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Abstract—Binary addition is the most fundamental and fre- of inputs may not be uniform for a specific application.
quently used operation. A well-designed adder should be fast and For example, Fig.1 shows the output delay profile of partial
satisfy the application requirements. We propose an algorithmic product reduction tree [7], which is the input delay profile of

approach to generate an irregular parallel-prefix adder, which . . . .
has minimal delay for a given profile of input signals. It can the final adder. Under such a non-uniform input delay profile,

cover different topologies such as ripple-carry, carry-skip and @ heuristic algorithm [8] can generate a faster prefix structure

carry-select adders. Compared with Kogge-Stone and Brent- than Kogge-Stone adder. But this algorithm can not guarantee

Kung adders, the results of the proposed approach have the to find the delay-optimal prefix structure.

smallest output delay. In this paper, we propose an algorithmic approach to gen-
|. INTRODUCTION erate an irregular parallel-prefix adder, which has the minimal

Datapath module is essential for high quality ASIC desigl‘.li,e'ay fo.r a given proﬂlg of mpgt signals. The approach can
and may dominate the whole system performance. Arithmefi@/€" different topologies of rlpple-cgrry adder, garry-sk|p
components, such as adders, multipliers and shifters, &%der and carr_y-sel_ect a;dder. Th_e_tl_me complexity of the
considered as basic cells to a construct datapath. Design'OE)(fp_OS_ed algorithm 'Q(n.)' To minimize the area cost a
arithmetic components should be high performance and satifrﬁ)“r'suc backward reduction procedure is added. The exper-
the application requirements. Binary addition is the most furl- ental results show that the proposed approa}ch outperforms
damental and frequently used operation in computing syste th Brent-Kung and Kogge-Stone parallel prefix schemes, for

To speed up binary addition, many different architectures ha%rticular applications. , )

been proposed over the years. Th(_a rgst of the paper is orgamzed as follows. The problgm
The ripple-carry adder has the minimal area, but is qui?@d timing model are defme.d in Sgcnon Il. The glgor|thm|c

slow. The carry-skip adder [1] can speed up binary additicﬁ’PproaCh will be presented in Section lll. In Section IV, we

with a small hardware overhead. The carry-select adder 4§l Show how this approach covers ripple-carry, carry-skip
accelerates binary addition further, but suffers from largd'd carry-select adders. The backward reduction procedure

hardware penalty. The carry-lookahead adder [3] [4] comddll be introduced in Section V. Section VI analyzes the

with prefix computation. It hag)(log 1) time andO(n log 1) expgrimental results, before conclusions and future work in

area. Brent-Kung parallel prefix adder and Kogge-Stone p&gction Vil.

allel prefix adder are two classical regular prefix computation I

structures, which reach lower bound of area and lower bound . .

of time [5] respectively. A. Prefix Addition[6]
We define the binary addition problem as follows: given an
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14

~~32b_con_MBE n-bit augendA, an n-bit addendB, and al-bit carry-in co,
B |y et et e Jpmesnasastiasans generate the-bit sum S and thel-bit carry-outc,,. Suppose
o tn e an| M A=a,...aea; and B =b,, ...byb;, we defines; andc; as
g prenest baas follows:
= 8 . - Aaay
; : ,,;"“' L £ si=a; Db Dci1 1)
=, s i ci = azb; +a;ci_1 +biciy (2
2 \ According to prefix computation, we defing (generate)
o e T — R — — T and p;(propagate) as:
0 4 8 12 16 20 24 28 32 36 4['3-:;‘],:,13:“:,2, 56 60 64 68 72 76 80 84 88 92 g _ 007 If Z — O (3a)
! a;b;, otherwise
Fig. 1. Output delay profiles of PPRT 0 ifi=0
b
pi = . (3b)
! {ai @®b;, otherwise

If all input signals arrive simultaneously, Kogge-Stone adder
gives the fastest prefix structure. However, the arrival times (Pre-processing)

Permission to make digital or hard copies of all or part of this work for
personal or classroom use is granted without fee provided that copies are 734
not made or distributed for profit or commercial advantage and that

copies bear this notice and the full citation on the first page. To copy
otherwise, to republish, to post on servers or to redistribute to lists,
requires prior specific permission and/or a fee.

