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ABSTRACT

Optimizing array accesses is extremely critical in embedded com-
puting as many embedded applications make use of arrays (in form
of images, video frames, etc). Previous research considered both
loop and data transformations for improving array accesses. How-
ever, data transformations considered were mostly limited to linear
data transformations and array interleaving. In this paper, we intro-
duce two data transformations: array decomposition (breaking up
a large array into multiple smaller arrays) and array composition
(combining multiple small arrays into a single large array). This
paper discusses that it is feasible to implement these optimizations
within an optimizing compiler.

1. INTRODUCTION

Two widely used ways of optimizing array-based embedded appli-
cations are loop and data transformations. Loop transformations
change the execution order of loop iterations for achieving a bet-
ter data access pattern from the data locality and/or parallelism
viewpoints [1, 6, 7, 9]. While these transformations are widely
used in optimizing compilers from industry and academia, they
have several important drawbacks. First, a loop transformation is
restricted by data dependences; that is, one may not change the ex-
ecution order of loop iterations in an arbitrary fashion. Second, a
loop transformation affects all the array references enclosed by the
loop; while some of these references have better access patterns
after the transformation, access patterns of others may actually get
worse. Third, some complex loop structures (e.g., while-loops and
imperfectly-nested loops) may prevent the best loop transforma-
tion from being applied, leading to suboptimal results.

These drawbacks motivated compiler researchers to focus on
alternative optimization strategies. For example, data transforma-
tions modify the order in which array elements are stored in mem-
ory [1, 2, 5, 8]. Targeting memory layouts instead of loop itera-
tions allows us to disregard data dependences between loop itera-
tions. In addition, a data transformation can easily be applied to
imperfectly-nested loop structures and while-loops. And, finally,
each array can be layout-transformed independently from the oth-
ers. These advantages enable data transformations to generate bet-
ter results than loop transformations in some circumstances. One
major difficulty in applying data transformations is that we need
to consider all references to the array to be transformed in all loop
nests.

Most of the previous work on data transformations focused on
two types of transformations: linear data transformations [5, 8] and

yThis work was supported in part by NSF CAREER Award #0093082.

array interleaving [3]. In linear data transformations, each array is
layout-transformed in isolation. An example would be converting
a row-major memory layout to a column-major one (if doing so is
beneficial from the data locality viewpoint). While this approach
might be successful in some cases, in certain programs it can fail to
capture the interaction between different arrays. Array interleav-
ing, in comparison, interleaves two or more arrays accessed using
the same (or similar) strides, usually to eliminate inter-array con-
flict misses. However, there are still several cases for which one
might want to employ a more general data transformation:

� Breaking a large array into multiple smaller arrays.Such a
transformation can be very useful to enhance data cache behavior.
This is because working with a large array tends to pollute cache
in a short period of time. For example, suppose that we want to
access a small rectangular portion of a large two-dimensional ar-
ray. In a row-major or a column-major memory layout, trying to
access this portion will also bring several irrelevant array elements
into the data cache (as cache transfers occur at a block granular-
ity). On the other hand, if we can somehow store the elements
in the array portion we are interested in consecutively in memory,
we can achieve a much better cache behavior (as we do not bring
unwanted elements to the cache).

� Combining multiple arrays into one large array.This is the
opposite of the transformation summarized in the previous bullet.
Combining arrays is a more general transformation than interleav-
ing them as we can combine arrays in many different (and perhaps
even asymmetric) ways. For example, we can simply attach one ar-
ray next to another, or embed one array within another. Achieving
this using just array interleaving and linear loop transformations
alone is not easy (if at all possible).

� Changing array structure of an application.Sometimes,
one might want to change the underlying array structure of the
program without modifying the access pattern. For example, an
application can have four three-dimensional arrays, and we may
want to re-code the application using one two-dimensional array
and two four-dimensional arrays (keeping the total number of ar-
ray elements constant). We can achieve this by first decompos-
ing the arrays (the first bullet) and then re-composing the resulting
small arrays (the second bullet). Note that being able to transform
shapes of data arrays in a user-transparent manner (e.g., through a
compiler) increases the productivity of the programmer.

