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ABSTRACT

Long BCH codes are used as the outer error-correcting code
in the second generation of Digital Video Broadcasting Stan-
dard from the European Telecommunications Standard In-
stitute. These codes can achieve around 0.6dB additional
coding gain over Reed-Solomon codes with similar codeword
length and code rate in long-haul optical communication sys-
tems. BCH encoders are conventionally implemented by a
linear feedback shift register architecture. High-speed ap-
plications of BCH codes require parallel implementations of
encoders. In addition, long BCH encoders suffer from the
effect of large fanout. In this paper, novel architectures are
proposed to reduce the achievable minimum clock period
of long BCH encoders after the fanout bottleneck has been
eliminated. For an (8191, 7684) BCH code, compared to
the original 32-parallel BCH encoder architecture without
fanout bottleneck, the proposed architectures can achieve a
speedup of over 100%.

Categories & Subject Descriptors

B.2.4:[High-Speed Arithmetic]:Algorithms
E.4:[Coding and Information Theory]: Error Control Codes

General Terms
Algorithms, Design, Performance

Key Words

BCH, encoder, linear feedback shift register, fanout, un-
folding, parallel processing, retiming, critical loop, iteration
bound, generator polynomial

1. INTRODUCTION

BCH codes are among the most extensively used error cor-
recting codes in modern communication systems. Long BCH
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codes of length 32400-bit or longer are used as the outer
forward error-correcting code in the second generation Dig-
ital Video Broadcasting (DVB-S2) Standard from the Eu-
ropean Telecommunications Standard Institute (ETSI). In
addition, compared to Reed-Solomon codes, BCH codes can
achieve around additional 0.6dB coding gain over AWGN
channel with similar rate and codeword length. High-rate
Reed-Solomon codes of length 255 or longer have broad ap-
plications, such as in long-haul optical communication sys-
tems, magnetic recording systems and digital communica-
tions. Therefore, long BCH codes are also of great interest.

The encoders of BCH codes are conventionally implemented
by a linear feedback shift register (LFSR) architecture. While
such an architecture can be clocked at very high frequency, it
suffers from the serial-in and serial-out limitation. In high-
speed applications, such as optical communication systems,
where throughput in the range of 10-40Gbps is usually de-
sired, the clock frequency of such LFSR-based encoders can
not keep up with the data transmission rate, and thus par-
allel processing must be employed. Meanwhile, long BCH
encoders face another problem. Due to the large number of
non-zero coefficients in the generator polynomials, some of
the XOR gates in the LFSR architecture have large fanout,
which can slow down the encoders significantly.

Various parallel LFSR architectures have been proposed
in the past [1, 2, 3]. However, none of these have addressed
the effect of large fanout in the case of long BCH codes. The
fanout bottleneck in parallel long BCH encoders can be elim-
inated by the approach in [4]. Nevertheless, the speedup of
parallel processing is offset by the increased achievable min-
imum clock period of this approach. In this paper, three
novel architectures are proposed to reduce the achievable
minimum clock period in unfolded long BCH encoders after
the fanout bottleneck has been eliminated. As an exam-
ple, the proposed architectures can achieve more than 100%
speedup over the architecture in [4] for a 32-parallel (8191,
7684) BCH code. Without loss of generality, only binary
BCH codes are considered.

The structure of this paper is as follows. Section 2 con-
tains a brief description of the LFSR-based BCH encoder
architecture and a prior approach to eliminate the large
fanout effect. In Section 3, novel parallel encoder archi-
tectures, which can reduce the minimum achievable clock
period of long BCH encoders after the large fanout bottle-
neck has been eliminated, are explained in detail. Section
4 addresses the complexity analysis of the proposed archi-
tectures and provides some comparison results. Section 5
provides conclusions.
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Figure 1: Serial BCH encoder architecture

2. BCH ENCODER ARCHITECTURE

An (n, k) binary BCH code encodes a k-bit message block
into an n-bit codeword. Considering a k-bit message (myg_1,
Mi—2, ..., mo) (m; € GF(2),0 <4 <k — 1) as the coef-
ficients of a degree k — 1 message polynomial m(z), and
the corresponding n-bit codeword (cn—1, ¢n—2, ..., co) (¢; €
GF(2),0 <i <n—1) as the coefficients of a degree n — 1
codeword polynomial ¢(z), the encoding of BCH codes can
be performed as c(x) = m(z)g(z), where the degree n — k
polynomial g(z) is the generator polynomial of the (n,k)
BCH code. However, systematic encoding is usually desired,
since in this case the message bits can be read from the code-
word directly. The systematic encoding can be implemented
by:

c(z) = m(z)-z" " —&—Rem(m(x)-xn_k)g(x)v (1)

where Rem(a(x))p(s) denotes the remainder polynomial of
dividing a(z) by b(x).