ICCAD’03, November 11-13, 2003, San Jose, California, USA.

Copyright 2003 ACM 1-58113-762-1/03/0011 ...$5.00.



If g; equalsl, a carry is generated at bit if p;, equalsl, a

and dominates the performance. Prefix structures can be rep-

carry is propagated through hitThe concept of generate andesented in directed acyclic graphs. Fig.2 shows the prefix

propagate can be extended to multiple bits. We defifie ]
andP[i : k] (i > k) as:

i, ifi=k

Glir) = {G[i:k] + P;.j1Glj—1.5, Otherwise (42)
Pi, if i =k

Py = {P[i:j]p[jlik]’ otherwise (40)

(Prefix computation)

To simplify the representation af and P, an operatore is
defined in(G, P) computation:

<G7P)[1k] = (G7‘P)[’LJ] d (G7P)[j—1:k] (5)

s; and¢; can be calculated fror? and P:
ci = Gl (6a)
Si =pi Bci—1 (6b)

(Post-processing)

(G, P) computation has two important properties:

« Property 1: (G, P)s can overlap in operation.That is
(va)[i:k] = (G, P)[i:j] i (va)[j—lzk]
= (G, P)jij) » (G, Py, i > 1> 5 — 1(7)

o Property 2: G and P can have separated prefix
computation structures. This property is known from
the definitions ofG and P.
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(a) Kogge-Stone prefix adder
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(b) Brent-Kung prefix adder

Fig. 2. Kogge-Stone and Brent-Kung prefix adders

structures of arg-bit Kogge-Stone adder and a&nbit Brent-
Kung adder.

B. Timing model

Fig.3 shows three kinds of basic componegisgenerator,
(G, P) adder, andsum generator in prefix adders. They
are denoted by a diamond, a solid circle, and a rectangle
respectively.

a b (GPyig (GPky P Cia
gipi (G,P)in S
gp generator (G,P) adder sum generator

Fig. 3. Basic components

gp generator

Tgip, = max(T,,, Tp,) + 1 (8)
(G, P) adder

TGPy, = mal’(T(G7p)[M] , T(G#D)[k,l]) +2 9)
sum generator

T, = max(Ty,, Te, — 1)+ 1 (10)

To make representations easier, the simplest timing model
is used in Sections 1ll to V, which is similar to the timing
model in [8]. A gp generator as well asum generator take$
unit delay from all inputs to outputs. AG, P) adder take2
unit delay from all inputs to outputs. A more accurate timing
model is used in experimental results (Section VI).

1. AN ALGORITHMIC APPROACH

The pseudo-code of the proposed dynamic programming
approach is given in Algorithm 1.

Algorithm 1 Prefix Adder Construction
constructprefix adder (datawvidth)

1: n =datawidth;

2: {Forward Procegs

3: for i =2ton do

4: forj=1ton—i+1do
5: T = oo;
6: for k=jtoj+i—2do
7: T = maX(T(G>P)[j+if1,k+1] ’T(G’P)[k‘,j]) + 2;
8: if T/ <T then
9: T=T"
10: Construct(G, P)[]-H-_l’j]
from (G, P)jjyi—1,k+1) and (G, P)x i
11: end if
12: end for
13: end for

Since pre-processing and post-processing have constefiend for
delay, prefix computation becomes the core of prefix adders U™
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The forward process constructgs, P)s level by level. this algorithm areO(n3) and O(n?) respectively. From the
Initially all g;p; are in level 1. All (G, P)s with length observation of G, P), we have two conclusions

2 are constructed first, which are denoted (65 P)t1,k)- . Lemma 1: (G, P) overlap is not necessary to keep
These (G, P)s form level 2, and (G, P)y11,, Can only be the minimal delay. Overlap can be eliminated by using
generated from the paifgi1pk+1.9kpr}. The succeeding a (G, P) with shorter length, since the delay 6f, P)
levels are constructed step by step. When constructing level | . be ‘decreased with length reduction. This property

I, all (G, P)s in the previous levels are known. All possible o< the time complexity of the algorithm decrease
combinations of(G, P) pairs are tried without overlap, and from O(n%) to O(n?).

the pair with minimal delay is selected to construct the current |
(G, P).

