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Abstract— Binary addition is the most fundamental and fre-
quently used operation. A well-designed adder should be fast and
satisfy the application requirements. We propose an algorithmic
approach to generate an irregular parallel-prefix adder, which
has minimal delay for a given profile of input signals. It can
cover different topologies such as ripple-carry, carry-skip and
carry-select adders. Compared with Kogge-Stone and Brent-
Kung adders, the results of the proposed approach have the
smallest output delay.

I. I NTRODUCTION

Datapath module is essential for high quality ASIC design,
and may dominate the whole system performance. Arithmetic
components, such as adders, multipliers and shifters, are
considered as basic cells to a construct datapath. Design of
arithmetic components should be high performance and satisfy
the application requirements. Binary addition is the most fun-
damental and frequently used operation in computing systems.
To speed up binary addition, many different architectures have
been proposed over the years.

The ripple-carry adder has the minimal area, but is quite
slow. The carry-skip adder [1] can speed up binary addition
with a small hardware overhead. The carry-select adder [2]
accelerates binary addition further, but suffers from large
hardware penalty. The carry-lookahead adder [3] [4] comes
with prefix computation. It hasO(log n) time andO(n log n)
area. Brent-Kung parallel prefix adder and Kogge-Stone par-
allel prefix adder are two classical regular prefix computation
structures, which reach lower bound of area and lower bound
of time [5] respectively.

 

Fig. 1. Output delay profiles of PPRT

If all input signals arrive simultaneously, Kogge-Stone adder
gives the fastest prefix structure. However, the arrival times

of inputs may not be uniform for a specific application.
For example, Fig.1 shows the output delay profile of partial
product reduction tree [7], which is the input delay profile of
the final adder. Under such a non-uniform input delay profile,
a heuristic algorithm [8] can generate a faster prefix structure
than Kogge-Stone adder. But this algorithm can not guarantee
to find the delay-optimal prefix structure.

In this paper, we propose an algorithmic approach to gen-
erate an irregular parallel-prefix adder, which has the minimal
delay for a given profile of input signals. The approach can
cover different topologies of ripple-carry adder, carry-skip
adder and carry-select adder. The time complexity of the
proposed algorithm isO(n3). To minimize the area cost a
heuristic backward reduction procedure is added. The exper-
imental results show that the proposed approach outperforms
both Brent-Kung and Kogge-Stone parallel prefix schemes, for
particular applications.

The rest of the paper is organized as follows. The problem
and timing model are defined in Section II. The algorithmic
approach will be presented in Section III. In Section IV, we
will show how this approach covers ripple-carry, carry-skip
and carry-select adders. The backward reduction procedure
will be introduced in Section V. Section VI analyzes the
experimental results, before conclusions and future work in
section VII.

II. PRELIMINARIES

A. Prefix Addition[6]

We define the binary addition problem as follows: given an
n-bit augendA, an n-bit addendB, and a1-bit carry-in c0,
generate then-bit sumS and the1-bit carry-outcn. Suppose
A = an . . . a2a1 andB = bn . . . b2b1, we definesi and ci as
follows:

si = ai ⊕ bi ⊕ ci−1 (1)

ci = aibi + aici−1 + bici−1 (2)

According to prefix computation, we definegi (generate)
andpi(propagate) as:

gi =
{

c0, if i = 0
aibi, otherwise

(3a)

pi =
{

0, if i = 0
ai ⊕ bi, otherwise

(3b)

(Pre-processing)
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If gi equals1, a carry is generated at biti; if pi equals1, a
carry is propagated through biti. The concept of generate and
propagate can be extended to multiple bits. We defineG[i : k]
andP [i : k] (i ≥ k) as:

G[i:k] =
{

gi, if i = k

G[i:k] + P[i:j]G[j−1:k], otherwise
(4a)

P[i:k] =
{

pi, if i = k

P[i:j]P[j−1:k], otherwise
(4b)

(Prefix computation)

