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Abstract

This paper presents a new method to automatically gen-
erate posynomial symbolic expressions for the performance
characteristics of analog integrated circuits. The coeffi-
cient set as well as the exponent set of the posynomial ex-
pression are determined based on SPICE simulation data
with device-level accuracy. We will prove that this problem
corresponds to solving a non–convex optimization prob-
lem without local minima. The presented method is capa-
ble of generating posynomial performance expressions for
both linear and nonlinear circuits and circuit characteris-
tics. This approach allows to automatically generate an
accurate sizing model that composes a geometric program
that fully describes the analog circuit sizing problem. The
automatic generation avoids the time–consuming nature of
hand–crafted analytic model generation. Experimental re-
sults illustrate the capabilities and effectiveness of thepre-
sented modeling technique.

1. Introduction

Recently, it was demonstrated that the sizing of analog
integrated circuits, like amplifiers, switched–capacitorfil-
ters, LC oscillators, etc., can be formulated as a geometric
program [1, 2]. The circuits are characterized with symbolic
equations that have to be cast in posynomial format. The
advantages of a geometric program are (1) that the problem
is convex and therefore has only one global optimum, (2)
that this optimum is not correlated with the optimization’s
starting point, and (3) that infeasible sets of constraintscan
be identified [3]. In addition, the geometric program’s opti-
mum can be found extremely efficiently, using interior point
methods [4], even for relatively large problems. The siz-
ing is so fast (seconds) that design space explorations and
process corner analysis can be performed quite easily. Of
course, the key limitation of the approach is that all circuits
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and device characteristics have to be written in posynomial
format. In [1, 2] it is shown that this is possible for most
circuit characteristics, while the others have to be approx-
imated by a posynomial model. This used to be a manual
effort.

In [5, 6] it has been demonstrated that compact and inter-
pretable expressions can be generated very efficiently and
automatically by generating posynomial symbolic expres-
sions for linear and nonlinear circuit characteristics based
on the fitting of simulated data. Because only templates
with fixed exponents were considered in that approach,
the fitting corresponds to the minimization of a convex
quadratic form. The method presented in this paper tackles
thegeneralizedproblem in which not only the coefficients,
but also the exponents are considered for parametric regres-
sion. In this case it can be shown that the function to be
minimized is non–convex but has no local minima.

Although the method of [5, 6] and this new approach
are no analytical techniques, but based on parametric re-
gression, they are able to generate symbolic expressions
for the performance characteristics of analog electronic cir-
cuits. Additionally, they exhibit a number of extra assets
over classical symbolic analysis techniques (see also [5]):

• Linear and nonlinear performance characteristics can
by analyzed. Every characteristic that can be simulated
can therefore be modeled.

• The expressions that are generated are very compact.

• The expressions are formulated in terms of design vari-
ables.

• Full–complexity transistor models can be used.

• The expressions are validated over an entire subspace
of the design space.

• The posynomial nature of the expressions allows the
use of very effective optimization techniques.

This paper has been organized as follows. In section 2,
some basic definitions are given. The expression genera-
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tion method is described in section 3. The algorithm is de-
scribed in section 4. Section 5 shows some results obtained
with our new approach. Finally, conclusions can be found
in section 6.

2. Preliminaries

In this section, we will concisely provide definitions for
(1) signomial and posynomial expressions, and (2) geomet-
ric programming.

2.1 Signomial and posynomial expressions

Let X = (x1, x2, x3, . . . , xn)T be a vector of real, posi-
tive variables. An expressionf is calledsignomialif it has
the form

f(X) =

m
∑

i=1



ci

n
∏

j=1

(

x
αij

j

)



 , (1)

with ci ∈ R andαij ∈ R. If we restrict allci to be positive
(ci ∈ R+), then the expressionf is calledposynomial.

Whereas the signomial form has better fitting properties,
the posynomial form allows formulating analog circuit siz-
ing as a geometric program [1, 2]. Notice that the posyno-
mial constraint on the values ofci keeps us from treating the
fitting problem as a standard parametric regression problem.

