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ABSTRACT

This paperpresentsa nev algorithmbasedon IntegratedCongru-
encetransformfor the analysisof both uniform and nonuniform
transmissiorlines. The key advantageof the proposedalgorithm
is that constructinga spanningorthonormalbasisfor the space-
dependentmomentss donewithout computingthesemomentsex-
plicitly. The proposedalgorithm thus carriesthe numericaleffi-
cieng of Krylov-basedorojectiontechniqueof lumpedRLC net-
worksto the domainof the distributedtransmissiodine networks.
The proposedlgorithmcanbe usedto construcianorthogonaba-
sisfor ary setof momentgelatedthrougha differentialoperator
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1. INTRODUCTION

The ever increasingquestfor higheroperatingfrequenciesand
smallerfeaturesizesin electroniccircuits have madeinterconnects
andtransmissionines(TL's) adominantfactorin determiningcir-
cuit performancendreliability in deepsubmicrondesigns.

SinceTL’saredistributedby nature anaccuratenodelhasto be
ableto capturetheir distributednature.Describingdistributedele-
mentsis usuallyachiezed throughTelegraphers Equations.How-
ever, difficulties arisein the presenceof nonlinearterminations
as theseequationsdo not have a direct time-domainrepresenta-
tion [1,2]. In addition, guaranteeingassvity of the modelshas
beenamajorconcern3, 4].

Analysis of nonuniformTL’s presentsan even more challeng-
ing task. Oneway to obtaintime-domainmacromodels to divide
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theline into sectionsandtreateachsectionasuniform TL. Obtain-
ing passve reduced-ordetime-domainmacromodelcan then be
achieved via variousapproacheén the literaturethat handleuni-

form TL’s, e.g.[5, 6]. However, thisis likely to produceinaccura-
ciesasit introducesspuriousreflectionsat the boundarieof each
section.

Another approachthat is usedto obtain passve reduced-order
macromodelfor nonuniformTL is basedon the IntegratedCon-
greunceTransform(ICT) [7]. The mainideain this approachs
to constructan orthogonalbasisthat spansthe spaceof the first
few derivatives (moments)w.r.t. to the frequeng variableof the
terminalvoltagesand currents,and usethis basisto castTelegra-
phers partial differential equationsinto a set of ordinary differ-
ential equations(ODE) that can be linked easily to time-domain
simulators,suchasSPICE[8]. However, constructinghe orthog-
onalbasisrequiresexplicit computationof the moments.This ex-
plicit computatiorof the momentspresents numericaldisadwan-
tagesinceit makeshigherordermomentsobtainedfrom a single
point expansionof practicallyno valuein enhancinghe accurayg
of the reducedmodelto matchwider frequeng range. By con-
trast,Krylov projectionmodelorderreduction(MOR) algorithms
of lumpedRLC component§9-12] draw their numericalrobust-
nessfrom the ability to constructa spanningorthogonalbasisfor
themomentswithout computingthe momentsexplicitly.

This processs usuallyreferredto asIimplicit MomentsMatch-
ing (IMM). The main obstaclein performingIMM for networks
with distributedelementss thatthe momentsarerelatedthrougha
differential operatoratherthananalgebraic operatorasin thecase
of lumpedRLC networks.

This paperpresents new algorithmbasedon ICT thatdoesnot
computehemomentsxplicitly in orderto constructheirspanning
orthogonabasis. The proposedalgorithmthusrepresentshe nat-
ural extensionof Krylov-basedprojectiontechniquedor lumped
RLC networks to the domainof distributed networks, wherethe
momentsarerelatedthrougha differential operatorratherthanal-
gebraic operator The proposedalgorithmis developedthrough
definingaweightedinnerproductandnormmappingonthespace
of the momentsand then expandingthe momentsin polynomials
that are orthonormalw.r.t. to the sameweighting function. Al-
thoughtheproposealgorithmcanhandlebothuniformandnonuni-
form TL's, this paperfocuseson its applicationfor the nonuniform
case.

The paperis organizedas follows. Section2 presentsa brief
backgroundon IntegratedCongreuncelransform. Section3 de-
scribesa generaloutline of the proposedalgorithm. Section4
presentsfurther implementationdetails for handling nonuniform
transmissiorines. Section5 presentsomenumericalresults.