Assumlng (x) can be expressed as g(z) = gn_pz" " +
n-k—12"F 1+ L+ g0 (g5 € GF(2),0 < i < n—k
and go = gn_r = 1/), a systematic binary (n,k) BCH en-
coder can be implemented by the architecture illustrated
in Fig. 1. For binary BCH codes, each multiplier in Fig.
1 can be replaced by connection or no connection when g;
(0<i<n-—k)is’'l” or '0’, respectively. Using the encoder
architecture in Fig. 1, the whole encoding process takes n
clock cycles. During the first & clock cycles, the two switches
are connected to the ’a’ port, and the k& message bits are in-
put to the LFSR serially with most significant bit (MSB)
first. Meanwhile, the message bits are also sent to the code-
word output to form the systematic part of the codeword.
After the k*" clock cycle, the n — k delay elements contain
Rem(m(z) 2" *)y(s). At this time, the switches are moved
to the b’ port, and the remainder bltb are shifted out of the
delay elements to the codeword output bit by bit to form
the remaining bits of the systematic codeword. As can be
observed from Fig. 1, the critical path of this architecture
consists of two XOR gates and the output of the right-most
XOR gate is the input to all the other XOR gates. In the
case of long BCH codes, this architecture may suffer from
the large fanout effect on the right-most XOR gate, which
can slow down the encoder significantly. In addition, paral-
lel processing needs to be employed when the encoder can
not run as fast as the application requirements. Fanout bot-
tleneck also exists in parallel long BCH encoders.

Retiming can always be applied to eliminate the effect of
large fanout in serial long BCH encoders. To make notations
simple, we refer to the input to the right-most XOR gate in
Fig. 1, which is the delayed output of the second XOR gate
from the right, as 'Hinput’. Since there is at least one delay
element at the Hinput of the right-most XOR gate, and
delay elements can be added to the message input, retiming
can always be performed along the dotted cutset as shown
in Fig. 1 by removing one delay element from each input of
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Figure 2: (a) An LFSR example, (b) 4-unfolded ver-
sion of the LFSR in (a)

the right-most XOR gate and adding one to the output.

Parallel BCH encoder architectures can be derived by un-
folding [5]. However, if unfolding is applied directly to Fig.
1, retiming may not be applied in an obvious way to elimi-
nate the large fanout effect in the parallel architecture. The
original architecture can be expressed by data flow graphs
(DFG), where each of the gates are expressed as nodes, and
are connected by paths with delay elements. The J-unfolded
architecture makes J copies of each node in the original ar-
chitecture. However, the total number of delay elements
does not change. Assuming node U is connected to node V'
by a path with w delay elements in the original architecture,
in the J-unfolded architecture, the node U; is connected to
Viitwy%s by a path with |(i +w)/J]| delay elements, where
U;, V;(0 < 14,5 < J) are copies of the node U and V, respec-
tively, and (i +w)%.J is the remainder of dividing i+ w by J
[5]. It can be derived that if the number of delay elements,
w, in a path is less than the unfolding factor J, there will be
w corresponding paths with one delay element and the rest
J — w paths without any delay elements in the J-unfolded
architecture. Assuming the generator polynomial g(z) of a
BCH code can be rewritten as:

gla)=a" +a" + - a2 41, (2)

where to, t1, -+, ts—2 are positive integers with to > t1 >
--ts—2 and s is the total number of non-zero coefficients in
g(z), then there are to —t1 consecutive delay elements at the
Hinput of the right-most XOR gate in Fig. 1. In the case of
to—t1 < J, there will be at least one input path to the copies
of the right-most XOR gate without any delay elements in
the J-unfolded architecture. As a result, retiming can not
be applied directly to eliminate the large fanout effect. For
example, Fig. 2(a) shows the LFSR for a serial (15, 11)
BCH encoder with generator polynomial g(z) = z* + x +
1. In this example, there are three delay elements at the
Hinput of the right-most XOR gate. Applying 4-unfolding,
the architecture in Fig. 2(b) can be derived. As can be
observed, there are 4 copies of the right-most XOR gate,
and 3 of them have one delay element at the Hinput while
the other 4-3=1 does not have any delay elements at the
Hinput. Accordingly, retiming can not be applied around
the last XOR gate to eliminate the fanout bottleneck.

