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Abstract. Existing methods of breaking all variable symmetries by
adding lexicographic ordering constraints can require a factorial num-
ber of constraints. This adds an unacceptable overhead to the solving
process. In certain cases, for example when the variables are constrained
to take distinct values, a reduction to a linear set of constraints is possi-
ble. This paper studies some commonly-occuring families of groups and
shows how the set of ordering constraints can be reduced in each case.

1 Introduction

Constraint Programming supports the solution of a combinatorial problem in
two stages. First, by characterising or modelling it as a constraint satisfaction
problem (CSP): a finite set of decision variables, each with a finite set of poten-
tial values, and a set of constraints on the allowed assignments of values to the
variables. Second, a constraint solver is used to search for solutions: assignments
to the decision variables that satisfy all the constraints. Constraint models often
contain symmetries: bijections from (non-)solutions to (non-)solutions. These
symmetries can be exploited by restricting the search for a solution to one mem-
ber of each equivalence class (symmetry breaking), dramatically reducing search.

One symmetry breaking method is to add constraints to the model. Crawford
et al [2] describe one such approach called lex-leader: one member of each equiv-
alence class is designated as lexicographically least, and a set of lexicographic
ordering constraints are added to preclude all other members of that class. The
disadvantage of this method is that, for a CSP with n variables, it can produce
n! lexicographic ordering constraints. The overhead of adding this number of
constraints to the CSP usually outweighs the benefit of breaking the symmetry.

In many cases, this large set of constraints can be reduced to a much smaller
set that still breaks all the symmetry [3, 5]. However, these general reduction
methods are themselves prohibitively costly. Puget [7] has identified a special
case, where each variable must be assigned a distinct value, in which the set of
ordering constraints collapses to just n−1 binary inequalities. This paper follows
somewhat in this vein. It considers the mathematical group that describes certain
symmetries, the associated set of lexicographic ordering constraints necessary to
break those symmetries, and how that set can be reduced.

2 Background

A finite-domain constraint satisfaction problem comprises: a finite set of variables
X ; for each variable x ∈ X , a finite set of values (its domain); and a finite set



C of constraints on the variables. Each constraint c ∈ C is defined over a subset
X ′ ⊆ X by a subset of the Cartesian product of the domains of the members
of X ′, giving the set of allowed combinations of values. A complete assignment
maps every variable in a given CSP to a member of its domain.

A variable symmetry of a CSP is a bijection f : χ → χ of the set of variables
such that {〈vi, ai〉 : 1 ≤ i ≤ n} is a solution if and only if {〈f(vi), ai〉 : 1 ≤
i ≤ n} is a solution.

Any group can be represented by a set G of bijections from a set X to itself (or
permutations of the set X), such that G is closed under composition of functions
and inversion. The groups we are interested in are sets of variable symmetries
of the CSP. The symmetric group, Sn, is the group whose elements are the set
of all possible bijective functions mapping χ → χ, |χ| = n.

Having identified a symmetry within a model we then work out which con-
straints to add in order to break it, using the lex-leader method. We first define
an ordering on the decision variables.1 We then add constraints which order the
values these variables can assume. Take the elements of the symmetric group S3

as an example. Here the permutation (ACB) means A maps to itself, and B and
C map to each other.

(ABC), (BAC), (ACB), (CBA), (BCA), (CAB)

We take our decision variable ordering to be ABC and post constraints such that
only one permutation of the values assigned to these variables in each equivalence
class can satisfy these constraints. Lex-Leader gives us the following constraints,
which are proven to break S3:

ABC ≤lex BAC, ABC ≤lex ACB,ABC ≤lex CBA

ABC ≤lex BCA,ABC ≤lex CAB

There is one constraint per nontrivial permutation of S3. In general, there are
n! permutations for the group Sn and so (n!− 1) n-ary constraints are produced
by the lex-leader method to break all symmetries.

3 Reducing the Number of Ordering Constraints

Frisch and Harvey [3] describe two rules to reduce the number and arity of
constraints whilst maintaining complete symmetry breaking:

1. If we have a constraint C of the form αXβ ≤lex γY δ, and α = γ logically
implies X = Y then we may replace it with αβ ≤lex γδ.