2.2 Geometric programming

A (primal) geometric program in canonical form is the
constrained optimization problem:

minimize
X

f0(X)

with the constraints:fi(X) ≤ 1, i ∈ [1 : p]

gj(X) = 1, j ∈ [1 : q]

xk ≥ 0, k ∈ [1 : n]

(2)

with all fi(X) posynomial and allgj(X) monomial. By
substituting all variablesxk by zk = log (xk), and taking
the logarithm of the objective functionf0 and every con-
straintfi, gj , it can be seen that the transformed problem
is a convex optimization problem. Because of this, it has
only one global optimum. In addition, this optimum can be
found very efficiently using interior point methods [4].

In view of the canonical geometric programming formu-
lation, all performance constraints must be modeled in the
normal form of (2). Therefore, in our approach, we will
scale the performance variablespl as in [6].

3 Generalized posynomial expression gener-
ation

This section provides a description of the method used
to generate the posynomial performance expressions. First,
a general definition of the regression problem is given. This
is followed by an explanation of how the performance data
samples are generated. In a third subsection, the general
definition is translated in an optimization problem with ob-
jective function and a set of constraints. In a final part,
the objective function is analyzed to enable the selection of
an appropriate optimization algorithm to be implemented in
section 4.

3.1 Problem definition

The general posynomial parametric regression problem
can be defined as:

Posynomial parametric regression problem:

Given a set of performance data samples

{(X1, pl,1) , (X2, pl,2) , . . . , (Xa, pl,a)} (3)

and a model template of type (1), determine the coeffi-
cientsci ∈ R, and the exponentsαij ∈ R, subject to

ci ≥ 0 (4)

such that
∥

∥

∥[f(X1), f(X2), . . . , f(Xa)]
T
− [pl,1, pl,2, . . . , pl,a]

T
∥

∥

∥

2
(5)

is minimal.

This definition differs from the one in [5, 6] where the
αij were assumed to be a priori fixed.
We use an Euclidean norm in (5) for two reasons:

1. It renders (5) smooth.

2. It causes a good centered spread of the sampling data
around the fitted model.

3.2 Performance Sample Generation

The set of performance samples from (3) is generated
using the principles of Fig. 1. Using techniques fromde-
sign of experiments[7], a set of experiments is composed.
We based our sampling scheme onorthogonal arraysof
strength 3, for their ability to allow the unconfounded esti-
mation of all linear and interaction effects of a second–order
model [8, 9]. This scheme places the sampling points on the
edge of a fitting hypercube around a center point. Usually
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Figure 1. Performance generation outline.

the center point is provided as well. Based on the set of ex-
perimental values for the design variables and together with
the specified analysis cards, a SPICE netlist is composed
by a netlist composer(e.g., an OPD solver [10]). Next,
all experiments are distributed over the available computing
equipment. Afterwards all SPICE results are collected and
treated by extractor scripts to determine the performance
data.

3.3 Posynomial Parametric Regression

Due to the set of constraint of (4) and the fact that the
exponents are part of the parameters to be optimized, this
problem cannot be solved as a linear parametric regression
problem. We will therefore treat (5) as an optimization
problem:

minimize
C,A

D(C, A) =

a
∑

r=1





m
∑

i=1

ci





n
∏

j=1

x
αij

rj



 − pr





2

(6)

subject toci ≥ 0 ∀i = [1 : m] (7)

with C = (c1, c2, . . . , cm)T

andA =











α11 α12 . . . α1n

α21 α22 . . . α2n

...
...

. . .
...

αm1 . . . . . . αmn











From this, we need to develop a suitable optimization algo-
rithm to solve the regression problem. Therefore, we will
now analyze the objective function of (6) and prove that the
function is not convex, but has no local minima.