In the case of to — t1 < J, the scheme proposed in [4]
can be employed to modify the generator polynomial to en-
able retiming of the right-most XOR gates in the J-unfolded
LFSR architecture. m(z)z™* can be written as:

m(z)z" ™" = q(z)g(x) + r(), @)

where ¢(z) and r(z) are the quotient polynomial and the re-



mainder polynomial, respectively. Multiplying a polynomial
p(z) to both sides of (3), we can get:

m(z)p(z)z" " = q(z)(9(x)p(z)) + r(z)p(z).  (4)

Since r(z) is the remainder polynomial of the division by
g(z), the degree of r(x) is less than that of g(z). It fol-
lows that deg(r(z)p(z)) < deg(g(x)p(x)), where deg(f(z))
denotes the degree of f(z). Hence, r(z)p(z) can be consid-
ered as the remainder of dividing m(z)p(z)z"~* by g(z)p(z).
According to (4), the proposed architecture in [4] computes
r(z) = Rem(m(z)z" )y by a three-step process:

1) multiply m(z) by p(z);

2) compute the remainder of dividing m(z)p(z)z"~* by
9@ )p();

3) compute the quotient of dividing the remainder from
step 2 by p(z).
The quotient computed from the third step is 7(z). The
first step can be implemented by an architecture similar to
that of an FIR filter, while the other two steps can be im-
plemented by LFSR architectures.

The modified generator polynomial, ¢'(x) = p(x)g(z), can
be written as:

g (z) = 2to + 21 ot e 2 +1, (5)

where t(, t}, -+, t,,_, are positive integers with t;, > t; >
<+ >tl,_, and s’ is the total number of non-zero coefficients
in ¢'(x). In the case of to —t1 < J in (2), a p(z) can be
found to ensure t{ — t; > J. Accordingly, retiming can
be applied to eliminate the effect of large fanout in the J-
unfolded LFSR implementing the division by g'(x). Such a
p(x) can be computed by clustered look-ahead computation
[5]. A second LFSR architecture is also needed to compute
the division by p(z) in the third step. It can be observed
from the clustered look-ahead computation that the degree
of the p(z) for J-unfolding is at most J — 1. Since the
unfolding factor J is much smaller than n — k for long BCH
codes, the large fanout effect does not exist in the LFSR
implementing the division by p(z). Therefore, the fanout
bottleneck can be eliminated by computing the reminder
polynomial 7(z) through the three-step process introduced
in [4]. Further speedup of parallel long BCH encoders can
be achieved by the novel architectures proposed in the next
section.

3. HIGH-SPEED PARALLEL LONG BCH
ENCODERSWITH ELIMINATED
FANOUT BOTTLENECK

For an architecture without feedback loops, pipelining can
be employed to achieve higher speed. However, the mini-
mum achievable clock period for an architecture consisting
of feedback loops is determined by [T ], where T is the
iteration bound of the architecture. Iteration bound is de-
fined as the maximum of all the loop bounds, and the loop
with the maximum loop bound is called the critical loop.
The loop bound is defined as t/w, where ¢ is the computa-
tion time of the loop, and w is the number of delay elements
in the loop. In addition, the iteration bound of a J-unfolded
architecture is J times the iteration bound of the serial ar-
chitecture.

In the three-step process of BCH encoding in [4], the first
step can be implemented by an architecture similar to that
of an FIR filter. Since no feedback loop exists in this serial
architecture and the corresponding unfolded architectures,
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Figure 4: The LFSR architecture for the third step

pipelining can be employed to increase speed. The second
and the third steps are implemented by LFSR architectures.
Therefore, the minimum achievable clock period of the BCH
encoder is determined by the iteration bounds of these two
LFSR architectures. Assuming the iteration bounds of the
LFSRs for the second and the third steps are T4 and T2,
the iteration bounds of the J-unfolded architectures of the
two LFSRs are JT4 and JTZ, respectively. It follows that
the minimum achievable clock period of the J-unfolded BCH
encoder is max([JT4], [JTZ]).

