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1. Abstract

Low-power circuits are especialy sensitive to the increasing
levels of process variability and uncertainty. In this paper we
study the problem of leakage power minimization through dual
Vth design techniques in the presence of significant Vth
variation. For the first time we consider the optimal selection of
Vth under a statistical model of threshold variation. Probabilistic
analytical models are introduced to account for the impact of
Vth uncertainty on leakage power and timing slack. Using this
model, we show that the non-probabilistic analysis significantly
(by 3x) underestimates the leakage power. We also show that in
the presence of variability the optimal value of the second Vth
must be about 30mV higher compared to the variation-free
scenario. In addition, this model provides a way to compute the
optimal value of the second Vth for a variety of process
conditions.

Categories & Subject Descriptors:

C.4 [Performance of Systems] — modeling techniques
General Terms:

Reliability, experimentation
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2. Introduction

The minimization of leakage power becomes the dominant
concern of the nanometer scale CMOS designs, and is part of the
general struggle to contain the increase in the overall circuit
power consumption. At the 90nm technology node, leakage
power may make up 42% of tota power [1][2]. The primary
reason for this increase in leakage power is the reduction of
threshold voltage (Vth) of devices, which is causing an
exponential increase in leakage current.

Dual or multiple threshold voltage processes are becoming more
popular due to the rising leakage current levels (1off) of ultra-
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small MOSFETs [3][6][7]. In order to maintain sufficient MOS
current drive, a simultaneous reduction of Vth and Vdd is needed.
This leads to an exponential increase in leakage current. Introducing
a second Vth alows maintaining the overal high performance,
while reducing leakage current by setting some transistors to high
Vth. While performance difference between the high and low Vth
transistors is roughly 2X, the leakage current differs by almost 30X
[3]. The possibility of setting some transistors to high Vth is a
potent way to reduce leakage.

The major contribution of this paper is the analysis of the dua Vth
design methodology in the presence of large variation in the
threshold voltage. Random variation in Vth is caused by the
fluctuation in the number and location of the dopant atoms in the
channel of the MOS transistor. The magnitude of the variation in
Vth is growing as devices shrink [4][11][12]. Even small
fluctuations in dopants will cause alarge change in Vth. In order to
improve the effectiveness of the dua Vth method in reducing
leakage power, we must treat Vth probabilistically.

In this paper we derive a set of analytical models that allow the
probabilistic analysis of |eakage power within the dual-Vth design
methodology. The equations that we derive can aso be used to
probabilistically describe the |eakage power, in general. A specific
issue that we seek to answer is the way in which the values of the
two Vth can be selected in the presence of variability, which is, we
seek to find the optimal separation between the nominal values of
low and high Vth such that the overall power savings are optimized.
With large Vth variability, the separation must be big enough to
overcome the statistical noise. Without the loss of generality in our
work, we assume that the value of lower Vth is fixed by the timing
requirements [8], and thus are focusing on the optimal selection of
the high Vth. Some prior work [5][7] considered the problem non-
statistically. We are the first to introduce a rigorous probabilistic
description of the problem.

Our model demonstrates that the true average leakage power is
three times as large as that predicted by a non-probabilistic model.
The models shows that a significantly higher Vth, compared to
previous models, is needed to achieve a substantial reduction in
leakage power: the optimal value of the second Vth must be about
30mV higher compared to the variation-free scenario. The rest of
the paper is organized as follows. Section 3.1 introduces the
probabilistic model of static power, and section 3.2 describes the
probabilistic timing model. In section 4, the results are presented
and analyzed.



3. Minimizing Static Power Under a

Probabilistic Vth M odel

In this section, we develop a probabilistic model to describe
static power reduction using a dua Vth design under Vth
variability. We seek a model and an optimization strategy that
will alow us to minimize leakage current (power), while
ensuring that the clock frequency satisfies certain requirements.
The traditional way is to formulate the power reduction problem
as a constrained optimization problem:

MNP, Sty >F™*

clock

However, in contrast to the above model, we will treat both Py,
and delay (frequency) probabilistically. Also, in our actua
formulation, we normalize the power of adual Vth design to that
of the single Vth design, and use it as a measure of static power
optimization. The dual-to-single leakage power ratio (R) is

R = PduaI/PsingIe

Now, considering the probabilistic nature of our formulation, we
will seek to minimize the expected value of the power ratio, R,
under the constraint that with a certain probability the frequency
target will be met:

minE{R}, st. P{f,

clock
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In the following sections we derive the appropriate probabilistic
models for power ratio and delay.