3.4 Objective Function Analysis

Consider a monomial functiond = c
∏n

j=1 x
αj

j . Taking
into account the constraints of (7) and logarithmically scal-
ing the design variables ontoxj ∈ (0, 1], it is readily seen

that:

∂d

∂αl

= c exp





n
∑

j=1

αj lnxj



 lnxj ≤ 0

∂d

∂c
= exp





n
∑

j=1

αj lnxj



 > 0

Extending the monomial function to the general posyn-
omial case by summation of different, independent mono-
mial functions, doesn’t change the sign of the partial deriva-
tives. By subtracting the performance datapr from the posi-
tive, monotonous descending posynomial function, it is pos-
sible the resulting function yields negative function values.
Notice that the shifted functionfpr = f(Xr) − pr now has
a domainM+ where its values are positive and a domain
M

−
where its values are negative, but it still is monotonous

descending.
From that observation it can be understood that the squared
function is monotonous descending inM+ and monotonous
ascending inM

−
. Thus,f2

pr = (f(Xr) − pr)
2 has no local

minima, only zero as global minimum.
The final step to get to the objective function of (6) is the
summation over all performance data samples of (3). The
different terms of the summation only differ from each other
due to the particular values of the design variablesxrj and
the corresponding performance datapr. This means that
the global domain, composed by the variables inC andA,
is the same for all terms, but the domainsM+ andM

−
are

different for each term. ForD(C, A) to reach a minimum,
its gradient should be zero:

∇D(C, A) =

a
∑

r=1

∇f2
pr = 0. (8)

This corresponds to a set of(n + 1) × m equations, one
for each partial derivative. Apart from the trivial solution
where all the partial derivatives are zero, this can only hold
if derivatives with opposite signs cancel out each other.
Now, as an example, observe the objective function in only
1 dimension composed with only 2 performance data sam-
ples,D(α) = f2

p1 + f2
p2. In Fig. 2.a the 2 functions are

drawn. In Fig. 2.b their derivatives (∇f2
p1,−∇f2

p2). It is
clear that there is only 1 value ofα where the derivatives are
equal with opposite signs, and thus, there is only 1 value of
α whereD(α) can reach a minimum.
Because the domain ofD(α) can also be divided in anM+

andM
−

part, the previous can be extended to the objective
function from (6) observed in 1 dimension. Generalizing
this to the complete set of equalities out of (8), we can con-
clude thatD(C, A) is not convex, but has no local minima.
We therefore chose to develop a conjugate–gradient–based
constrained optimization algorithm that takes (7) into ac-
count.
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Figure 2. One dimensional objective function.

4 Algorithm Implementation

First consider the objective function of (6) without the
set of constraints of (7). In a second step, we will add the
constraints of (7).
The algorithm implements an iterative optimization of the
model. In every step of the iteration process, the values of
ci andαij are improved to construct a better posynomial
performance model than the previous one:

• first the gradient of (6) is composed out of the partial
derivatives with respect to the coefficientsci and the
exponentsαij :

∂D

∂ck

=
a

∑

r=1

2 (f(Xr) − pr)
n

∏

j=1

x
αkj

jr

∂D

∂αkl

=

a
∑

r=1

2 (f(Xr) − pr) ck ln(xlr)

n
∏

j=1

x
αkj

jr

• with this gradient and all the previous optimization di-
rections, a new conjugate direction is calculated in a
second step using a standard Fletcher–Reeves [11] al-
gorithm. This new direction is conjugate to all the pre-
vious optimization directions.

• by observing the objective function in only that conju-
gate direction, the new coefficients and exponents can
be calculated using a line–minimization along that di-
rection.

These steps are repeated until one of the following stop cri-
teria are met:

1. The designer can choose a certain boundary for the
quality of the generated models. To assess the quality
of the models a normalizedmean square errormetric
is used:

q =

√�
a
r=1

(f(Xr)−pr)2

a

maxa
r=1 pr − mina

r=1 pr

(9)

In this, the number of performance data samples,a,
is used to be able to compare the quality for differ-
ent amounts of samples. The denominator relates the
quality of the fit to the range of the performance pa-
rameters.
If q gets lower than the boundary set by the designer,
the iteration process ends.