To simplify the representation ofG and P , an operator• is
defined in(G,P ) computation:

(G,P )[i:k] = (G,P )[i:j] • (G,P )[j−1:k] (5)

si andci can be calculated fromG andP :

ci = G[i:0] (6a)

si = pi ⊕ ci−1 (6b)

(Post-processing)

(G,P ) computation has two important properties:

• Property 1: (G,P )s can overlap in operation.That is

(G,P )[i:k] = (G,P )[i:j] • (G,P )[j−1:k]

= (G,P )[i:j] • (G,P )[l:k], i > l ≥ j − 1(7)

• Property 2: G and P can have separated prefix
computation structures. This property is known from
the definitions ofG andP .
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(a) Kogge-Stone prefix adder 

(b) Brent-Kung prefix adder 
 

Fig. 2. Kogge-Stone and Brent-Kung prefix adders

Since pre-processing and post-processing have constant
delay, prefix computation becomes the core of prefix adders

and dominates the performance. Prefix structures can be rep-
resented in directed acyclic graphs. Fig.2 shows the prefix
structures of an8-bit Kogge-Stone adder and an8-bit Brent-
Kung adder.

B. Timing model

Fig.3 shows three kinds of basic components:gp generator,
(G,P ) adder, andsum generator in prefix adders. They
are denoted by a diamond, a solid circle, and a rectangle
respectively.
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Fig. 3. Basic components

gp generator

T gipi = max(Tai , Tbi) + 1 (8)

(G,P ) adder

T (G,P )[i,l]
= max(T(G,P )[i,j]

, T(G,P )[k,l]
) + 2 (9)

sum generator

T si = max(Tpi , Tci − 1) + 1 (10)

To make representations easier, the simplest timing model
is used in Sections III to V, which is similar to the timing
model in [8]. Agp generator as well assum generator takes1
unit delay from all inputs to outputs. A(G,P ) adder takes2
unit delay from all inputs to outputs. A more accurate timing
model is used in experimental results (Section VI).

III. A N ALGORITHMIC APPROACH

The pseudo-code of the proposed dynamic programming
approach is given in Algorithm 1.

Algorithm 1 Prefix Adder Construction
constructprefix adder (datawidth)
1: n =datawidth;
2: {Forward Process}
3: for i = 2 to n do
4: for j = 1 to n− i + 1 do
5: T = ∞;
6: for k = j to j + i− 2 do
7: T ′ = max(T(G,P )[j+i−1,k+1]

, T(G,P )[k,j]
) + 2;

8: if T ′ ≤ T then
9: T = T ′;

10: Construct(G, P )[j+i−1,j]
from (G, P )[j+i−1,k+1] and (G, P )[k,j];

11: end if
12: end for
13: end for
14: end for
15: return ;

735



The forward process constructs(G, P )s level by level.
Initially all gipi are in level 1. All (G,P )s with length
2 are constructed first, which are denoted as(G, P )[k+1,k].
These(G,P )s form level 2, and (G,P )[k+1,k] can only be
generated from the pair{gk+1pk+1, gkpk}. The succeeding
levels are constructed step by step. When constructing level
l, all (G,P )s in the previous levels are known. All possible
combinations of(G, P ) pairs are tried without overlap, and
the pair with minimal delay is selected to construct the current
(G,P ).

Fig.4 illustrates the above process. Consider(G,P )[3,1]

as an example. There are two ways to construct(G,P )[3,1]

without (G,P ) overlap, either from{(G,P )[3,2], g1p1} or
{g3p3, (G, P )[2,1]}. These pairs have delays of8 and 7
units respectively.{g3p3, (G,P )[2,1]} is selected to construct
(G,P )[3,1]. Continue selecting pairs until(G,P )[n,0] is finally
constructed.