Assuming ¢'(x) is expressed as in (5), the corresponding
LFSR architecture for the second step is illustrated in Fig.
3. As can be observed, the loop bound for loop I; (0 <
i < s —1)in Fig. 3is (2+ 1) Txor/(to — ti}1), where
Txor is the delay of an XOR gate. For long BCH code, the
number of non-zero coefficients in the generator polynomial
is around half of the total number. Using the p(x) computed
from clustered look-ahead computation, it can be observed
that in the modified generator polynomial g’(z), the non-
zero coefficients accounts for around t;/2. Meanwhile, the
non-zero coefficients of g’(x) are typically well-distributed,
i.e. neither long consecutive zeros nor ones exist except the
to — t1 — 1 zeros after the highest power term. Therefore,
the number of XOR gates in loop I; can be approximated
by 2 4 (t — ti41)/2. It can be derived that the iteration
bound of the LFSR for the second step is at most around
Txor/2 for unfolding factor J > 4. In addition, the larger
the unfolding factor J, the smaller the iteration bound of
the LFSR implementing the division by ¢’ (x).

Assuming p(z) can be written as p(z) = 2™ + 2" + ...+
x%5-2 + 1, where %o,%1,--- ,ls_2 are positive integers with
to > t1 > --- > t5_2 and 3 is the total number of non-zero
coefficients in p(z), the third step of BCH encoding can be
implemented by the LFSR architecture shown in Fig. 4.
Since the output from the second step does not need to be
multiplied by any power of z, it is added to the input of the
left-most XOR gate directly. It can be computed that the
loop bound of loop I; (0 < i < 5—1) is (1+i)Txor/(Fo—ti+1)-
Due to the short length, p(x) does not have the property that
around half of the coefficients are zero. Since deg(p(z)) <
J — 1, to — tit1 is always less than J. However, t( — iy,
is always larger than J and increases with i. Hence, the
iteration bound of the LFSR for the third step is typically
larger than that of the LFSR for the second step. Therefore,
reducing the iteration bound of the LFSR for the third step
is critical to speed up the entire BCH encoder. Particularly,
in the case of to —t1 = 1, it can be observed from clustered-
look ahead computation that o — t; = 1. In this case, the
iteration bound of the LFSR for the third step is Txor.
This case is not rare. In fact, around half of the generator
polynomials for long BCH codes belong to this case. In
addition, since #o — #1 does not change with the unfolding



factor J, the iteration bound of the LFSR for the third step
is always Txor in this case. However, the iteration bound
of the LFSR for the second step decreases as J increases.
Therefore, reducing the iteration bound of the LFSR for the
third step becomes more and more important as J increases.

It is extremely difficult to find a general approach to re-
duce the iteration bound of the LFSR for the third step of
BCH encoding. However, since p(z) is not long, this LFSR
can be replaced by architectures free of feedback loops, such
that pipelining can be applied. In this case, the minimum
achievable clock period is no longer affected by the third
step. Three different approaches can be employed to elimi-
nate the feedback loops in the third step. They are explained
in detail in the remainder of this section.

3.1 Approach A

Denote the output of the second step by a(z), r(z) =
a(z)/p(z) needs to be computed in the third step. Instead
of using a second LFSR architecture, the coefficients of r(z)
can be computed by a matrix multiplication:

r = Qa,

where r and g are the column vectors formed by the coeffi-
cients of r(z) and a(x), respectively. Assuming the degree of
p(z) computed from clustered look-ahead is z (z < J — 1),
deg(a(x)) < deg(g(z)p(z)) — 1 < n —k + z — 1. Hence,
a(x) has n — k + z coefficients. Similarly, since deg(r(z)) <
deg(g(z))—1=mn—k—1, r(z) has n —k coefficients. There-
fore, the dimension of Q is (n—k) X (n —k+z). In addition,
since deg(p(x)) = z, the terms with the lowest z powers of
z in a(xz) do not contribute to the quotient of a(z)/p(z).
Consequently, the computation of r can be simplified as:

r= Q/(n—k)x(n—k)glv (6)

where @’ = [n—ktz-1,0n_ktz—2, - ,as]" is a vector formed
by the coefficients of the terms with the highest n — k pow-
ers of z in a(x). Assuming r = [Fp—k—1,Tn—k—2, " 77"0]T
and p(z) = p.x* +p.—12”" 1 + - - po, such a Q' matrix with
entries ¢; ;(0 < 4,5 < n — k) can be constructed by the
pseudo code listed in Algorithm 1. The polynomial 7(x) =
fz—lxz_l + 'Fz—sz_Q + e +f0 and (i(x) = ankrflxn_k_l +
Gn-r—22" "2 4 ... 4 §o are used to keep track of the re-
mainder and quotient polynomial of dividing " *+#~1=7
by p(z) in each iteration, respectively.
Algorithm 1
inatialization:
set 7 =pi, for 0<i<z-—1
set o =1, =0for 1 <i<nmn—k—-1
begin construction:
for j in n — k — 1 downto 0 do
G =qn-k—1—i for0<i<n—k—1
4(z) 7 4(2) + 721
7(r) <= Rem(x - 7(T))p(a)
end

From Algorithm 1, It can be observed that the constructed
matrix Q' is a lower triangular matrix. The matrix multipli-
cation can be pipelined and operated in a parallel manner.
The complexity of implementing this matrix multiplication
is in the order of (n — k). Due to the large n — k for long
BCH codes, this approach is hardware demanding.

3.2 Approach B
Although the scheme proposed in [3] to speed up parallel

processing may not be applicable for general BCH codes,
their method to compute the remainder polynomial r(x)
gives rise to another approach to eliminate the second LFSR
in BCH encoders. m(z)z" " can be rewritten as

= ¢ (2)(g(=)p(x)) +1'(2), (7)

where ¢'(z) and 7’'(x) are the quotient and the remainder of
dividing m(z)z"~* by g(x)p(z), respectively. In addition,
r’(z) can be rewritten in terms of the quotient and remain-
der of the division by g(z):

r'(z) = ¢"(2)g(x) + r(2). (8)

The r(z) in (8) is the same as that in (3), which is the desired
remainder polynomial for the BCH encoding. According to
(7) and (8), r(x) can be computed alternatively by:

i) Compute the remainder of dividing m(z)z"~* by g(z)p(z)

ii) Divide the remainder from the previous step by g(z).
The remainder from the last step is the desired r(z). Sim-
ilarly, the division by g(z)p(x) can be implemented by a
LFSR architecture, and p(z) can be computed by the clus-
tered look-ahead computation, such that large fanout bot-
tleneck can be eliminated from this LFSR by retiming. Since
the degree of r'(z) is at most n — k + 2z — 1, the division of
r’'(z) by g(x) can be implemented by a matrix multiplication
without suffering from overwhelming complexity:

m(z)z" "

r=H—kyx(n—kt=)L 9)

where r and 7’ are column vectors formed by the coeffi-
cients of r(x) and r’(z), respectively. Such an H matrix
with entries h;; (0 < i <n—%k 0<j<n—k+z)can
be constructed by Algorithm 2. The polynomial 7#(z) =
Pk @™ B P o™ P2 4+ 7y is used to keep
track of the remainder polynomial in each iteration.
Algorithm 2
initialization:
set 7o =1,7=0for 1 <i<n—k—1
begin construction:
for jin n —k+ z— 1 downto 0 do
hi’j = fn,kflfi for 0 S 7 § n—k—1
7(x) <= Rem(x - #(2)) g(a)
end

The construction of the H matrix is similar to that of the
check matrix for BCH codes. Meanwhile, it can be observed
that the right-most n — k& columns of the H matrix form an
identity matrix:

H = [H(n—1yx> Ln—k)x(n-n))-

Therefore, the complexity of multiplying the H matrix is in
the order of (n — k) x J.