2. If the improvement of succeeding steps is smaller than
a chosen threshold, then the iteration is stopped.

3. To limit the time the algorithm is running, a maximum
iteration boundary is also set.

Now, let’s take into account the set of constraints of (7) that
we left out in the previous discussion.
This can be done by checking in each iteration step if there
are negative coefficients. In that case the algorithm stops,
the negative coefficients are put to zero and the algorithm
restarts again with only those coefficients (also considering
those who were negative before) who can still contribute to
a better result (i.e. their partial derivative is negative).

5 Results

As a test case, we use the circuit of Fig. 3, a
high–speed CMOS operational transconductance amplifier
(OTA), which we want to model in a 0.7µm CMOS tech-
nology. The supply voltage is 5V. The nominal threshold
voltages of this technology are0.76V for NMOS devices
and−0.75V for PMOS devices. The circuit has to drive a
10–pF load capacitor. Thirteen independent design
variables can be chosen (see Table 1). These are all scaled
according to:

xi = log

(

vi

lbi

) /

log

(

ubi

lbi

)

(10)

Their boundaries and nominal values are indicated in Ta-
ble 1.

As an example we will derive an expression for the phase
margin (PM ) of this circuit in terms of the design variables.
The experiments were based on an orthogonal array of
strength 3 with sizedx = 0.1 aroundxi = 0.5, ∀i ∈ [1 : 13]
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Figure 3. Schematic of a high–speed CMOS
OTA.

(containing 243 experiments). These were run on 16 UNIX
workstations (attached to a standard 100Mbit/s TCP–IP net-
work and under normal load circumstances), ranging from
a SUN Ultra SPARC I (with a SPECfp95 of 9) to an HP B–
1000 (with a SPECfp95 of 42) using their native OS. The
simulations took approximately 3 minutes.

Considering a posynomial regression template that con-
tains a constant term (c1), all linear (xi) and quadratic
(x2

i ) terms, all interactive terms (xixj) and all their inverse
(x−1

i ,x−2
i ,xix

−1
j ) terms would result in a 807–dimensional

optimization problem. In view of the highly nonlinear char-
acter of (6), using this template will take a large amount of
time. We therefore take the fitted result obtained in [5, 6] as
template estimator and use it as a starting template for our
approach. For thePM this results in a 33–dimensional opti-
mization problem. We then apply our regression algorithm.

i vi nominal lbi ubi i vi nominal lbi ubi

1 VGS1 1.73V -0.75V -4V 2 VGS2 1.73V 0.75V 4V
3 VDS2 0.63V 0.1V 4V 4 VGS3 -1.73V -0.75V -4V
5 VGS4 -1.73V -0.75V -4V 6 VGS5 -1.73V -0.75V -4V
7 VDS5 -0.63V -0.1V -4V 8 VDS6 -0.63V -0.1V -4V
9 ID1 -0.32mA -10uA -10mA 10 ID2 0.32mA 10uA 10mA

11 IB1 10uA 1uA 100uA 12 IB2 10uA 1uA 100uA
13 IB3 10uA 1uA 100uA

Table 1. Design variables chosen as model
inputs.

coeff exp
method of [5, 6] new method method of [5, 6] new method
c1 = −0.8057 −0.9468 — — — —

c24 = +0.0349 +0.1232 α24,10 = −1 — −0.571 —
c51 = +0.0526 +0.0319 α51,1 = −1 α51,9 = +1 −1.143 +0.608