Fig.4 illustrates the above process. Considér, P)s 1
as an example. There are two ways to const(@etP)s i
without (G, P) overlap, either from{(G, P)[3 2, g1p1} Of
{g3p3, (G, P)j2,11}. These pairs have delays &f and 7
units respectively{gsps, (G, P)[2,11} is selected to construct
(G, P)i3,1)- Continue selecting pairs untiz, P)y,, ¢ is finally
constructed.

Theorem 2: When G and P are not allowed to
separate, Algorithm 1 has minimal delay.This property

is based on the following two observations: 1) To achieve
minimal delay at on€G, P), all (G, P)s in its critical
path should have minimal delay; 2) it's not harmful to
make all (G, P)s not in the critical path as early as
possible. As a direct inference, a minimal delay can
be obtained from minimal delays in the previous levels.
Since levell and level2 have minimal delays by nature,
4(g3p3) 1(gp1) 4(gspa) 1(g1p1) Theorem 2 holds.

2(9apa) 3(92p2) 0(Gg) Levell 2(94P4)

In our experiments;7 and P separation cannot lead to better
timing results. So we did not includé and P separation in
3(GPyq) Level 2 3GPua)  the dynamic programming algorithm.

Reduction

—>

5(GP[2‘O]) Level 3
IV. TRANSFORMATION TO GENERIC ADDERS
(GP[3.0]) Level 4
The proposed algorithm can cover topologies of ripple-
8(GPy) Level5 8(GPua) carry, carry-skip and carry-select adders. Based on these
@ ® topologically identical structures, the generated structures can
be partially converted to different adders. According to the
structure comparisons, the resulting structure is not only opti-

Once we have allG. P);, 1, which are needed for post_mal in parallel-prefix adders, but also optimal in combinations
» 47) 14,00 Egifferent adders.

processing stages, a backward process is added to minimizeX
area. A simple method to reduce the numbe(®@f P) adders

is to remove the unnecessd\y, P)s from the prefix structure. A. Transformation to ripple adder
We do so by checking eadlt7, P) backward. If ong(G, P)

Fig. 4. Dynamic programming algorithm and reduction

does not output to any other component, the component and its asbs aby, ab

input connections are removed. In this examgl@, P)4 1), L L L l L

(G, P)u2) and (G, P)j3y are removed first. As a result, Ei| FA |£i| A |Ei| FA |<_C°

(G, P)3,9) and (G, P)2,1) are now unnecessary. Following is @

the pseudo-code for prefix adder reduction. ]:[

Algorithm 2 Prefix Adder Reduction by &b b

reduceprefix adder (datavidth) Go(@)

1: n =datawidth;

g f{oBraZ;l;wzr?oZr?j%egs Gzacs)  Gpzolcd  Gpro(c)

4: forj=1ton—1i+1do ((9)]

5: if j ==1then

? enl(zj;\ti)fel (G, P)j4i—1,5 With "in_use”; Fig. 5. Transform to ripple-carry adder

8: if (G, P)[j4i—1,5 is labelled with "inuse”then ) ) )

9: label two parents ofG, P)(;1;_1 ;) With "in_use”; Fig.5 shows a ripple-carry structure and the corresponding
1(1)5 enfj”%rif result in the proposed approach. In ripple-carry adders, carry
12+ end for propagates bit by bit. In the proposed appro#&fy,, can also

13: Remove all(G, P)s without label "inuse”; propagate column by column, any;.q is essentially the carry

14: return; c;. In this case Pj;.q) is not necessary. Thex, P)j;.g) serial-

propagated chain can be converted to a ripple-carry adder.
Obviously, the time complexity and space complexity ofhese two structures have almost the same timing and area.
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B. Transformation to carry-skip adder t14q4 lﬁl