2. REVIEW OF MODEL-ORDER REDUCTION BASED

ON INTEGRATED CONGRUENCE TRANSFORM

Denoteby V(z,s) andl (z,s) € C™ the Laplace-domairvoltages
andcurrentsat an arbitrary point z alongan m-conductomonuni-
form transmissiortine of lengthd. V(z s) andl (z,s) canberelated
throughhe Telegraphers equationsasfollows

dVv(z,s) =—(R(2) +5L(2)1(z9)
4z @
dl((; ) (G +C@)V(z9)

whereR(z),L(z),G(z), andC(z) arethe perunit length(p.u.l.) z-
dependentesistanceinductancegonductancandcapacitanceer
unit-lengthmatrices,respectiely. (1) canbe rewritten in the fol-
lowing form,

T ) sm)x(zs) @
where
R 0
N(Z>:( éz) G(z>>
L 0
M(Z)=< g c@)) .
o ©)
= Um b

andUp, is anmx midentity matrix. X(z s) may be expressedn a
Taylor's seriesexpansionaroundsomefrequeny point, S, in the
frequeng-domain

X(29)= 5 U0 Ew)(s %) @

whereit canbe obseredfrom (4) thatthemomentdJ () (z, 50) are
z-dependent.The fundamentaideain MOR usingICT is to con-
structan orthonormabasisfor the first few moments.In fact, this
ideais similar to that of MOR of lumped componentnetworks,
exceptthatin this casethe momentsare functionsof the spatial
variable z whereasin the lumped componentcasethe moments
areconstanwectorsandcanbe representedselementsf the Eu-
clidian spaceC2™. A classicalmethodto generatean orthogonal
basisfor a setof elementds the Modified Gram-Schmid{MGS)
process. Using MGS to constructan orthonormalbasisfor the
momentsU<')(L s0), however, requiresa properdefinition of the
“inner-product” and “norm” mappingson the spaceof thesemo-
ments. For that purpose the following two mappingshave been
adopted7]

1

u(z)Tv(z)dz

w2@) = [

0

1 ®)
u@)l = [ u@ uzdz

whereu(z) andv(z) € £2™ and £2M is the spaceof all z-dependent

vectorsof length2m. The algorithmthen proceedsy first com-

puting the momentsexplicitly, thenapplyingMGS usingthe def-

initions of the innerproductandnorm asgivenin (5) to form an

orthonormalbasisQ(z) for the momentsthatis usedin anICT to
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reducethe systemin (2) to thefollowing form
1

Y(s)=b" (sM+N) "b (6)
where
M =d 01 Q(2)"M(2)Q(2)dz
K =Ky + Kb
% =d [ Q2N QR
K, =T -P @

P=Qi(1)TQu(1) - Qi(0)"Q\(0)
dQ(z)

T :/OlQ(z)TT 5 9z
~ . T
b= { B }

with Qj(z) andQy(z) denotingthosepartsof the basiscorrespond-
ing to the currentandvoltageportions,respectiely.

Usingthemomentsexplicitly to constructhe orthonormabasis
undermineghe numericalrobustnes®f the algorithm. Thisis due
to the factthathigherordermomentsobtainedfrom a singlepoint
expansiontendto addno furtheraccurag to theresultingreduced-
ordermodelin orderto matchwiderfrequeng range.Thisproblem
hasbeenaddressedxtensvely in the context of MOR of lumped
RLC networks[9]. RLC lumpednetworks have their momentge-
latedthroughan algebraicoperator Distributed networks, on the
otherhand, have their momentsrelatedthrougha differential op-
eratorandgeneralorthogonlizatiorprocessesuchasMGS hasto
take that into accountin orderto avoid computingthe moments
explicitly.

3. OUTLINE OF THE PROPOSED ALGORITHM

Theobjectie of the proposedilgorithmis to developanorthog-
onalizationprocesghatgeneratesnorthonormabasisfor a setof
momentsrelatedthrougha differential operatoy but without hav-
ing to computethesemomentsxplicitly. To thisend,we substitute
from (2) into (4) andequatesimilar powversof sto obtain

DU O (2,5) =0 ©
U (z,5) =-M(2U Y (2)
where? is anoperatomgiven by
. d
= dz+soM(z)+N(z) 9)

It is to be notedherethat the momentsare relatedthrougha dif-
ferential operator while the momentsin the caseof lumpedRLC
networks arerelatedthroughan algebraicoperator Computingan
orthognalbasisfor the momentsU () (z, s5) without having these
momentsexplicitly will beapproachedy adoptinga differentver-
sion for the innerproductand norm mappings. Thosemappings
will bedefinedasfollows,

(10)

wherew(z) is a positive weightingscalarfunctionanda andb are
arbitraryintegrationlimits. It is obviousfrom (10)thatif u(z) andv(z)



areexpresse@sa seriessummatiorof somepolynomials gi(z),

N N
u(z) = .;)Ui gz V(9= ZOVi agi(2) (11)

wherethesepolynomialsgi(z),i = 0,--- ,N areorthogonalin the
interval [a,b] w.r.t. to the weightingfunctionw(z), thenboth the
innerproductand norm mappingsreduceto a summationof the
Euclidianinnerproductsof the individual coeficients. The partic-
ularchoiceof w(z),a,b andg;j(z) comesasanimplementatiorissue
andwill bediscussediaterin thefollowing section.