c64 = +0.0509 +0.0643 α64,2 = +1 α64,3 = +1 −0.732 +2.483

c128 = +0.0222 +0.0168 α128,4 = +1 α128,5 = −1 +0.724 −1.048

c141 = +0.0468 +0.0328 α141,4 = −1 α141,9 = +1 −1.136 +0.919

c149 = +0.0040 +0.0049 α149,4 = +1 α149,12 = −1 +0.983 −1.005

c170 = +0.0139 +0.0106 α170,5 = +1 α170,11 = −1 +0.979 −1.179

c192 = +0.0146 +0.0149 α192,6 = −1 α192,11 = +1 −0.995 +0.879

c203 = +0.0330 +0.0299 α203,7 = +1 α203,9 = −1 +0.944 −1.213

c232 = +0.1094 +0.2957 α232,9 = +1 α232,10 = +1 +1.297 +1.018

c243 = +0.0033 +0.0029 α243,9 = −1 α243,13 = +1 −1.020 +0.990

Model quality for [5, 6] = 0.074013
Model quality for our new method = 0.054978

Table 2. Results obtained for the phase mar-
gin model for our new method compared with
the results obtained in [5, 6].

The resulting expression is:

PM =c1 + c24x
α24,1

1 + c51x
α51,1

1 x
α51,9

9 + c64x
α64,2

2 x
α64,3

3

+ c128x
α128,4

4 x
α128,5

5 + c141x
α141,4

4 x
α141,9

9

+ c149x
α149,4

4 x
α149,12

12 + c170x
α170,5

5 x
α170,11

11

+ c192x
α192,6

6 x
α192,11

11 + c203x
α203,7

7 x
α203,9

9

+ c232x
α232,9

9 x
α232,10

10 + c243x
α243,9

9 x
α243,13

13
(11)

The coefficient and exponent values can be found in Ta-
ble 2. The results obtained with the technique of [5, 6] are
also indicated in the table.

To compare the quality of our new model with the qual-
ity of the model out of [5, 6] the normalized mean square
error metric, as defined in section 4, was calculated. For the
model quality in Table 2 the set of sampling points, used
during the fitting process, was reused to calculate the model
quality. It shows an improvement of26 %. This improve-
ment is due to some exponents that change considerably
(e.g.,α64,2 andα64,3).

In order to have a more realistic view on the fit quality,
samples located in the interior of the fitting hypercube (as
defined in section 3.2) can be selected to calculate the model
quality. Table 3 shows the values of two quality parameters
for our new method in comparison with the method of [5, 6]
for the phase margin (PM ), the unity-gain frequency (fu),
the low–frequency gain (Av,LF ) and the positive and neg-
ative slew rate (SRp, SRn). The model quality calculated
with the set of sampling points is labeledqsp, the model
quality calculated with the set of points located in the inte-
rior of the fitting hypercube is labeledqip.

The differences in model quality is due to some expo-
nents that change considerably, as was seen for thePM in
Table 2. For the quality calculated with the sampling points



performance qsp qip

characteristic [5, 6] new [5, 6] new
PM 0.074013 0.054978 0.052019 0.063279
fu 0.034391 0.029491 0.060076 0.045909

Av,LF 0.057677 0.044213 0.065098 0.045412
SRn 0.16598 0.16461 0.057331 0.055831
SRp 0.10901 0.10513 0.26298 0.26770

Table 3. Model qualities obtained with our new
method compared with the model qualities in
[5, 6]. qsp quality in sampling points, qip qual-
ity in interior points.

(qsp), a clear improvement can be noticed forPM , fu and
Av,LF , but it is not that clear for the two slew rates. For the
quality calculated with the new points out of the interior of
the hypercube (qip), for some performance characteristics
there is the same clear improvement, but not for all charac-
teristics, some even get worse.

So, there is no unambiguous proof that the method with
variable exponents generates better or worse performance
models than the method with constant exponents. In ad-
dition, because of the steep increase in number of vari-
ables there is a 10–20 times increase in CPU time. Which
makes this variable–exponents method less attractive than
the constant–exponents method of [5, 6].

6 Conclusions

In this paper, we presented a new technique to gener-
ate symbolic expressions for the performance characteris-
tics of analog electronic circuits. The technique determines
the coefficients and the exponents of a posynomial template
based on performance data extracted from numerical sim-
ulations. This allows to determine the real exponents that
determine the performance instead of relying on a general
(but restricted) second–order model or relying on expert de-
signer’s knowledge.
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