Fig.6 shows a carry-skip structure and the corresponding 0 O
result in the proposed approach. Two dash-line boxes denote — 1
two corresponding blocks. They have the same inputs and their s} s \?\g‘
outputs are connected to the same logic. Note that the carry- E E @
skip logic in carry-skip adder is exactly the same as the c S AN
part in (G, P) adder. @
bsas bsas boaz biar  Go(w)
T 9
L L
e em
Er"'// E GP2,1
| Ctsal
| L&
l ab ai+lh+j1l ab  ab GolCo) CPraa 1Pal L C3iP3y yC2 P2y yC1 P2
A Rl
LA G efs s s s
l GPyji+1 : ()
l Fig. 7. Transform to carry-select adder
Gij a1(G) Gii(a)

(b)
P;_1,)). Then function(11) changes to
Fig. 6. Transform to carry-skip adder

s; = ¢o(Gli—1,1) @ pi) + co((Gli—1,1) @ pi) © Pi—1,1y) (12)

The only difference is the meaning of one signal bE{Nhich is the function of Fig.8(b). By doing this transformation,
tween the block and the carry-propagate logic. In carry-skjpe resulting structure will have not only the same topology

adder, one input to carry-skip logic i§, or sayG; - The  yith 5 carry-select adder but also the same delay property.
corresponding input i, ;4.1 However, when bothG|; o

and P ;11 equall, G in the carry-skip adder will be GPyi1y pi Gl

skipped. So the signdl|; o) works asG/; ;1] in the proposed L @ Pli-11]

approach. Two structures shown in Fig.6 are identical.
ok, <
C. Transformation to carry-select adder ;
Fig.7 shows a carry-select structure and the corresponding (a) ()
result in the proposed approach. In the carry-select adder, all
possible results are pre-calculated to wait for carry-in. When Fig. 8. Transformation of carry-select block

carry-in is ready, it will feed all columns simultaneously,
without propagation between columns. There exists the same
topology in the resulting structure.

Two dash-line boxes denote two corresponding carry-selec
blocks. The principal difference is the moment to process t
carry-in ¢o. In carry-select adders! and s} are generated
before the carry-in processing. So the delay freymo s; is
only the delay of a MUX. In the resulting structure, carry-i

V. BACKWARD REDUCTION

IIn the previous algorithm, the forward dynamic program-
Ing algorithm generates allG, P)s with optimal delay.
ter removing all (G, P) adders without fanout, the prefix
structure shrinks to the minimal size with optimal delays at
r?" internal (G, P)s. However, keeping optimal delays at all
. ; T internal (G, P)s is not necessary for the global delay-optimal.
is processed earlier. The delay fraf to s; increases to the Only the (G, P)s in critical path have to keep their optimal

delay of a(G, P) adder plus the delay of aum generator. . . :
y (G, P) P y "9 . delays. Hence there is a potential to reduce the size further by
To reduce the delay fromy, to s;, a carry-select block in the . . . ”
relaxing some internalG, P)s not in critical path.

resulting structure can be transformed to the structure shownl_ NS .
in Fig.8(b). The original function of the carry-select block is o relax a(G, P), its timing requirement should be cal-
' ' culated first. A relaxed timing can not exceed this limit,
si = 0(Gpi_1.1) ®pi) + co((Gpi1.a) + Pu_1.1]) © pi) (11) otherwise the global delay-optimality will be broken. Required
times are backward calculated from outputs to inputs. Required
Note thatGp;_; ) and P;_, are mutually exclusive. So times of outputs are given. Ong, P)’s required time will
the term(G;—1,1) + Pu—1,1)) can be replaced byG;_, ;) © limit the required times of its parents. Fig.12(a) shows an

737



—&~ Algorithmic approach T T T T v T T T T T T i "~ Algorithmic approach
v Kogge-Stone o v Kogge-Stone

o Brent-Kung o Brent-Kung

—#— Inputs. a 7 —%— Inputs.

Arrival Time

L L L L L L L L L L L L L L L L L L
1 2 3 a 5 6 7 8 0 1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8
Bit Position Bit Position Bit Position

Fig. 9. Result of 8-bit casel Fig. 10. Result of 8-bit case2 Fig. 11. Result of 8-bit case3

example. Assume all outputs should keep their optimal delaydgorithm 3 Backward Reduction
The required time of eacliG, P) in the current netlist is backwardreduction (datavidth)

