref’, 0.ref , 1.ref
}_

((Pf; UO(outaP)) A (Skipf; Ul(outaStop))) y ir ey ; (IM1V IM2)
[Skip and its postcondition]

= ((P] A tr' = tr) ; Rlg(true)) A
P}c [0.tr,0.ref /tr!, ref'] A
(= wait’ A tr' = tr A state’ = state)[1.tr, Lref /tr', ref'] A
> disable(tr,0.tr, 1.tr) A ;R1ct(true)
tr,tr’,0.tr, 1.tr,
ref , ref’,0.ref , 1.ref )
'_

3 0.tr,0.7ef,
1.tr, L.ref

IMTR (

((Pf; UO(outaP)) A ((wait" A7 /tr' =7 /tr); Ul(outaStop))) s (i repy s (IM1V IM2)
[Lemma 47,48]
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((Pf A tr' = tr); Rl (true)) A
0.tr,0.ref P [0.tr,0.7ef /tr’, ref'] A
oo < 1 tr’ 1 r@f’ >. (= wait A tr' = tr A state’ = state)[L.tr, Lref /tr', ref'] A |;R1ce(true)
o tr' = 0.tr A ref’ = O.ref
|_
((Pf; UO(outaP)) A ((wait' A7/ tr' =7 /tr); Ul(outaStop))) s (er,rery ; (IM1V IM2)
[predicate calculus]

:Rct

- ((PJ{ A tr' = tr); Rlet(true)) A = (P]{; Rl (true))
}_
((Pf; UO(outaP)) A ((wait’ A7 /tr' =7 /tr); Ul(outaStop))) s (ir ey ; (IM1V IM2)

:Rct

[relational calculus]

= (P}; Rl (true))
}_
Pf ; UO(outaP)) A ((wait’ A7 /tr' =7 /tr); U1(0utoz5t0p)))+{tr7ref} s (IM1 vV IM?2)
[P iS CSP4ct]

¢
¢
o | NN )
(o
(.

—Rct

((Pf; UO(outaP)) A ((wait" A7 /tr' =7 /tr); Ul(outaStop))) s irrepy s (IM1V IM2)
[P is CSP4Ct]

- Pl
; UO(outaP)) A ((wait" N7 /tr' =7 /tr); Ul(outaStop))) «iir refy s (IM1V IM2)
[Lemma 47 and 7 /1.tr = 7 /tr contradicts with enable(tr,0.tr, 1.tr) in IM2)

- Plr
((Pf; UO(outaP)) A ((wait’ A7 /tr' =7 /tr); Ul(outaStop))) s qir rery ; IM1
[Lemma 48 and relational calculus]

=Rt (— Pj-f - Pft) [Theorem 1]
=P

Law 74 Skip A\ P C Skip
Proof. The proof is similar to that of Law 73. O
Law 75 (P A Chaos) = Chaos = (Chaos A\ P)
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Proof.

(P A Chaos) [Definition 18]
= (((Pf v Chao?’; ) A tr! = tr); Rl (true)) A
P [0.tr, O.ref /tr', ref'] A
Chaosf[1.tr, Lref /tr', ref'] A
> disable(tr,0.tr, 1.tr) A ;R1g¢(true) A
tr, tr',0.tr, 1.tr,
IMTR ( ref , ref’,0.ref, 1.ref >
=Rect P{[0.tr, O.ref /tr!, ref T A
Chaos! [L.tr, 1.ref /tr' | ref'] A
0.tr, 0.7, 7 LT )
-3 ( r,0.ref )0 enable(tr,0.tr, 1.tr) A ;R1g¢(true)

1Ltr,1.

i Lref IMTR tr, tr',0.tr, 1.tr,
ref , ref’,O.ref , 1.ref

'_

3 0.tr, 0.7ef,
1.tr, 1.ref

((Pf; UO(outaP)) A (Chaosf ; Ul(outauSkip))) 1 (ir.repy s (IM1V IM2)
[Chaos and its precondition]
- (((P}c V true) A tr' = ir); Rle(true)) A

PJ{ [0.tr,0.1ef /tr', ref'] A

Chaost[1.tr, 1.ref /tr', ref'] A
0.tr, 0.7¢f, Lt )
3( 1 tt" 12@ )' disable(tr,0.tr, 1.tr) A ;Rlcg(true) A
R tr, tr', 0.tr, 1.¢r,
IMTR ( ref, ref’,0.ref , 1.ref )
=Ret PF[0.tr, O.ref /tr!, ref '] A [rel. calculus]
true(l.tr, L.ref /tr', ref'] A
0.tr,0.7ef, ) ’ )
-3 ( Ltr. 1ref ) enable(tr,0.tr, 1.tr) A ;R1¢¢(true)