Next constructingthe orthogonalbasiswithout computingthe
momentsexplicitly will be demonstrated.For that purpose,we
assumethat the basisQ(z) consistsof k elements{go(z %),- -,
Ok_1(z,%)}. Theprocesof computingQ(z) will bedemonstrated
inductively throughtwo steps.

e Step 1. Computing qo(z s0): In this step, the following
systemof differentialequations

1 6o (2, %)
dz
is solved using a setof initial conditionsthat are obtained

asspecifiedin AppendixC of [7]. qo(z,s9) canbe obtained
from o (z sp) usingthefollowing normalizationstep

+[N(2)+5M(2)]Go(z5) =0 (12)

qO(szO) = )” q0(27 S)) (13)

1
llao(z S0

Step 2. Computing gi(z,5): In this step,thefirsti ele-
ments{do(z, %), ,0i-1(z S0)} areassumedo be readily
computedandthe objective becomeghat of computingthe
next elementy; (z, ). Thefirst stepin achieving this is car
ried out throughsolving the following systemof differential
equations

ddi(z,%0)

sz

+[N(2) +50M(2)] Gi(z %) =

H
M 0i_
(2 hZO 1,hGh(2)

(14)

where;_; n's arethecoeficientsof ¢j_1(z s9) asexpressed
in termsof the summationof the seriesof the orthogonal
polynomialsgn(z), andd(z, so) istheresponsef thesystem
of differentialequationsn (2) undertheforcing input given
by M(2)qi(z,s0). Next, Gi(z ) is orthogonalizedw.r.t. to
the previous elementsin the basisusing the innerproduct
mappingdefinedin (10) to producefi (z, %), i.e.,

i—1
Gi(z,%0) = Gi(z %) - _20<Gi (z%)l0j(2))0j(2  (15)
=
g (2) canthenbe obtainedby normalizinggi (z), i.e., qi(z) =

Gi(2/la2)]

Basedon the above two steps,the main theoreticalresult of this
sectioncanbe statedasfollows.

THEOREM 1. Let Q(2) bethe set of elements generated by exe-
cuting (step 1) once and (step 2) for k times as shown above. Then
Q(z) is orthonormal and spans the Hilbert subspace spanned by

the moments {U (9 (2 59),---,UK (2, 5)}.

Proofhasbeenomitteddueto lack of space.
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IMPLEMENTATION DETAILS

This sectionpresentdurther implementationdetails regarding
thecomputatiorof theorthogonabasisQ(z). In particulay Cheby-
chev polynomialsof the first kind are adoptedas our choicefor
the orthogonalpolynomialsgy(z). Using Chebyshe polynomial
requiresscalingthe spatialvariablez by replacingit with zwhere
z= (2/d)z— 1. Thus,with regardsto (10), wehavea=—-1,b=1
andw(z) = 1/v1—Z. Let u(Z) andv(z) € L2 berepresenteds
aseriesof Chebyshe polynomials,i.e.,

4.

H H
D=3 U@ V=YW@ (6
h=0 h=0

whereT,(2) is the hih Chebyshe polynomialof the first kind. In
thatcasetheinnerproductandnormin (10) reduceto

N

LA

U@MIZ) = Mo™Vo+ 3 %UhTVh,

h=
H

LS

@Il = mo"Up+ 3 Un'Un (17)

h=1

Computingthe k" elementof the basisQ(z) proceeddy first rep-
resentingall the z-dependenguantitiesin (14) asa summationof
H Chebyshe polynomials

H
N(Z) =S NoT
(2 hgo hTh(2)
H
M(2) =5 MnTh(2)
“:0 (18)

_ = Bk_1nT
Ok-1(2) hZo k—1hTh(2)

H
(=73 BknTh(2)
=

Substitutingfrom (18) into (14), taking the integral of both sides
from -1 to z, andusingthefollowing relations

T@0@ = 5@+ Tineni @)

[ 0@ = T@+nE

[ m@e = 2mE-T@)