2. If we have a set of constraints C of the form C ′∪{αβ ≤lex γδ}, and C ′∪{α =
γ} logically implies β ≤lex δ, then we may replace C with C ′ ∪ {α ≤lex γ}.

Rule 1 reduces our set of lex constraints to: A ≤lex B,B ≤lex C,A ≤lex

C,AB ≤lex BC, AB ≤lex CA. Application of rule 2 simplifies the constraints

1 Note that recent research suggests that the exact element chosen as the lex-least can
affect the search tree quite considerably [8].



further to: A ≤lex B,B ≤lex C. Simplifying a factorial number of constraints
using these rules is expensive. In practice this number of operations has proved
infeasible as much of the time saved by breaking the symmetries is re-introduced
in this pre-processing stage [5]. We can derive a lower bound on the number of
binary inequality constraints produced by this process:

Theorem 1. Given a CSP with n decision variables with a transitive2 group
of variable symmetries the minimum number of binary ≤ constraints required to
remove all but one member of each equivalence class is n− 1.

Proof. Any constraint graph with n−2 binary constraints for a problem involving
n decision variables is disconnected. Assume without loss of generality that X1 is
the minimal variable with respect to the ordering. Let Xi be a decision variable
that is not connected to X1, and such that Xi is minimal in its component of
the constraint graph. Consider the full assignment which assigns Xi = a where
a is minimal in the domain of Xi, and Xj = b for j 6= i, where b > a. Since
there is a symmetry mapping Xi to X1 there is a symmetry mapping this full
assignment to a full assignment with X1 = a, which is lexicographically less.
Thus the equivalence class under the group has size greater than 1, and n − 2
binary constraints will not suffice.

4 Small Sets of Lex Constraints for some Families of
Groups

We now consider some specific families of groups. If all elements of a group G can
be written as powers of some fixed g ∈ G then G is cyclic. Every permutation
of a group can be written as permutations interchanging pairs of points (also
called transpositions). A permutation is even if it can written as a product of
an even number of transpositions. The subgroup of Sn that contains all of the
even permutations is An, the alternating group.

Theorem 2. Let C be a CSP with χ = {X1, . . . , Xn}. If the symmetry group of
C is one of Cn, An or Sn on variables then a complete set of symmetry breaking
constraints is:

Cn X1 ≤lex X2, X1X2 ≤lex X3X4, X1X2X3 ≤lex X4X5X6, . . .
X1X2 . . . Xn/2+1 ≤lex Xn/2+1 . . . XnX1X2, . . . n even
X1X2 . . . X(n−1)/2X(n+1)/2 ≤lex X(n+3)/2 . . . XnX1, . . . n odd
X1X2 . . . Xn−1 ≤lex XnX1 . . . Xn−2

An Xi ≤lex Xi+1, Xn−2 ≤lex Xn 1 ≤ i ≤ n− 2
XiXn−1 ≤lex Xi+1Xn, Xn−2Xn−1 ≤ XnXn−2 1 ≤ i ≤ n− 3

Sn Xi ≤lex Xi+1 1 ≤ i ≤ n− 1

Figure 1a defines the Circular (or Modular) Golomb Ruler problem. Two
solutions to the instance of this problem where n is 7 and m is 3 are shown in
Figure 1b. Clearly, these solutions are symmetric: one can be obtained from the
other via rotation. This problem has cyclic symmetry.
2 any variable can map to any other.



a) Circular Golomb Ruler Problem: b) 0
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Given a circle with circumference
n, place m ticks at integer points
around the circle such that all
inter-tick distances along the
circumference are distinct.
(n and m are both positive
integers).

Fig. 1. Specification of the Circular Golomb Ruler problem. Symmetric solutions to
the length 7, 3-tick Circular Golomb Ruler problem.

The symmetry group in the above problem, n = 7 m = 3, is C3. The sym-
metry breaking constraints required to order the set of ticks, T = {t1, t2, t3} are
t1 ≤lex t2, and t1t2 ≤lex t3t1.