/
IMTR < tr,tr', 0.tr, 1.tr, )

ref ,ref’,O.ref , 1.ref
l_

((PJf ; UO(outaP)) A (Skip; ; Ul(outaStop))) s er,rery s UM1V IM2)
- (true) A
P}{ [0.tr,O.ref /tr', ref'] A
Chaost[1.tr, 1.ref /tr', ref'] A
0.tr, 0.ref, of ’ ’
- 3 ( 1.tr, 1.reJ} ) dzsabje(;ﬁr; Odt;“, 11.25;') A ;R1ct(true) A
r,tr',0.tr, 1.tr,
IMTR ( ref,ref’,0.ref , 1.ref )
=Rect P[0.tr, O.ref /tr!, ref T A [rel. calculus]
true(l.tr, L.ref /tr', ref'] A
- 3 ( ?Zﬁ’ 2'7;66]}’ )o enable(tr,0.tr, 1.tr) A ;R1¢¢(true)
R tr, tr’, 0.tr, 1.tr, )

IMTR < ref, ref’,0.ref , 1.ref
'_

((Pf; UO(outaP)) A (Skipf; Ul(outasStop))) (e ey ; (IM1V IM2)
=R (true)

The proof of Chaos A P = Chaps is in a similar manner.

E.2 Timed Interrupts
Law 76 (PDQ)AdRZ(PAdR)D(QAdR)

Proof. The proof of this law is straightforward but very time-consuming. Also the hand proof is error-prone.
Therefore, we leave the proof to the mechanical proof in the future. O
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Law 77 Stop ANy P = Wait d; P

= (7 /tr" =7 /tr A state’ = state N #tr' — #tr = d); (- wait A P]{))
l_
(wait" N " /tr’ = 7 /tr A state’ = state N\ #tr' — #tr < d) vV
(T/tr' =7 /tr A state’ = state A #ftr' — Fftr = d); (= wait’ A Pf)

Lemma 49. Stop Ay P =

Proof.

Stop Ng P [Detf-21]

- ((Stop}[ A #itr' — #itr < d); Rl (true)) A
— ((Stopf A #tr' — #tr = d) ; (wait N T~ A = wait’) ; PJ{)
_ N [Stop]
(Stopf N #tr' — #tr < d) V (Stopf A #tr' — F#tr < d A = wait') V
((Stopj A #tr' — #tr = d) ; (wait N T~ A = wait') ; Pf)
- ((false A #tr' — #tr < d); Rlci(true)) A .
= (((wait’" A7 /tr" = 7 /tr A state’ = state) A #:T/ — #tr = d); (wait A T~ A = wait') ; P]’:)
((wait" N " /tr" =7 Jtr A state’ = state) N #tr' — #ir < d) V
((wait’ N " Jtr' =7 [tr A state’ = state) N #tr' — #tr < d A = wait’) V
(((wait" N7 [tr" =7/ tr A state” = state) A #tr' — #tr = d); (wait A T~ A = wait') ; Pf)
[relational calculus]

= (((wait’" A7 Jtr" =7 /tr A state’ = state) A #:T/ — #tr = d); (wait N T~ A = wait') ; P]}:)
((wait" N " /tr" =" [tr A state’ = state) N #tr' — #ir < d) V
(((wait" N7 /tr" =7 /tr A state’ = state) A #ttr' — #tr = d); (wait A T A = wait') ; Pf)
[relational calculus]
= (7 /tr" =7 /tr A state’ = state A #tr' — #ir = d); (- wait A P]{))
',
(wait" N " /tr' =7 /tr A state’ = state N #tr' — #tr < d) V
(T/tr' =" /tr A state’ = state A #ttr' — #ttr = d); (= wait’ A Pf)

= (0t =" tr A’ — #tr = d) ; (- wait A P))
F
(T/tr' =7 [tr N Ftr' — #tr < d A wait’ A state’ = state) V
(7/tr' =" [tr N#tr' — #tr = d A state = state) ; (= wait A Pf)

Lemma 50. Wait d; P = Ry
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Wait d; P [Theorem 6]