3.3 Approach C

As in Approach A, r(x) can be computed by dividing a(x)
by p(z). Instead of dividing p(x) directly, r(z) can be com-
puted as follows:

r(z) = a(z)/p(x) = a(z)b(z)/(z" - 1), (10)

where p(z)b(x) = 2¥ — 1, and v is a positive integer. There-
fore, if we can find a b(z), such that p(z)b(x) is in the form
of z¥ — 1, r(z) can be computed by multiplying a(z) with
b(z) and then dividing the product by z¥ — 1. The multi-
plication of b(z) can be computed by an architecture sim-
ilar to that of an FIR filter. Meanwhile, the advantage of



this approach comes from that, compared to a general di-
vision, the division by a polynomial in the form of z¥ — 1
can be computed in a much simpler way. Denote the prod-
uct of a(x) and b(z) by f(x), deg(f(x)) = deg(z® — 1) +
deg(r(z)) <v+mn—k—1. Assuming f(z) can be written
as () = fornnw 12" T TFT 4 ik az¥ TR T2 )
and a = [(n — k)/v], B = (n — k)%v, by examining the
results of long division, the coefficients of r(z) can be com-
puted by the following algorithm:
Algorithm 3
for jin1tow
Tn—k—j = fn—k+v—j
end
foriin 1toa—1
for jinltow
Tn—k—iv—j = "n—k—(i—1)v—j T frn—k—(i—1)v—j
end
end
for jin 1 to 3
Tn—k—av—j = Tn—k—(a—1)v—j + fnfkf(afl)vfj
end

Meanwhile, by induction, the coefficients for the remain-
der polynomial rv(x) of dividing f(z) by (z¥ — 1) can be
derived as:

ot firjw0<i <
rv; = Effofﬂ O—Z.—ﬁ (11)
ijo firjo B <i<w

Since z¥ — 1 can divide f(z), rv; = 0 for 0 < i < v. In
addition, from Algorithm 3, it can be derived that r; + f; =
rv; for 0 < ¢ < v. Therefore, the computation of the last
v coefficients of r(z) can be simplified as r; = f; (0 < i <
v). Using substructure sharing, it can be observed from
Algorithm 3 that the computation of each r; (v <i < n —
k — 1 — v) only needs one additional XOR gate. It follows
that the computation of dividing f(z) by z¥ — 1 can be
implemented by max(n — k — 2v,0) XOR gates with o — 1
XOR gates in the critical path.

If the p(x) computed by clustered look-ahead is used di-
rectly in this approach, the smallest v, such that p(x) divides
z¥ — 1 may be large. Although large v leads to smaller gate
count in the division by ¥ — 1, the degree of b(z) becomes
larger at the same time. In addition, the gate count in the
J-unfolded architecture of computing a(x)b(x) is J times of
that in the serial architecture. However, the gate number of
the division by ¥ — 1 does not change in unfolded architec-
tures. Therefore, larger v may lead to higher complexity as
J increases. Instead of using p(z), extensions of p(x) can be
used in each step of the three-step BCH encoding. We define
the extension of p(z) as p'(z) = p(x)z? + e(x), where d is
a positive integer, and deg(e(z)) < d — (J — 1 — deg(p(x))).
Since the coefficients of the J highest power terms in p’(z)
are the same as that in p(z), using p’(z) can still guaran-
tee that the product ¢'(z) = g(z)p'(x) satisfy t5 —t7 > J.
The purpose of using p’(z) instead of p(zx) is that the mini-
mum v, such that p’(z) divides ¥ — 1, can be much smaller
than that for p(z) at the cost of slightly increased degree
of p’(x). As a result, the overall complexity of BCH encod-
ing can be reduced. For example, the minimum v such that
p(z) = 2° + 2* + 2% + z + 1 divides z” — 1 is 31, while the
minimum v for the extension p'(x) = 23p(x) + = + 1 is 15.

It takes exponential time to find the minimum wv, such
that some extensions of p(z) can divide ¥ — 1, by exhaus-
tive search. Alternatively, we can choose a list of numbers,

Table 1: Percentage of p(z), which has extensions
that can divide z3' — 1, 2% — 1, 2!?" — 1 and 22°° — 1

degree of p(z) 8 16 24 32
22T —1 42.19% | 0.14% | 0.00% | 0.00%
2% —1 100% | 11.04% | 0.04% | 0.00%
27 =1 100% 100% | 3.01% | 0.00%
25— 1 100% 100% | 100% | 99.96%