 

2(g4p4) 

4(g3p3) 

3(g2p2) 

1(g1p1) 

0(G0) 

6 6 5 3(GP[1,0]) 

8 7 

8 

5(GP[2,0]) 

7(GP[3,0]) 

8(GP[4,0]) 

2(g4p4) 

4(g3p3) 

3(g2p2) 

1(g1p1) 

0(G0) 

6 3(GP[1,0]) 

5(GP[2,0]) 

7(GP[3,0]) 

8(GP[4,0]) 

Reduction 

Level 1 

Level 2 

Level 3 

Level 4 

Level 5 

(a) (b) 
 

Fig. 4. Dynamic programming algorithm and reduction

Once we have all(G, P )[i,0], which are needed for post-
processing stages, a backward process is added to minimize the
area. A simple method to reduce the number of(G,P ) adders
is to remove the unnecessary(G,P )s from the prefix structure.
We do so by checking each(G, P ) backward. If one(G,P )
does not output to any other component, the component and its
input connections are removed. In this example,(G,P )[4,1],
(G,P )[4,2] and (G,P )[3,1] are removed first. As a result,
(G,P )[3,2] and(G,P )[2,1] are now unnecessary. Following is
the pseudo-code for prefix adder reduction.

Algorithm 2 Prefix Adder Reduction
reduceprefix adder (datawidth)
1: n =datawidth;
2: {Backward Process}
3: for i = n to 2 do
4: for j = 1 to n− i + 1 do
5: if j == 1 then
6: label (G, P )[j+i−1,j] with ”in use”;
7: end if
8: if (G, P )[j+i−1,j] is labelled with ”inuse” then
9: label two parents of(G, P )[j+i−1,j] with ”in use”;

10: end if
11: end for
12: end for
13: Remove all(G, P )s without label ”in use”;
14: return ;

Obviously, the time complexity and space complexity of

this algorithm areO(n3) and O(n2) respectively. From the
observation of(G,P ), we have two conclusions

• Lemma 1: (G,P ) overlap is not necessary to keep
the minimal delay. Overlap can be eliminated by using
a (G,P ) with shorter length, since the delay of(G,P )
will be decreased with length reduction. This property
makes the time complexity of the algorithm decrease
from O(n4) to O(n3).

• Theorem 2: When G and P are not allowed to
separate, Algorithm 1 has minimal delay.This property
is based on the following two observations: 1) To achieve
minimal delay at one(G,P ), all (G,P )s in its critical
path should have minimal delay; 2) it’s not harmful to
make all (G,P )s not in the critical path as early as
possible. As a direct inference, a minimal delay can
be obtained from minimal delays in the previous levels.
Since level1 and level2 have minimal delays by nature,
Theorem 2 holds.

In our experiments,G andP separation cannot lead to better
timing results. So we did not includeG andP separation in
the dynamic programming algorithm.

IV. T RANSFORMATION TO GENERIC ADDERS

The proposed algorithm can cover topologies of ripple-
carry, carry-skip and carry-select adders. Based on these
topologically identical structures, the generated structures can
be partially converted to different adders. According to the
structure comparisons, the resulting structure is not only opti-
mal in parallel-prefix adders, but also optimal in combinations
of different adders.

A. Transformation to ripple adder

 a3 b3 b2 a2 b1 a1 

c0 c1 c2 c3 
FA FA FA 

a2b2 a1b1 

G[1,0](c1) G[2,0](c2) G[3,0](c3)

a3b3 

G0(c0) 

(a) 

(b)  

Fig. 5. Transform to ripple-carry adder

Fig.5 shows a ripple-carry structure and the corresponding
result in the proposed approach. In ripple-carry adders, carry
propagates bit by bit. In the proposed approach,G[i:0] can also
propagate column by column, andG[i:0] is essentially the carry
ci. In this case,P[i:0] is not necessary. The(G,P )[i:0] serial-
propagated chain can be converted to a ripple-carry adder.
These two structures have almost the same timing and area.
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B. Transformation to carry-skip adder

Fig.6 shows a carry-skip structure and the corresponding
result in the proposed approach. Two dash-line boxes denote
two corresponding blocks. They have the same inputs and their
outputs are connected to the same logic. Note that the carry-
skip logic in carry-skip adder is exactly the same as theG
part in (G,P ) adder.