= (Rlce((Wait d)}); Rl (true)) A ~ (Rley((Wait d)t); Rlee(— wait A R2e(P})))
'_
Rlc((Wait d)f); Rlet(I < wait > R2¢(PF))

[ Wait(Theorem 8)]

- (Rlct(false) ; Rlcg(true)) A = (Rle((Wait d)}f); Rlet(— wait A R2Ct(P}{)))
'_
Rl (( Wait d)}) s Rle (I < wait > R2ct(P}$))
[relational calculus)

= (Rlee((Wait d)t); Rleg(— wait A R2¢¢(P})))
l_
Rl ((Wait d)}) i Rlet (I < wait > RZCt(P;))
[ Wait(Theorem 8) and relational calculus]

= (Rl (7/tr =7 /tr A #tr' — #tr < d A wait') ; Rley (- wait A R2ct(PJ]:))) v
= (Rl (7 /tr! =7 /tr A #tr' — #tr = d A - wait’ A state’ = state) ; Rley(— wait A R2Ct(Pf)))
'_

Rlce(7/tr' = 7/tr N #tr' — Ftr < d A wait’ N state’ = state) ; Rlee(I < wait > R2¢4(PF)) V
Rlce(7/tr" = 7/tr N #tr' — #tr = d N = wait’ A state’ = state) ; R1ee(I < wait > R2¢(Pf))
[relational calculus]

- (false) V
= (Rl (7 /tr! =7 /tr A #tr' — #tr =d A - wﬁit’ A state’ = state) ; Rlet(— wait A R2Ct(Pf)))
Rlce(7/tr' = 7/tr A #tr' — #tr < d A wait’ A state’ = state) ; Rlet (I A wait) V
Rlce(7/tr' = 7/tr N #tr' — #tr = d N = wait’ N state’ = state) ; Rlet(— wait A R2¢(Pf))
[P is Rlet, R2¢¢ and relational calculus)
= (7/tr =7 tr AN #tr' — #tr = d) 5 (0 wait A Pff))
'_
Rlce(7/tr' =7 /tr A #tr' — #tr < d A wait’ A state’ = state) ; Rlee (I A wait) V
Rlc(7/tr' = 7/tr N #tr' — #tr = d N = wait’ A state’ = state) ; (- wait A\ Pf)
[relational calculus)
= ((T/tr' =" Jtr Nt — #tr = d) 5 (- wait A P}{[))
}_
(Tt =" )tr A #Htr' — #ir < d AN wait’ A state’ = state) V
(T/tr' =" [tr At — tr = d A state’ = state) ; (- wait A\ Pf)

:Rct

Law 78 Skip ANy P = Skip if d >0
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Proof.

Skip ANg P [Detf-21]

- ((Skip}c A #itr' — #ir < d); Rlet(true)) A
- ((Skipf A #tr' — #tr = d); (wait A T~ A = wait') ; PJ]:)
B [Skip]
(Skipf N #ttr' — Fftr < d) V (Skipp A #tr' — tr < d A = wait') v
((Skipf A #tr' — Fttr = d) 5 (wait A T~ A = wait') ; P})
- ((false A #tr' — #tr < d); Rlet(true)) A
= (= wait’ A tr' = tr A state’ = state) A #tr' — #tr = d) ; (wait A I~V A = wait') ; P]}:)
|7
((= wait’ A tr' = tr A state’ = state) N #tr' — #ir < d) V
((= wait’ A tr' = tr A state’ = state) A #tr' — #tr < d A = wait’) V
(= wait’ A tr' = tr A\ state’ = state) N\ #tr' — Fttr = d); (wait A T~ A = wait') ; P})
[relational calculus)

true -
((m wait’ A tr' = tr A\ state’ = state) N #tr’ — #tr < d) V [property of #]
(= wait’ A tr' = tr A state’ = state) N\ #tr' — #tr < d A = wait’)
true -
((= wait’ A tr' = tr A state’ = state) N0 < d) V [assumption d > 0]
((= wait’ A tr' = tr A state’ = state) A0 < d A = wait’)
(true b = wait’ A tr’ = tr A state’ = state ) [Skip]

Skip

Law 79 (Wait d; P) Ngra Q@ = Wait d; (P Ay Q) if d' >0

Lemma 51. (Wait d; P) Ngrar Q
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Proof.