It should be noticed that these are just three example scenar-
ios where array layout (data) transformations more general than
linear transformations and array interleaving might be of use in
practice. These transformations are based on array decomposi-
tion (i.e., breaking an array into multiple smaller arrays) and array
composition (i.e., combining multiple arrays into one big array)
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and are the focus of this paper. In order to apply array decompo-
sition and/or composition, an optimizing compiler needs to make
important decisions. The first is a policy decision and tries to an-
swer the question of what data transformations to apply. While
this is a very important question to address, it is not the main fo-
cus of this work. Instead, this paper mainly deals with the second
decision, which addresses how the data transformations (defined
by the policy) can be applied. This is the mechanism aspect of the
overall problem, and this paper proposes a solution strategy based
on polyhedral algebra. Specifically, we present a compiler-based
strategy that changes the underlying array structure of a program
under a given set of transformations.

2. PROBLEM DEFINITION

In this paper, we consider the case of references to arrays with
affine subscript functions in nested loops, which are common in
array-based embedded media applications [1]. Consider such an
access (an array reference) to anm-dimensional array in ann-
deep loop nest. Let~I denote the iteration vector (consisting of
loop indices starting from the outermost loop). Then, our array
reference can be represented asP~I + ~o; where them� n matrix
P is called the access (or reference) matrix [9] and them-element
vector~o is called the offset vector. Expression~J = P~I + ~o is
called the array index expression. As an example, for an array
reference such asA1[i+ 1][i+ j � 2], we have

~J =

�
i+ 1

i+ j � 2

�
:

The set of values that can be taken on by~I defines the iteration
space of the nest, and is denoted usingI.

In order to enumerate iteration sets and array elements, in this
work, we employ a polyhedral tool called the Omega Library [4].
This library is particularly useful in our context as it can describe
iteration spaces, data spaces, and mappings (relations) between
them, and such relations can help us formalize and implement our
data transformations.

A data mapping transforms one array into another, and this
can be implemented using linear matrix transformations. Conse-
quently, we can define the problem addressed in this paper as fol-
lows:

Given an input application code and a set of array
mappingsF = f~f1; ~f2; :::; ~fsg, where each~fj is of
the form

~fj : Aj( ~J) �! Ak( ~K);

where ~JL � ~J � ~JU , ~KL � ~K � ~KU , and ~K =
M ~J + ~Æ, transform (re-write) the code applying all
array mappings in the setF .

Here, ~JL and ~JU are the bounds of the region of interest for array
Aj , and ~KL and ~KU are the corresponding bounds for arrayAk.
Also, the linear matrixM is called the data transformation matrix,
and~Æ is called the replacement vector.

Our objective is to re-write the code after the mappings given
in F are applied. In re-writing the code, there are two important
issues that need to be addressed. The first of these is re-writing the
array declarations and the second one is re-writing the body of the

Figure 1: An example data transformation. In this example, we
want to divide anN�N arrayA1 into two smaller arrays (A2 and
A3) such that each half ofA1 is mapped to a different array.

code itself (i.e., re-writing the array references). Re-writing the ar-
ray declarations can be directly performed using the mappings in
F , so, we mainly focus on re-writing the code body. We assume
that the mappings given are reasonable. For instance, an original
array element is mapped to only a single (new) array element. Al-
though beyond the scope of this paper, Omega Library can be used
to check this and similar constraints as well.

As an example, consider the code fragment below:

int sum;A1[N ][N ];

for(i = 0; i < N ; i++)
for(j = 0; j < N ; j ++)
sum = sum+A1[i][j];

Assume thatF = ff1; f2g; where

f1 : A1[i][j] �! A2[i
0][j0]

f2 : A1[i
00][j00] �! A3[i

000][j000 ]

and0 � i < N=2; 0 � j < N ; 0 � i0 < N=2; 0 � j0 < N ;
N=2 � i00 < N ; 0 � j00 < N ; 0 � i000 < N=2; and0 � j000 <
N . That is, we would like to divide a given arrayA1 into two
smaller arrays (A2 andA3) such that each half ofA1 is mapped to
a different array (see Figure 1).