 
 
 

 

cj 

P[j,i+1] 

ci  

P[i,1]  

G[j,0] G[i,0] c0 

ajbj ai+1bi+1 aibi  a1b1 

ajbj ai+1bi+1 aibi  a1b1 G0(c0) 

G[i,0](ci) 

GP[j,i+1]  GP[i,1] 

G[j,0](cj) 

(a) 

(b) 
 

Fig. 6. Transform to carry-skip adder

The only difference is the meaning of one signal be-
tween the block and the carry-propagate logic. In carry-skip
adder, one input to carry-skip logic iscj , or sayG[j,0]. The
corresponding input isG[j,i+1]. However, when bothG[i,0]

and P[j,i+1] equal 1, G[j,0] in the carry-skip adder will be
skipped. So the signalG[j,0] works asG[j,i+1] in the proposed
approach. Two structures shown in Fig.6 are identical.

C. Transformation to carry-select adder

Fig.7 shows a carry-select structure and the corresponding
result in the proposed approach. In the carry-select adder, all
possible results are pre-calculated to wait for carry-in. When
carry-in is ready, it will feed all columns simultaneously,
without propagation between columns. There exists the same
topology in the resulting structure.

Two dash-line boxes denote two corresponding carry-select
blocks. The principal difference is the moment to process the
carry-in c0. In carry-select adder,s0

i and s1
i are generated

before the carry-in processing. So the delay fromc0 to si is
only the delay of a MUX. In the resulting structure, carry-in
is processed earlier. The delay fromc0 to si increases to the
delay of a(G,P ) adder plus the delay of asum generator.

To reduce the delay fromc0 to si, a carry-select block in the
resulting structure can be transformed to the structure shown
in Fig.8(b). The original function of the carry-select block is

si = c̄0(G[i−1,1] ⊕ pi) + c0((G[i−1,1] + P[i−1,1])⊕ pi) (11)

Note that G[i−1,1] and P[i−1,1] are mutually exclusive. So
the term(G[i−1,1] + P[i−1,1]) can be replaced by(G[i−1,1] ⊕

 b4 
a4 a1 

b1 

c4 s4 s1 

0 

1 

c0 

b4a4 b3a3 b2a2 b1a1 G0(c0) 

p4 
GP[4,1] 

GP[3,1] 

GP[2,1] 

c4 s4 s3 s2 s1 

g1p1 

p1 p2 p3 c3 c2 c1 

s4
0 s4

1 

(a) 

(b)  

Fig. 7. Transform to carry-select adder

P[i−1,1]). Then function(11) changes to

si = c̄0(G[i−1,1] ⊕ pi) + c0((G[i−1,1] ⊕ pi)⊕ P[i−1,1]) (12)

which is the function of Fig.8(b). By doing this transformation,
the resulting structure will have not only the same topology
with a carry-select adder but also the same delay property.

 

s i  

pi  ci -1 

GP[i -1,1]  

c0 

G [i -1,1] pi 

P [i-1,1]  

si  

c0 

(a) (b)  

Fig. 8. Transformation of carry-select block

V. BACKWARD REDUCTION

In the previous algorithm, the forward dynamic program-
ming algorithm generates all(G,P )s with optimal delay.
After removing all (G,P ) adders without fanout, the prefix
structure shrinks to the minimal size with optimal delays at
all internal (G,P )s. However, keeping optimal delays at all
internal(G,P )s is not necessary for the global delay-optimal.
Only the (G,P )s in critical path have to keep their optimal
delays. Hence there is a potential to reduce the size further by
relaxing some internal(G,P )s not in critical path.