? gz~ L@ Ta@) ()™
/flTh(Zjdz - E( hit T ho1 >+ he_1

andequatingcoeficientsof similar Chebyshe polynomialsonboth
sidesyields

2 .
[A+ d (UH+1®T)} D =Audi_1 (19)
where
1
A = E(K1+K2+K3)
1
Av = E(TM1+TM2+TM3)
T
P, = [eifl,HT"'eifl,O]
. . T
b = (B8] (20)
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theproposedalgorithmcould matchup doublethefrequeng range
matchedhroughusingthe momentsexplicitly.

andUy 1 is (H + 1) x (H + 1) identity matrix and® denoteghe
Kroneclerproductoperator In (20), thedefinitionsof K1, K2, andK3

aregivenby (21)- (23) whereDj = Nj 4+ 5o M;. Similar formulae
for Tw1, Tm2, andTy3 canbe obtainedby substitutingDy by Mg
for all possiblevaluesof theindex k.

Thereducedsystemis obtainedn theform

Y(s)=b" (sM+K) b (24)
where
Mo d ' ™ d
= 3 71Q(Z) (2Q(2)dz,
N = N1+R|27
R 1
% = 5/ QeTN@QEE
N, = T-P,
P = Q()'Q1)-Qi(-1TQu(-1),
. 1
o= /7 1Q(z)TT—d3iZ)dz
o _ | Qi(=1)
b = {—Qi(l)] (25)
5. NUMERICAL RESULTS

51 Examplel

The proposedalgorithmwasimplementedo obtaina reduced-
ordermodelfor a uniform 3-conductorTL network of lengthd =
10cm. Figurel shavsagraphicalcomparisorbetweertheexactre-
sponsdobtainedhroughanOrdinaryDifferentialEquation(ODE)
solver for the Telegraphers equationsn (1)) andthe responseb-
tainedfrom the proposedalgorithmafter runningit for k = 65 it-
erations.Also shavn on the samegraph,the responsebtainedby
using 65 momentsexplicitly to constructthe basisasin [7]. It is
clearthatfor the samesizeof thereducedsystemtheonebasedn
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Figure 1: A comparison for the |Y;1| parameter between the
proposed algorithm thealgorithm in [7] using explicit moments
computation.

5.2 Example?2

The proposedalgorithmwasusedto simulatea nonuniformTL
network consistingof 3 coupledconductorsFirsttheexactfrequeng-
domainresponsef the systemwasobtainedby solving the Tele-
graphers equationsin (1) using a numerical ODE solver. Fig-
ures2(a)and2(b) shav a comparisorbetweerthe exactresponse
(throughODE solution) and the responsebtainedfrom the pro-
posedalgorithm for a sampleof the Y-parameters. Figure 2(c)
shavs a comparisorfor thetime-domainresponsegdueto aninput
stepsignalof rise-time0.1ns. Thecomparisons betweeralumped



RLC approximationof the line andthe proposedalgorithm. The
lumpedRLC modelis obtainedby dividing the nonuniformline
into 50 sectionsand consideringeachsectionas a uniform line.
Eachuniform sectionis thenrepresentedyy a numberof lumped
RLC sectionsaccordingto its p.u.l. delay

5.3 Example3

A similarexampleto thepreviousonebut with length,d = 50cm
hasbeenemplo/ed to testthe proposedalgorithm. Figures3(a)
and 3(b) display a frequeng-domaincomparisorfor a sampleof
the Y-parameters.Here the frequeng-domainresponsenbtained
from the proposedalgorithmwascomputedisingonly singlepoint
expansionat 1.75GHz. Figure 3(c) displaysa comparisorfor the
time-domainresponselueto aninput pulseof rise/fall time of 0.1
nsanda pulse-widthof 8 ns.

Tablel displaysaCPUcomparisorfor thetimetakento simulate
both lumped and reducedmodelsfor both examples. The time-
domainsimulationwasperformedusingthe NumericalAlgorithms
Group(NAG) [13] sparsdifferential-algebraiequationsolveron
aPentiumlll machine.

| [ Lumped] Proposed| Speedup|
10cmLine || 26.3sec| 0.93sec 28
50cmLine || 693sec | 5.9sec 117

Table 1: CPU time comparison

6. CONCLUSION

Thispapemresenteénen algorithmfor passie model-reduction
basedon integratedcongruentransform. The proposedalgorithm
doesnotrequireanexplicit computatiorof themomentsn orderto
constructa spanningorthogonalbasisfor them. It thusshaws nu-
merical superiorityin thatlarger frequeng rangecanbe matched
basedn singlepoint expansion.
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