Note that, in this case, the data transformation matrices can be
written as:

M12 =

�
1 0
0 1

�
andM13 =

�
1 0
0 1

�
:

Similarly, the replacement vectors are

Æ12 =

�
0
0

�
andÆ13 =

�
�N=2

0

�
:

Consequently, the transformed code fragment can be written
as follows:

int sum;A2[N=2][N ]; A3[N=2][N ];

for(i = 0; i < N=2; i++)
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Figure 2: An example application of array decomposition along
with the associated loop transformation. Note that loop transfor-
mation is necessary to preserve program correctness.

for(j = 0; j < N ; j ++)
sum = sum+A2[i][j];

for(i = N=2; i < N ; i++)
for(j = 0; j < N ; j ++)
sum = sum+A3[i][j];

3. OUR SOLUTION TO ARRAY DECOMPOSITION

In this section, we propose a solution strategy for re-writing the
code after array decomposition. It is important to emphasize that
the problem we are attacking is not trivial at all. Suppose, for ex-
ample, that an arrayA1 is used in a given loop nest and we have
multiple references to it. Assuming that this array is to be bro-
ken up into multiple arrays, we need to determine, for each refer-
ence, which array to use. The problem is actually harder than this
because, depending on the loop bounds and array subscript func-
tions, a given (original) reference toA1 may be mapped multiple
references, each to a different array in the transformed code (e.g.,
see the example in the previous section where a single reference
toA1 has been transformed to two references: one toA2 and one
toA3). To accommodate this, we need to restructure the loop nest
in question. In other words, our approach needs to employ loop
transformations as well.

Figure 2 illustrates the idea behind our approach to array de-
composition using an example. In this example, in the original
loop nest (iteration space), arrayA1 is accessed (via five different
references). We perform our optimization in two steps: In the first
step, we replace the original array references in the code with ref-
erences to the new arrays (A2 throughA5). Note that it is possible
that an original array reference can generate multiple references
(as in the cases of the second and fifth references in the original
code). We will explain shortly how to determine whether this is
the case. It is also possible that different references in the original
code (to the same array) can result in references to the same array
in the transformed code. In the second step, we transform the iter-
ation space of the loop (using loop transformations) to accommo-
date new array references. However, the loop transformation used
here is loop splitting [10], and is always legal. It should be noted
that the scenario given in this example involves only a single array.
If there are multiple arrays in the original nest, then the first step
discussed is repeated for each of them. However, in applying the

second step, the interaction between arrays should be accounted
for, since the loop iteration space is common to all arrays within
it.

To implement the first step, we use the mapping functions
given in setF . Specifically, given a set of mappingsf~f1; ~f2;
:::; ~fsg; and an array referenceAj( ~J) in the original code that is
accessed by loop iteration vector~I (that is, subscript expression~J
is a function of~I), we first determine a set of mappingsF 0 2 F

such that all the array elements accessed byAj( ~J) under~I are
included inF 0, and thatF 0 is the smallest of such sets. In other
words, adding one more mapping toF 0 will not change a thing.
ThisF 0 set is referred to as the cover set for referenceAj( ~J) un-
der ~I. The concept of cover set is very important, because if an
arrayAk is in the cover set (in the right-hand-side of a mapping
in F 0), this means that it should be used in generating the new
(transformed) code.

In formal terms, an arrayAk is in the cover set ofAj( ~J) under
~I iff

9 (~I 2 I anda 2 Aj andfk 2 F
0) such thata = Aj( ~J)

and ~K =M ~J + ~Æ and ~J = P~I + ~o and~I 2 I

and ~fk : Aj( ~J) �! Ak( ~K):

In this expression,~J is the subscript expression forAj andM and
~Æ are the data transformation matrix and the replacement vector,
respectively, for~fk: This condition given above is called the cov-
erage condition and it can easily be checked using Omega Library
[4], which is the tool used in our implementation.

All arraysAk that satisfy the condition above are in the cover
set and are used to replace the original reference after the trans-
formation. However, in order to know which part of the orig-
inal region covered byAj( ~J) now needs to be covered by an
Ak, we need to consider the bounds forfk. More specifically,
in ~fk : Aj( ~J) �! Ak( ~K); if for a given ~I 2 I, ~J = P~I + ~o

holds, where~JL � ~J � ~JU , ~KL � ~K � ~KU , and ~K =M ~J+~Æ;

then for iteration~I we should useAk when transformingAj . Note
that this last condition can be checked using Omega Library.