Often, symmetry groups can be built up out of smaller, easier-to-describe
groups. When this occurs we take the product of several groups.

Definition 1. Let G ≤ Sym(Ω) and H ≤ Sym(∆) be groups, with Ω and ∆
disjoint sets. The direct product of G and H, written G×H, is the set {(g, h) :
∀g ∈ G, h ∈ H}, with coordinatewise multiplication. Elements of G×H permute
the set Ω∪∆ as follows: (g, h)(x) = g(x) if x ∈ Ω, and (g, h)(x) = h(x) if x ∈ ∆.

Consider now the problem of finding two distinct circular Golomb rulers. The
symmetry in this problem is the direct product of the two cyclic groups.

Theorem 3. Given groups G and H the set of complete symmetry breaking
constraints of G × H is LG ∪ LH , where LG is the set of lex constraints for G
and LH is the set of lex constraints for H.

For example take two sets of ticks, T = {t1, t2, t3} and T ′ = {t′1, t′2, t′3},
defining two distinct circular golomb rulers for n = 7 m = 3. The lex constraints
required to break the symmetry are t1 ≤lex t2, t′1 ≤lex t′2, t1t2 ≤lex t3t1 and
t′1t

′
2 ≤lex t′3t

′
1.

Another commonly arising way of combining two groups is the imprimitive
wreath product.

Definition 2. Let G ≤ Sym(n) and H ≤ Sym(k). The imprimitive wreath
product of G and H, denoted GWrH, is a subgroup of Sym(nk). It acts on k
copies of the set of size n on which G acts. We have GWrH = {h(g1, . . . , gk) :
h ∈ H, gi ∈ G}, and these elements permute the set {(i, j) : 1 ≤ i ≤ n, 1 ≤ j ≤ k}
by h(g1, . . . , gk)(i, j) = (gj(i), h(j)).

An example of where this occurs is the social golfers problem. This requires
partitioning a set of golfers into equal groups in each week of a tournament such
that no golfer plays any other more than once. The symmetric group interchanges
each of the k golfers in each group, and the symmetric group interchanges each
of the l groups in a week, so SkWrSl acts on the golfers in each week.



Suppose we have a set A of symmetry breaking constraints for a group G
acting on variables X1, . . . , Xn, and a set B of symmetry breaking constraints
for a group H acting on variables Y1, . . . , Yk. Then GWrH acts on a set of nk
variables, Xij , with 1 ≤ i ≤ n and 1 ≤ j ≤ k. The group GWrH has size
|G|k × |H|, so writing down one constraint for each nontrivial group element is
impractical. We now show how to reduce this to k|A|+ |B| constraints.

We first post k|A| constraints, namely a copy of A on Xij for each value of
j. That is, we lex order each block of variables with respect to G. The arity of
these constraints is unchanged.

We then restate the constraints from B so that instead of being statements
about the values of sequences of Y s, they are statements about the values of
sequences of X1jX2j ...Xnjs. For example, if we previously had a constraint Y1 ≤
Y2 we would replace that with the constraint X11X21...Xn1 ≤ X21X22...Xn2.
This results in |B| constraints, each of arity n times their original arity.

Theorem 4. This set of constraints is complete.

The full symmetry group of the golomb rulers problem is C3WrS2. This is be-
cause each circular ruler can swap with any other. To break these symmetries
we use the constraints.
t1 ≤lex t2 t′1 ≤lex t′2 t1t2 ≤lex t3t1 t′1t

′
2 ≤lex t′3t

′
1 t1t2t3 ≤lex t′1t

′
2t
′
3

5 Conclusion
This paper has discussed symmetry breaking in CSPs by adding lexicographic
ordering constraints. Given the huge number of such constraints needed in gen-
eral to break all symmetry, and the intractability of the general methods of
reducing this number, we focussed on a number of special cases and showed how
the number of ordering constraints necessary in each case can be reduced. In fu-
ture, we will integrate this work into the automated modelling system Conjure
[4] so that it is able to break symmetry efficiently as it is introduced.
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