Table 2: The complexities of Approach A, B, C for
J-unfolded architectures

Approach Complexity (Number of XOR gates)
A [J+(n—k)]J/2+ (n—k)2/4
B [(n—k)+ (n—k)]J/2
C (J-14+d)+(n—k+d)+@w—-(J-1+4d))]J/2
+max(n — k — 2v,0)

and approximate v by one of the numbers in the list. A good
choice is to use a list of v = 2" — 1, where i is a positive inte-

ger. The irreducible polynomial factors of z2 ~* — 1 can be
found easily, and are listed in many documentations, such
as [6]. Testing can be carried out by examining if the coef-
ficients of p(x) match the coefficients of the highest power
terms in the product of any possible combinations of the
irreducible polynomials. Although the estimated v found
from this list may be larger than the actual minimum v,
this estimation can be completed in realistic time. It turns
out that for moderate unfolding factors, and thus moderate
degrees of p(z), the v found from the list is not large. Table
1 lists the percentage of p(z) of certain degree, which has
some extensions that can divide z3' — 1, 2% — 1, 227 — 1,
and %% — 1, respectively. Form Table 1, it can be observed
that any p(z) of degree 16 has some extensions that can di-
vide 2'%7 — 1, while 99.96% of all the p(z) of degree 32 have
some extensions that can divide z2°% — 1.

4. COMPLEXITY ANALYSISAND
EXAMPLES

The complexities of the three approaches to reduce the
iteration bound are dependent on g(z) and the unfolding
factor J. Since the pattern of g(z) varies, it is hard to
generalize the precise complexity in terms of the number of
XOR gates needed for general BCH codes. Assuming the
number of non-zero coefficients in g(x) is half of the total
number and the number of non-zero coefficients in g'(z) is
t} /2, the complexities of the three approaches for J-unfolded
architectures can be estimated as listed in Table 2. For the
purpose of complexity analysis, we assume the non-zero co-
efficients also account for half of all the coefficients in p(x).
Although this assumption is not precise, the degree of p(x)
for moderate unfolding factors is much smaller than the de-
gree of g(z) for long BCH codes. Therefore, the resulted
estimation error can be ignored.

In Approach A, assuming the degree of p(x) is J — 1, the
multiplication of p(x) needs J/2 - J XOR gates in the J-
unfolded architecture. Furthermore, the LFSR implement-
ing the division by ¢'(z) = g(x)p(x) needs t1/2 - J ~ (n —
k)J/2 XOR gates. The remaining complexity in Approach
A is attributed to the multiplication of the lower triangular
matrix Q'. Assuming the non-zero entries account for half of
all the entries in the lower triangular matrix, the complexity
of multiplying matrix Q' is (n — k)?/4.



In Approach B, the J-unfolded LFSR to implement the
division by g(z)p(x) also needs approximately (n — k).J/2
XOR gates. Meanwhile, as can be observed from Algorithm
2, the H' matrix is formed by shifting modulo g(z). Since
the non-zero coefficients in g(x) account for half of all the
coefficients and are well-distributed, it can be assumed that
the number of non-zero entries in H’ is also half. Therefore,
the complexity of multiplying H is J/2- (n — k) XOR gates.

p'(z) = 2%(x) +e(z) is used instead of the p(z) computed
from clustered look-ahead in Approach C. Since deg(p(x)) =
J — 1, the degree of p'(z) is J — 1 + d. Assuming the non-
zero coefficients account for half in p’(x), the multiplica-
tion of m(x) by p’(x) needs (J — 1+ d)/2 - J XOR gates
to implement in a J-unfolded architecture. The degree of
g (z) =p'(x)g(x) is n—k+ J —1+d, and the coefficients of
the J — 1 terms after the highest power term are zero. As-
suming the non-zero coefficients also account for half of the
remaining n— k+d coefficients, the J-unfolded LFSR to im-
plement the division by ¢'(x) has (n—k-+d)/2-J XOR gates.
Since deg(b(z)) = deg(z” — 1) —deg(p'(z)) = v—(J —1+d),
the complexity of the J-unfolded multiplication by b(z) is
(v—(J—1+4d))/2-J. In addition, as discussed in Approach
C, the division by z¥ — 1 needs max(n—k —2v,0) XOR gates
to implement.