To relax a (G, P ), its timing requirement should be cal-
culated first. A relaxed timing can not exceed this limit,
otherwise the global delay-optimality will be broken. Required
times are backward calculated from outputs to inputs. Required
times of outputs are given. One(G,P )’s required time will
limit the required times of its parents. Fig.12(a) shows an
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Fig. 9. Result of 8-bit case1
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Fig. 10. Result of 8-bit case2
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Fig. 11. Result of 8-bit case3

example. Assume all outputs should keep their optimal delays.
The required time of each(G,P ) in the current netlist is
indicated in parenthesis.

 

3 g4p4 

6 g3p3 

7 g 2p2 

11 g 1p1 

13(13) 

13(13) 

13(13) 

10(11) 

9(11) 8(8) 

(G,P)[4,2] 
(G,P)[3,1] 

(G,P)[2,1] 
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Fig. 12. Backward reduction

As soon as the required time of(G,P ) is decided, all
possible input combinations can be enumerated, based on
all optimal delays calculated in the forward procedure. For
example,(G,P )[3,1] in Fig.12(a) can be generated from the
pair {(G,P )[3,2], g1p1} only. Otherwise the required time can
not be satisfied. However(G,P )[4,2] can be generated from
the pair {(G,P )[4,3], g2p2} or the pair {g4p4, (G,P )[3,2]}.
Either way the required time can be satisfied. In these possible
combinations, we choose the one whose right parent has the
maximal length. So the pair{g4p4, (G,P )[3,2]} are selected
to generate(G, P )[4,2]. This strategy makes the structure
approach the ripple structure, which has the minimal size.

When a netlist changes, the required time of its parents
will be changed. Fortunately, the prefix structure is a tree
structure. So that the interconnection and the required time can
be decided and calculated backward, level-by-level. Fig.12(b)
shows the result of backward reduction from the initial struc-
ture Fig.12(a). The number of (G,P) adders reduces by1.
The backward reduction has the same time complexity as the
forward dynamic programming procedure. Algorithm 3 gives
the pseudo-code of the backward reduction procedure.

VI. EXPERIMENTAL RESULTS

Different input delay profiles and different data widths are
used. The shapes of different input delay profiles include
monotonously increasing, decreasing, and convex curves. As

Algorithm 3 Backward Reduction
backwardreduction (datawidth)
1: n =datawidth;
2: for i = n to 2 do
3: for j = 1 to n− i + 1 do
4: if j == 1 then
5: label (G, P )[j+i−1,j] with ”in use”;
6: else if (G, P )[j+i−1,j] is labelled with ”inuse” then
7: for k = j + i− 2 to j do
8: T = max(T(G,P )[j+i−1,k+1]

, T(G,P )[k,j]
) + 2;

9: if T ≤ RequiredT ime GP[j+i−1,j] then
10: ConnectGP[j+i−1,j] to GP[j+i−1,k+1] andGP[k,j];
11: k = j − 1;
12: end if
13: end for
14: end if
15: if (G, P )[j+i−1,j] is labelled with ”inuse” then
16: label two parents of(G, P )[j+i−1,j] with ”in use”;
17: Update Required Time of two parents of(G, P )[j+i−1,j];
18: end if
19: end for
20: end for
21: Remove all(G, P )s without label ”in use”;
22: return ;

mentioned before, the outputs from partial products reduction
tree in multiplier have convex arrival times. Different data
widths include 8-bit and 16-bit. Fig.9, Fig.10, and Fig.11 show
results of 8-bit circuits compared with Kogge-Stone and Brent-
Kung prefix adders on outputs timing, while Fig.13, Fig.14,
and Fig.15 indicate results of 16-bit circuits.

In these figures the horizontal axis denotes bit position from
low to high, and the vertical axis denotes arrival time. The
dashed line with star points shows the input delay profile. The
solid line with circle points gives the result of the proposed
algorithm. Two dotted lines with triangle and square points
represent results of Kogge-Stone and Brent-Kung schemes
respectively. Case1, case 2, and case3 use monotonously
increasing, decreasing, and convex input delay profiles.