(Wait d; P) Ad—&-d’ Q [Def—?l]
= (Wait d; PY} A #tr' — #tr < d); Rle(true)) A
— ((Wait d; P)} A #tr' — #tr = d 4 d'); (wait A T~ A = wait') ; Q}t)
'_
((Wait d; P); A #tr' — #tr < d + d' A wait”) v
((Wait d; P) A F#tr' — #tr < d 4+ d' A - wait') vV
(((Wait d; P)} A #tr — #tr = d+ d'); (wait N T~ A = wait’) ; QF)
[Lemma 50 and its precondition]

= (Tt =7t A #tr' — #ir = d) ;5 (- wait A PJ’:)) A Hir — #tf <d+d'); Rleg(true)) A
~ ((Wait d; P)§ A#tr' —dtr = d + d'); (wait A T~ A = wait') ; Q}[)
I_
((Wait d; P); A #tr' — #tr < d + d' A wait”) v
((Wait d; P) /\#tr —F#tr <d+d N-wait) Vv
(((Wait d; P)} A #tr —#tr =d+ d'); (wait N T~ A = wait’) ; QF)
[relational calculus and property of #|

= (7/tr =7 )tr A #r' — #tr = d) 5 (- wait A P}C A Ftr' — #ir < d'); Rl (true)) A
(™[t ="t A #Htr' — #ir < d A wait’)
- o/t ="t A At — #tr = d+d'| 5 (wait AT~ A= wait') ; Q1
V| #tr' —Ftr=d A | (- waz’t/\P}) # # )’Qf
state’ = state
l_
(7/tr' =7/ tr AN #tr' — Htr < d A wait’ A state’ = state)
st ="t A A Htr' — H#tr < d+d' AN wait’ | V
V| #tr' —#tr =d A |5 (- wait APF) # #
= state’ = state
(T/tr' =" /tr A #Htr' — #ir < d A wait’ A\ state’ = state)
e ="t A A F#tr — H#tr < d+d A= wait’ | vV
V| #tr' —#tr=dn |; (= wait/\P}) # #ir <
state’ = state
Dt =T tr A #Htr' — #tr < d
A wait’ A\ state’ = state _
' =" tr A N#tr —#tr=d + d'| ; (wait AT~ A= wait) ; fo'
V| #tr' —#tr =d A |5 (- wait APF)
state’ = state

[relational calculus ]
=" /tr A #tr — H#tr = d); (- wait A Pf A #tr' — #ir < d'); Rleg(true)) A

- ((7/
g =0 / N (ﬂwazt/\Pt/\#tr—#tr—d)
i (( [ =g _#tr_d)’<(wazt/\11 wait A — ait') ; Qf )>
F

= (/! =" Jtr A F#tr' — #tr < d A wait’ A state’ = state) V

((7/tr" =" /tr N #tr' — #tr = d A = wait’ A state’ = state); (— wait A Pf Await’ Nfftr' —4tr < d')) v

((7/tr" =7 tr NFtr' — Ftr = d N = wait’ A state’ = state); (- wait A Pf Await’ Afftr' —dtr < d')) v
AN A~ o _

<( [tr _/\ ;:Zé\’itgtate#tr =d ) s (= wait/\P}f/\#tr’f#tr < d'); (wait N I~ A= wait’) ; Q )

[relational calculus]
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= (("/tr' =" Jtr AN #tr! — #tr = d) 5 (- wait A P}{ A #tr' — #ir < d'); Rl (true)) A

(= wait N Pf A #ttr' — #ttr = d');
~ =" ! — = M .
(( /t’f’ = /t’l" A #t’f’ #t?" d)7 < (wazt A ﬂ—fwazt A — waz’t’); QJJ:
-

(7/tr' =" )tr N #tr' — #tr < d A wait’ A state’ = state) V
((7/tr" =7 /tr N #tr' — #tr = d A state’ = state); (= wait A Pf Await’ Ntr' —#tr < d')) v

~ !/ / _ — . .
(( [tr _/\ ngitzmte#w d ) i (— wait N Pp AFEtr' —tr < d'); (wait AL A= wait') ; Q;)

0

Lemma 52. Wait d; (P Ay Q)

Proof.
Wait d; (P Ag Q) [sequential composition]
= (Rlce((Wait d)}); Rle(true)) A
=Ree | (Rleo((Wait d)j); RlCt(r_ wait A R2e (P L Q);))) [Wait and its precondition)]
Rlc((Wait d)f); Rlet(I < wait > R24((P Agr Q)F))
- (Rl (false) ; R1ct(true)) A