3.1 Modd of Static Power Optimization

To calculate the minimum static power achievable in a dua Vth
design, we first model the ratio of static power with respect to
the two threshold voltages. The amount of static power
optimization is defined as the ratio of the static power of a dual
Vth design compared to the static power in a single Vth design
so this value is less than one. First, we follow [1] and [2] to
formulate the static power improvement without the variation in
Vth, and then modify the formulation to include a probabilistic
Vth modd. In the model proposed by [1] and [2], the circuit is
modeled as a collection of non-crossing combinational logic
paths. Leakage power is reduced by assigning a subset of gate
stages to higher Vth. To model the leakage power, we assume
that an arbitrary fraction of the total paths gate stages can be
assigned to higher Vth. Since the tota transistor width and gate
stages are largely proportional, we can model the power as a
ratio of gate stages. Then the dual-to-single leakage power ratio
(R) can be modeled by:
_ Vzﬁ — Vzlh
R=1-Yrl1.90 s @
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where s is the subthreshold swing, ¥, and ¥/} are the low and

high threshold voltages, N, is the number of gate stages in the
entire circuit set to the high threshold voltage, and N is the total
number of gates stages in the circuit.

We now modify Eq. 1 to alow the probabilistic treatment of
threshold voltage variation. We model threshold voltage as a
random, Gaussian variable. Empirica evidence suggests that
variation in threshold voltage can be modeled by normal (Gaussian)
distribution [1]. Under the assumption that ¥, is a Gaussian random
variable, the power ratio R follows a lognormal distribution.
Although the fraction of gates assigned to the high threshold
voltage, N, /N , is aso a function of the threshold voltage, a

simulation suggests that Eqg. 2 is a reasonable approximation of
E[R], which alows us to simplify the derivation. The expected
value of alog-normally distributed function can be found in closed
form from Eq. 1[14]:

E[R]= 1—%(1—9(\/05)) @

where ¥, =V} -}, and

gV, = exp(~V . 020
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where Vo = E)V,.] and o, ? :gmz +g'V’22.
Furthermore, the variance of R isgiven by
N. V2 o, 2(In20)/sY
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Now the power ratio R represents the ratio of the static power of a
dual Vth design and that of a single Vth design taking into account
the statistical nature of the threshold voltage. In our work we would

analyze the impact of th,’ and Oy, on the power ratio.

In the next section we derive a probabilistic model of path delay
that allows us to express the ratio of gates stages set to high Vth and
thereby allow us to calculate the expected power ratio.

3.2 Probabilistic Circuit Delay M odeling

In adua Vth design methodology, the static power is minimized by
setting the fraction of gates on paths with timing slack to a higher
Vth. This makes the paths slower but less leaky. In this section, we
provide a probabilistic description of path delay degradation as a
result of setting a portion of the gate stages on a path to a higher
Vth.

Let y=d, | d, be the degradation of delay per gate stage, with d,,

and d, corresponding to the gate delay at high and low Vth. Using
the alpha-power law model [15], we can show that this ratio can be
described as:

I
Vad =V,

W
Via = Vi
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where V g is the power supply voltage, and V,ﬁ, and V,ﬁ are the

low and high threshold voltages. We now describe the
degradation of delay of a path when a certain fraction of its gates
has been set to high Vth. Let

AD =D, —D, (6)

be the change in delay of a path after a fraction of gates aong
the path is set to high Vth. Here, D, isthe delay of a path with all
its gates at low Vth, and D, is the delay of a path with a mixture
of gates at low and high Vth. We aso rely on the observation
that, to a good approximation, path delay is proportional to the
total path capacitance [1] and [2], which, we in turn approximate
by gate stages. Combining (5) and (6), we can show that:

Ny

AD =Y (@ —d) =2 d (-1 =d'> (5 -1 ()
where n is the number of gate stages along a path, and »,, is the
number of gate stages assigned to high Vth.

Due to the uncertainty in threshold voltage, path delay is needed
to be modeled probabilistically. To do this we first derive the
variance of path delay (Eg. 7). In order to simplify the
derivation, it is convenient to include all Vth-induced variability
into )/, that is, we assume that only the difference between the

low and high threshold voltages is a random quantity. This
reduction can be easily arrived, and does not jeopardize the
generality of our framework. We further assume that the
individual threshold voltage variations are uncorrelated. Then,
the path delay varianceis given by

Var{aD} = o, ~Ver 350 1)
i ®

n

—d%Var {zh:(yi - 1)} =d”. n, -Var {~}

Defining Vy =V, —V/,: and V,, = V,Z —V,ﬁ, we can re-write Eq.
5as

a
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We now account for the statistical variation of Vth by lumping
this variability into Vos: ¥,, =V,, + AV,  ~N(V,,,07,) . To

finish the derivation, we use the statistical delta-method to find
the variance and mean of ) [8]:

~l4 aVos =14+ O‘(Vos+AVus) (10)
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The variance of y, which follows from the dtatistical delta
method, is given by

2 2
var{)} =%Var(AVw) =%a§m (12)
T T

and the mean of yis given by

2 =EP] 1+a[\\fs] (12)

A
By modeling the variability of Vthiny, the mean path delay is
E[AD} =mn,d' (v, ,1) (13)

and the variance of the path delay is

2
«

2
Var{AD} =3, =d" -n, -\ﬁa\im (14)
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Having derived the mean and variance of the path delay, we go on
to specify the delay constraints in the next section.