- . . 1. n =datawidth;
indicated in parenthesis. > for i —mn to 2 do

3: forj=1ton—i+1do
s 693ps 1191p - 693p 11gip 4 if j==1 then . '
5: label (G, P)[j4i—1,5) With "in_use”;
6: else if (G, P)[jyi—1,5 is labelled with "inuse” then
7 fork=j+i—2tojdo
) (G,Pl2y 3(B) (GPr1 8: T = max(T(qp) i1,k ’T(G’P)[k,j]) + 2;
9: if "< RequiredT'ime-GP;;_1 ;) then
10: ConnectG P ;1,5 10 GP i1 k1) andGPy j);
11: k=j—1,
12: end if
13(13) (GP)ay 13(13) (GP)ay 13 en-d for
e o 14: end if
@ ®) 15:  if (G, P)[j4i—1,5 is labelled with "inuse” then
) ) 16: label two parents ofG, P)[;4i—1,;5 With "in_use”;
Fig. 12. Backward reduction 17: Update Required Time of two parents @, P)(;4;—1 j;
18: end if
As soon as the required time df7, P) is decided, all 19: end for

. . P 20: end for
possible input combinations can be enumerated, based QNzemove all(G, P)s without label “inuse”;

all optimal delays calculated in the forward procedure. Fae: return;
example, (G, P)3,1) in Fig.12(a) can be generated from the
pair {(G, P)(3,2, 91p1} only. Otherwise the required time can

Phoet bz_rsatgﬂt;d. Howeve(rGéfzﬁég] (;a_rn be gergzr;ted from mentioned before, the outputs from partial products reduction
€ pair {(G, P)a,), g2p2} pair {gapa, (G, P)is2}. [ree in multiplier have convex arrival times. Different data
Either way the required time can be satisfied. In these possible

combinations, we cheose the one whose right parent has \ﬁthhs include 8-bit and 16-bit. Fig.9, Fig.10, and Fig.11 show

maximal length. So the paifgips, (G, P)ps. ) are selected 8Sults of 8-bit circuits compared with Kogge-Stone and Brent-

to generate(G, P).o. This strategy makes the StructureKung prefix adders on outputs timing, while Fig.13, Fig.14,

! . - .~ and Fig.15 indicate results of 16-bit circuits.
approach the ripple structure, which has the minimal size. . . . . .

When a netlist changes, the required time of its pare tsIn these figures the horl_zontal axis denotes b'.t pos_ltlon from
will be changed. Fortunately, the prefix structure is a trg ero dhl'_gh’ a_nhd the vgrt|calhaX|s (:]en_o tes 3”;\/6" tmﬁ' Thhe
structure. So that the interconnection and the required time e |ne_W|t -star po_mts S ows the input delay profile. The
be decided and calculated backward, level-by-level. Fig.12¢@3d ine with circle points gives the result of the proposed
shows the result of backward reduction from the initial stru@gor'thm' Two dotted lines with triangle and square points
ture Fig.12(a). The number of (G,P) adders reduceslby represe.nt results of Kogge-Stone and Brent-Kung schemes
The backward reduction has the same time complexity as {ﬁépect]velya Casel_, case d 2, and _case?:j lljse m(:_r:otonously
forward dynamic programming procedure. Algorithm 3 give@creasmg, ecreasing, and convex input delay profiles.

the pseudo-code of the backward reduction procedure. Since the arrival time of inputs is not uniform, the delay
between the last input and the last output is used to compare

VI. EXPERIMENTAL RESULTS these results. Table.l shows the comparison on the delay and
Different input delay profiles and different data widths arthe number of(G, P) adders. The number ¢iG, P) adders
used. The shapes of different input delay profiles includelates to the area of a prefix structure. Two different reduction
monotonously increasing, decreasing, and convex curves. gkscedures are used in the algorithmic approach, the backward
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Fig. 14.
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Bit Positioin

Result of 16-bit case2
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Fig. 15. Result of 16-bit case3
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o.
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& linel

v line2
o line3

—#- Input A
—x- Input B

Arrival Time
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6~ linel
v line2
o line3

—- Input A
—x- Input B

8 10
Bit Position

8 10
Bit Position

5 30
Bit Position

Fig. 16. Result of 16-bit case | Fig. 17. Result of 16-bit case Il Fig. 18. Result of 32-bit case |

TABLE | , . ; ; ; :

Cases Distance from inputs Number of (G, P) adders 2ol ”gv |

Arithmetic Kogge-Stone Brent-Kung Arithmetic Kogge-Stone Brent-Kung

8-bit 1 5 7 7 9(9) 17 11

8-bit 2 6 7 10 | 16(18) | 17 11 il PO |

8-bit 3 7 8 9 14(14) 17 11 A ,*:www‘«’:ﬁ\m“ .