Since the arrival time of inputs is not uniform, the delay
between the last input and the last output is used to compare
these results. Table.I shows the comparison on the delay and
the number of(G,P ) adders. The number of(G,P ) adders
relates to the area of a prefix structure. Two different reduction
procedures are used in the algorithmic approach, the backward
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Fig. 13. Result of 16-bit case1
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Fig. 14. Result of 16-bit case2
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Fig. 15. Result of 16-bit case3
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Fig. 16. Result of 16-bit case I
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Fig. 17. Result of 16-bit case II
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Fig. 18. Result of 32-bit case I

TABLE I

Cases Distance from inputs Number of(G, P ) adders
Arithmetic Kogge-Stone Brent-Kung Arithmetic Kogge-Stone Brent-Kung

8-bit 1 5 7 7 9(9) 17 11
8-bit 2 6 7 10 16(18) 17 11
8-bit 3 7 8 9 14(14) 17 11
16-bit 1 5 9 9 21(23) 49 26
16-bit 2 7 10 14 70(84) 49 26
16-bit 3 8 10 12 30(33) 49 26

reduction and the simple reduction, in which all(G,P ) adders
without fanout are removed. The resulting number of cells
from the simple reduction is listed in parenthesis.

Table.I in all these three kinds of input delay profiles
indicates that the prefix adder generated by the proposed ap-
proach is faster than either Kogge-Stone or Brent-Kung adders.
Particularly in monotonously decreasing profiles, results of the
proposed approach improve at least40% in terms of speed,
in comparison with Brent-Kung adders. However, a drawback
is the incremented area. The penalty of keeping the minimal
delay is a small area increment in a convex profile and a large
area increment in a monotonously decreasing profile.

To check the soundness of the proposed algorithm, we tested
the timing performance of generated adders under0.13µm
technology. The proposed algorithm first creates a netlist based
on the gate delay model with constant average load capaci-
tance. The timing of the resulting netlist is then reevaluated
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Fig. 19. Result of 32-bit case II

considering accurate gate delay, and further wire delay. The
gate delay is calculated by the look-up table method, while
the wire delay is computed using Elmore delay model. The
delay profiles of the two inputs are given by asum array
and acarry array, which are the outputs of a partial product
reduction tree.

Two 16-bit and two 32-bit final adders are shown in Fig.16
to Fig.19. Two dashed lines with star and x-mark points repre-
sent two input delay profiles. The solid line with circle points
gives the estimated timing result of the proposed algorithm.
The dotted line with triangle points shows the recalculated
timing including only gate delay. The timing including gate
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and wire delay is shown by the dotted line with square points.
Table.II summarize the max distances. Row 1 shows the

max distance between the estimated timing and the timing
with pure gate delay. Row 2 shows the max distance between
the estimated timing and the timing with wire delay. Row 3
gives the error percentage introduced by wire delay.

TABLE II

16-bit I 16-bit II 32-bit I 32-bit II
Distance between
line1 and line2(ns)

0.151 0.116 0.158 0.136

Distance between
line1 and line3(ns)

0.201 0.161 0.285 0.271

Percentage of wire
delay

24.9% 28.0% 44.6% 49.8%

From the results, the error carried by load-capacitance is
not quite large and is almost constant with different bit-
width. The error introduced by wire delay originally is small,
but increases quickly with the increase of data width. The
proposed algorithm is practical if data width is not huge.
But, with the increase of data width, the algorithm should
be modified to regard the influence of interconnect. Buffer
insertion and gate sizing also should be considered in delay
estimation.

VII. C ONCLUSIONS

In this paper, we proposed an algorithmic approach to
generate an irregular parallel-prefix adder for a specific ap-
plication. The prefix structure generated by the proposed
algorithm has minimal delay at all outputs, and can cover all
topologies of generic adders. The time complexity and space
complexity of the algorithm areO(n3) andO(n2) respectively.
The experimental results have the smallest delay of outputs,
compared with Brent-Kung and Kogge-Stone prefix adders.
This approach can be applied to generate the optimal final
adder for a specific multiplier.
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