It can be shown that given n — k > 2J, the complexity of
Approach A is always larger than that of Approach B. The
assumption n — k > 2J is typically satisfied for long BCH
codes with moderate unfolding factors. Meanwhile, it can be
shown that the complexity of Approach B is larger than that
of Approach C, given v +d < n — k. As can be observed
from Table 1, v = 255 can be used for 99.96% of all the
p(x) for unfolding factor 32, and smaller v are sufficient for
smaller unfolding factors. However, for example, for BCH
codes with block length longer than 8K, n — k is larger than
500 for code rate up to 93.81%. Therefore, v+d <n —k is
usually satisfied for long BCH code with moderate unfolding
factors.

As an example, the three proposed architectures are ap-
plied to an (8191, 7684) BCH code using generator polyno-
mial g(z) = 2°°7 + 2% 4+ 252 4 ... + 2% + 2% + 1. Some
of the results for different unfolding factors are summarized
in Table 3. Since the polynomial multiplications and the
matrix multiplications can be pipelined, the associated la-
tency can be excluded from the total number of clock cycles
needed to encode each data block. Therefore, the number of
clock cycles to process one data block is determined by the
latency of the LFSR architecture, which can be computed
as [the length of the input to the LFSR/J]. For exam-
ple, in Approach A, the length of the input to the LFSR,
which is m(z)p(z), is 76844+15=7699 for J = 16. Hence,
[7699/16] = 482 clock cycles are needed to encode one block
of data in this case. The critical loop of the architecture in
[4] lies in the LFSR implementing the division by p(z), and
the iteration bound of this architecture is JT'xor for the
J-unfolded (8191, 7684) BCH encoder. Approach A, B and
C can reduce the iteration bound by replacing the LFSR
implementing the division by p(x) with architectures free of
feedback loops. As can be observed from Table 3, the it-
eration bounds of these three approaches are much smaller
than that of [4]. In addition, since the same p(z) can be
used in Approach A and B, the iteration bounds of these
two approaches are the same. However, p’(z) instead of
p(x) is used in Approach C. As a result, the iteration bound
of Approach C is different. The speedup and gate count for

Table 3: The speedup and gate counts of Approach
A, B, C for J-unfolded architecture

J=8 J=16 J=24 J=32
deg(p(z)) 7 15 21 30
deg(p’ (z))(used v) in Appr. C 17(63) 49(127) 71(255) 93(255)
# of clock cycles/data block 962 482 322 242
in [4] and Appr. A
# of clock cycles/data block 961 481 321 241
in Appr. B
# of clock cycles/data block 963 484 324 244
in Appr. C
Too of [4A(FTx0R) 8 16 22 32
Too of Appr. A, B (#Tx0OR) 5.103 8.000 12.793 15.956
Too of Appr. C (#Tx0R) 1.166 7768 11111 14.034
Speedup of Appr. A over [4 33.33% 100.00% 84.62% 100%
Speedup of Appr. B over [4 33.47% 100.42% 85.19% 100.83%
Speedup of Appr. C over [4 59.83% 99.17% 98.77% 111.58%
# of XOR in Appr. A 57622 67338 69230 71549
# of XOR in Appr. B 4048 8172 11981 16344
# of XOR in Appr. C 2845 5469 9432 12512

each proposed architecture are also listed in Table 3. As can
be observed, Approach C has the smallest area requirement
and can achieve similar or higher speedup than Approach A
and B. Therefore, Approach C is the optimum approach for
unfolding factors ranging from 8 to 32.

5. CONCLUSION

Novel architectures have been proposed in this paper to
reduce the achievable minimum clock period of parallel long
BCH encoders derived through unfolding after the fanout
bottleneck has been eliminated. In addition, the proposed
schemes can also be used to speed up long Cyclic Redun-
dancy Checking (CRC) and systematic long Reed-Solomon
encoders. Among the three approaches, Approach C is opti-
mum for moderate unfolding factors. However, the complex-
ity for finding the smallest v, such that some extensions of
p(x) divide z¥ — 1, is extremely high if exhaustive searching
is used. Future work will be directed to develop systematic
algorithm to compute the smallest v and the correspond-
ing extensions of p(z). In addition, reducing the iteration
bound of the LFSR implementing the division by ¢’(z) is
of great interest to achieve further speedup for parallel long
BCH encoders.
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