16-bit 1 5 9 9 21(23) 49 26 ER I - SR

1601t 2 7 10 14 | 70(8%) 49 26 oy

16-bit 3 8 10 12 30(33) 19 26 ¥ ., ]

5 linel

h v line2
o line3

! —— Input A

I —x— Input B

05

L L L L L L
30

reduction and the simple reduction, in which @, P) adders
without fanout are removed. The resulting number of cells
from the simple reduction is listed in parenthesis.

Table.l in all these three kinds of input delay profiles
indicates that the prefix adder generated by the proposed ap-
proach is faster than either Kogge-Stone or Brent-Kung addecensidering accurate gate delay, and further wire delay. The
Particularly in monotonously decreasing profiles, results of tigate delay is calculated by the look-up table method, while
proposed approach improve at ledstt in terms of speed, the wire delay is computed using Elmore delay model. The
in comparison with Brent-Kung adders. However, a drawbadlelay profiles of the two inputs are given bysam array
is the incremented area. The penalty of keeping the minimetd acarry array, which are the outputs of a partial product
delay is a small area increment in a convex profile and a largeduction tree.
area increment in a monotonously decreasing profile. Two 16-bit and two 32-bit final adders are shown in Fig.16
To check the soundness of the proposed algorithm, we testedrig.19. Two dashed lines with star and x-mark points repre-
the timing performance of generated adders ur@éBum sent two input delay profiles. The solid line with circle points
technology. The proposed algorithm first creates a netlist baggdes the estimated timing result of the proposed algorithm.
on the gate delay model with constant average load capathe dotted line with triangle points shows the recalculated
tance. The timing of the resulting netlist is then reevaluateitning including only gate delay. The timing including gate
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and wire delay is shown by the dotted line with square point3] W. C. Yeh and C. W. Jen, "High-Speed Booth Encoded Parallel Multiplier
Table.ll summarize the max distances. Row 1 shows the Design’, IEEE Trans. Comput,, Vol.49, no. 7, pp. 692-701, Jul. 2000.
dist bet th timated timi d the fi [_ISé J.P. Fishburn, "A depth-decreasing heuristic for combinational logic; or
m.aX Istance between he estimate 'mmg_an e umi how to convert a ripple-carry adder into a carry-lookahead adder or
with pure gate delay. Row 2 shows the max distance between anything in-between”, 27th ACM/IEEE Design Automation Conference
the estimated timing and the timing with wire delay. Row 3 Proceedings, pp.361-4, 1990.

gives the error percentage introduced by wire delay.

TABLE I

16-bit I | 16-bit Il | 32-bit | | 32-bit Il
Distance between 0.151 0.116 0.158 0.136
linel and line2(ns)
Distance between| 0.201 0.161 0.285 0.271
linel and line3(ns)
Percentage of wire| 24.9% 28.0% 44.6% 49.8%
delay

From the results, the error carried by load-capacitance is
not quite large and is almost constant with different bit-
width. The error introduced by wire delay originally is small,
but increases quickly with the increase of data width. The
proposed algorithm is practical if data width is not huge.
But, with the increase of data width, the algorithm should
be modified to regard the influence of interconnect. Buffer
insertion and gate sizing also should be considered in delay
estimation.

VIl. CONCLUSIONS

In this paper, we proposed an algorithmic approach to
generate an irregular parallel-prefix adder for a specific ap-
plication. The prefix structure generated by the proposed
algorithm has minimal delay at all outputs, and can cover all
topologies of generic adders. The time complexity and space
complexity of the algorithm ar@(n?) andO(n?) respectively.
The experimental results have the smallest delay of outputs,
compared with Brent-Kung and Kogge-Stone prefix adders.
This approach can be applied to generate the optimal final
adder for a specific multiplier.
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