3.3 Finding Optimal Vth Separation Under the
Probabilistic M odels

In this section we derive the analytical framework for finding the
optimal value of the high Vth under the statistical description of
path delays and power consumption. The objective is to minimize
the expected power ratio, E[R], under the timing constraint that no

path delay exceeds the critica path delay. In order to make the
analysis tractable, we use a smplified model in which the circuit
consists of a collection of M non-crossing paths. In contrast to
earlier approaches, this constraint is formulated probabilistically, in
terms of the probability of meeting the timing constraint:

P{cktdday <T}={meq{D,,..D,} <T}=q,

Because we assume that the paths are non-crossing,
M
P{cktdday <T}=] [[D, <T}=q,
i=1

For a specified confidence level a,;, we can compute the probability
that every path does not exceed the timing constraint. This
probability is given by

P{(D <T)} =0, (15)

The timing constraint that we enforce is that no path delay can be
greater than the critical path delay, which is normalized to one. We
can express this constraint by first letting S; be the amount of sack
in asingle path.

S =(1-D}) (16)

To insure that no path delay is greater than the critical path delay,
we must satisfy:

P{AD, <S}=a, a7)

Since we assume the path delays to be described by the Gaussian
distribution, we can re-write (17) as

AD = E[AD,]+¢™(a,)- Oap, (18)

where @is the cumulative distribution function of the standard
normal distribution. Any value of a, tan be used, for example, a

convenient value s = 99.7%, such that #™(e,) =3.



With the constraint on delay given in Eq. 17 we can now find
the number of gates along a path to set to the high Vth. As
follows from Eqg. 1, the power ratio R is linearly proportional to
the number of gate stages that we can set to high Vth in the
entire circuit. Note that

N, =N OV, (19)

where N/ is the average ratio of gates set to high Vth per
path, which can be found by evaluating:

where M is the number of pathsin the circuit.

We can compute the value of (n,/n), per path by considering
the amount of timing slack per path. Using Eq. 13, 14, and 17
we may re-write Eq. 18 as:

a7 =nd'(y,-) + ¢ (@) @' o, F- g, <5, (2D

T

We can now set an analytical quadratic equation to find n;, per
path as a function of S;. To quantitatively evaluate the average
ratio of gates set to the higher Vth, we assume a specific shape
of the initial path delay distribution, p(D.). First we use the
triangular distribution that has been shown to be characteristic of
many circuits [10]. To make the analysis simpler, the model
normalizes all path delays to critica path delay. Then,

integrating n,(S;) for individual paths over the entire path delay
distribution we get:

1
[ n(s)p(D,)0D
N/1 = 0 (22)

1

f n,p(D,)0D

0

where n; is the number of gate stages per path. The analytical
integration of Eq. 22 is possible; however, it does not provide
any particular insight into the nature of the problem. In our
implementation, we used numerical integration to compute the

value of N for a distribution of specific form. Then, we can

link it back to the original equation for the expected power ratio,
Eqg. 2, such that the result is only a function of the Vth
separation:

E[R]:l_N:ve '(1—9(\/05)) (23)

This equation can now be used to explore the dependence of the
expected power ratio on Vth separation, and for finding the
optimal value of the higher Vth.

4. Analysisand Results

We have implemented the analytical results developed in the
earlier sections in a Matlab-based analysis environment. Thisis
afast implementation that allows us to rapidly consider multiple
scenarios with respect to the magnitude and character of Vth
variation, other circuit parameters, such as the value of Vdd, and
the confidence level (a).

The ratio between the leakage
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Figure 1. The ratio between the expected |eakage current and non-
probabilistic leakage current estimates for each technology node.
We use oy, equal to 30, 40, and 50 mV for each technology node.

Figure 2. The E[R] vs. the value of the higher Vth for different
values of Gy, (Vdd=1V, Vth'=0.3V).

First, we use the developed formulation to demonstrate the
importance of accounting for the statistical nature of Vth variation,
in the leakage power analysis. Figure 1 shows the difference
between the leakage current values under the non-probabilistic
description and the new model. Thus, in the probabilistic case we
are minimizing from a 3x larger static current in the probabilistic
model compared to the non-probabilistic model. This graph was
made by setting the high Vth equal to the low Vth and computing
the relative leakage current.