The set of iterations~Ik 2 ~I in which the referenceAj( ~J)

should be replaced (in the transformed code) by referenceAk( ~K)
is called the local iteration set (LIS) ofAk for Aj , and is denoted
by Ikj . Again, the elements of this set can be enumerated by
Omega Library. Once the local iteration sets are determined, the
loop in question is divided into LISs (using loop splitting), and for
each LIS a different array (fromF 0) is used. It should be observed,
however, that the problem becomes more complex when there are
multiple arrays in the (original) nest being optimized. This is be-
cause each original array in the code can demand a different loop
splitting, and we need to reconcile these different demands some-
how. The solution that we propose in this paper is based on deter-
mining the minimum-sized LISs. The idea can be best explained
using an example. Suppose that a given nest accesses two arrays
A1 andB1 (using a single reference per array) and that these ar-
rays demand different splittings of the iteration space (loop split-
tings) as illustrated in Figure 3(a). Note that the first splitting has
two LISs, whereas the second one has three LISs. In this case,
our approach superimposes these two individual splittings and di-
vides the (original) iteration space into four LISs (i.e., it generates
the maximum number of LISs — also called the minimum-sized
LISs), which is also shown in Figure 3(a). Now, assuming that the
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Figure 3: (a) Two different individual splittings and the combined
splitting. Our approach superimposes these two individual split-
tings and divides the (original) iteration space into four LISs (i.e.,
it generates the maximum number of LISs) (b) Transforming array
(reference)s.

two references that will replaceA1 are toA2 andA3 and that the
three references that will replaceB1 are toB2, B3, andB4, the
four LISs in the resulting code have the following pairs of refer-
ences: (A2,B2), (A2,B3), (A3,B3), and (A3,B4) as shown in Fig-
ure 3(b). Note that the original reference pair in this example was
(A1,B1). One can notice that a drawback of this strategy is that
it leads an increase in the code space (which might be problem-
atic in an embedded environment). However, in practice, we do
not expect a significant code size increase since most useful map-
pings induce only a few partitionings, and in many nests, there are
references to only a few different arrays.

4. OUR SOLUTION TO ARRAY COMPOSITION

Array composition is opposite of array decomposition and com-
bines multiple arrays into a single array. It should be noted, how-
ever, that one can have multiple compositions for the same code;
that is, after the transformation, we may have more than one array
(i.e., the transformed code may have multiple arrays). The poly-
hedral support required by array composition is very similar to the
one that has been discussed above (Section 3) for array decompo-
sition. Therefore, rather than repeating the entire framework here,
we just highlight the important points. In fact, since in array com-
position (unlike array decomposition) an original reference can be
transformed to only a single reference, the transformation process
is simpler.

Suppose that we have the following two mappings to an array
Ak:

~fj : Aj( ~J) �! Ak( ~K)

~fl : Al(~l) �! Ak( ~K0):

where ~JL � ~J � ~JU , ~LL � ~L � ~LU , ~KL � ~K � ~KU ,
~K0

L � ~K0 � ~K0
U . If ~K = M ~J + ~Æ and ~K0 = M0 ~J + ~Æ0,

then we can determine the new subscript expressions as follows.
For a given iteration point~I, we first determine which elements of
Aj andAl are accessed. After that, we apply that element the data
transformations (M; ~Æ) and (M0; ~Æ0). Then, we check whether the
resulting element falls in the range[ ~KL : ~KU ] or in the range

[ ~K0
L : ~K0

U ]. If it is the first range, we transform the original
element by (M; ~Æ); otherwise, we employ (M0; ~Æ0). The code
generation issues for array composition case are very similar to
those for array decomposition case, and are not detailed here due
to lack of space.

5. CONCLUDING REMARKS

The primary objective of a compiler that targets array/loop nest
based applications is to transform iteration and data spaces for en-
hancing data locality and/or parallelism. In this study, we pre-
sented two data transformation techniques (array composition and
array decomposition), which are more general than previous data
transformation techniques. Our future work will focus on two dif-
ferent but related directions. First, we will develop several com-
position and decomposition algorithms and compare them to each
other. Second, we will investigate ways of integrating our transfor-
mations with the large body of existing loop/data transformations.
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