=Rt ™ (Rllee((Wait d)}) P Rllet (7 wait A R2et (P Aar Q)}C))) [relational calculus)

'_
Rlc((Wait d)f); Rlee(I < wait > R24((P Aar Q)}))
= (Rt ((Wait d)t); Rleg(— wait A R2e6((P Agr Q)})))
=Rt F
Rlc((Wait d)f); Rlee(I < wait > R24((P Agr Q)}))
[Wait and A4 are Rle and R2.4]

= ((Wait d)}; (= wait A (P Ny Q)}c))
=Rt H [Wait and its precondition and rel. calculus]
(Wait d)f; (I < wait > (P Agr Q)})

= ((7/tr' =7 /tr A state’ = state N #tr' — #tr = d); (- wait A (P Dy Q);))
}_

=R
ot ((T/tr" =7 Jtr A state’ = state A #tr' — #tr < d); (I A wait)) V
((7/tr" =7 /tr A state’ = state A $ftr' —$tr = d); (- wait A (P Dgr Q)}))
[relational calculus]
= ((7/tr' =7 /tr A state’ = state N #tr' — #tr = d); (- wait A (P Dy Q);))
}_
=Rt

((™/tr" =" /tr A state’ = state N #tr' — #tr < d A wait’) vV
((7/tr" =7 /tr A state’ = state A #ftr' —4tr = d) ; (= wait A (P Dgr Q)}))
[Timed interrupt(Definition 21) and its precondition]
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="t A ((PJ{ At — #itr < d'); Rlet(true))
- state’ = state A | ; |- wait A y (P} A #ttr' —dftr = d');
R Hitr' —H#Htr=d (wait A I~ A = wait') QJ{
—ct
(/' =7 /tr A state’ = state N #tr' — #tr < d A wait’) v
((7/tr' =7 /tr A state’ = state A #ftr' —Fftr = d) ; (- wait A (P Dar Q)F))
[relational calculus]
= ((T/tr' =7 )tr A #tr' — Htr = d); (- wait A PJ{ A Ftr' — #itr < d'); Rlet(true)) A
(- wait N Pf A #tr' — #tr = d');
- (/\/tr’:/\/t’r/\#t'r’_#t’r’:d);< ] ) i ) 0
wait A I~ A = wait’); Q
I < 9
',
((T/tr' =7 /tr A state’ = state A #tr' — #tr < d A wait") v
((T/tr" =7 /tr A state’ = state A #tr' — Fftr = d); (= wait A (P Dgr Q)}))
[Timed interrupt(Definition 21) and its postcondition]
= (Tt =7 e A et — Fir = d) 5 (- wait A PJ{ A #tr' — #ir < d'); Rle(true)) A
(— wait A Pp A #tr' — #tr = d');
= (/' =7 tr N Htr! — #ir = d); ( . it i 7
(wait N T~ A\ = wait') ; Qy
}_
:RC
‘ ((T/tr' =7 /tr A state’ = state A #tr' — #tr < d A wait’) v
i =" tr A (P} AN #tr' — #tr < d' A wait’) v
state’ = state A | ; |~ wait A (P} A #Etr' —4tr < d' A = wait') v
Htr' — #Htr =d ((P;/\#tr’—#trzd’); (wait A IL~Y% A= wait'); Q;)
[Timed interrupt(Definition 21) and its postcondition]
= (7t =7 tr A #tr' — #tr = d) 5 (- wait A PJ{ A #trt’ — #tr < d'); Rle(true)) A
(— wait N Pp A #tr' — #tr = d');
~ =" ! — = M .
(( /t?” = /t’f’ A #tr #tT’ d)a ( (waz't A I —wait A — wait’); Q}‘
}_
=Rt ((™/tr" =7 /tr A state’ = state N #tr' — #tr < d A wait’) vV

((7/tr" =7 /tr A state’ = state A #Etr' — dtr = d); (= wait A Pf A Fftr' —Fftr < d' A wait')) v
((7/tr' =" /tr A state’ = state A\ #ttr' — $ttr = d); (= wait N Pf A Fttr' — Ftr < d' A = wait')) v

~ /I M I __ .
(( /tr /?#;t/r,/\;iiti ; state ) s (- wait A PEAF#tr —ttr=d'); (wait AT A= wait'); Q})

O
Law 80 (Wait (d+d'); P) Ay Q@ = Wait d; Q

Proof. The proof is very similar to that of Law 79. O
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