Figure 2 shows the power ratio of non-probabilistic and
probabilistic models. The minimum point for R and E[R], is 0.10
and 0.26 for the non-probabilistic and probabilistic case with
Ovin=60mV, respectively. High variation of threshold voltage
results in substantial leakage power dissipation, which is in
agreement with Figure 1.
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Figure 3. Average ratio of high Vth gates vs. higher Vth for
different values of oy, (Vdd=1V, Vth'=0.3V).

Besides, the non-probabilistic model of static power
optimization under a dual-Vth approach skews the actual gains,
and does not alow one to pick the truly optimal values of Vth.
The Vth vaue that minimizes the expected static power is
approximately Vth'=Vth'+0.15Vdd with 6y=60mV. The non-
probabilistic model, on the other hand, predicts that the
minimum static power occurs at a high Vth value of about
0.12¥ dd greater than low Vth.

The greater the variation in Vth the higher the value of high Vth
has to be to minimize static power. Hence, the probabilistic
model for Vth becomes more important as the variation in Vth
gets larger, which is predicted to occur given current scaling
trends.

Figure 3 shows the average ratio of high Vth gates n/, under
different Vth variations for the triangular path delay distribution.
As expected, high Vth variation leads to low ", thus results

in high static power dissipation. '

Figure 4 shows the dependence of E[R] on the quantile point of
the probabilistic path distribution. Our basic approach is to take
the 3-sigma point of AD°. Clearly, the higher the confidence
level that the timing constraints are not violated, the fewer the
gates that can be assigned to high Vth, and the higher is the
power dissipation. However, the optimal high Vth value appears
to be weakly dependent on the confidence level. Comparing the
use of the 50" percentile (mean delay) to the 3-sigma point, we
find that the optimal Vth value changes by 9mV.

Not al circuits can be approximated by the triangular path delay
distribution and here we also include the results for a sloped
path distribution, where most of the paths are near the critical
path, and a flat path distribution. As expected, the achievable
power savings in a dua Vth approach for both distributions is
smaller due to the greater number of paths with the delay near
the critical path. Table 1 gives a summary of the optima Vth
value for each case.

We find from the analysis of different distributions that although
the amount of power savings is different, the optimal value of

the higher Vth changes only dightly. In addition, since the
dependence of E[R] on Vth s rather weak for arange of Vth values
near the optimum, any Vth value in this range provides about the
same amount of power savings. That is, there is a range in which
raising Vth provides diminishing returns in terms of power savings.
As arule of thumb, for most typical path distributions, a second Vth
voltage of 0.14[¥dd provides the highest amount of savings.

Figure 4 would seem to suggest that any value of high Vth from
Vth'+0.11¥dd to Vth'+0.18 dd would be a suitable choice, as all
result in approximately the same amount of power dissipation.
However, there is a cost of further Vth increase: removing slack
from the sub-critical path prevents using other circuit optimization
techniques for power reduction, such as, transistor sizing. The key
is to use the technique that best trades slack for lower power,
similar to work done in [9] and [10]. If the high Vth value is
calculated on a pre-optimized path delay distribution, then a value
for high Vth can be chosen that represents the best power-delay
tradeoff.
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Figure 4. E[R] vs. the value of higher Vth for the mean delay and
3-sigmapoint (Vdd=1V, Vthl=0.3V, and oy=60mV).
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Figure 5. Degradation in gate delay, v, versus E[R] (Oyy= 60mV).
Minimum point of E[R] isat y=1.37.



Table 1. The value of optimal higher Vth for different initial
path delay distributions (oy,= 60mV).

Dis‘{;%‘f"” H%ﬁ’f;"‘j'th Minimum £[R] | NI
Triangle 0.15Vdd 0.23 0.82
Flat 0.14Vdd 0.41 0.64
Sloped 0.13Vdd 0.52 0.54

To show this in Figure 5, we plot the degradation of E[R] as a
function of the increased gate stage delay (y). The graph is
similar in shape to Figure 3, because the degradation in delay is
nearly linear for small values of the high Vth. It is clear that the
value of Vth that minimizes static power is situated at a point of
very unfavorable power-delay tradeoff. Comparing Figure 4 and
5, we can see that the minimum power is achieved at a point at
which~y =1.37 . A better value for the high Vth would instead

be at a dightly lower value for the high Vth. For example, at a
high Vth of Vth'+0.09¥dd there is still a61% savings in power
with a gate stage delay of only v =1.19, which would leave

considerably more dack for other circuit optimization
techniques.

5. Conclusions

In this paper we derive a probabilistic anaytica framework to
minimize expected static power using a dua Vth design
technique. From this analysis we find that the non-probabilistic
model severely underestimates the expected leakage current. We
also observe that under variability a larger separation between
the lower and higher Vth is required to achieve optimal leakage
power reduction. This further highlights the increased
importance of wusing a fully probabilistic approach as
fundamental variability continuesto increase.
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