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Abstract

Wepresentefficientcomputationalmethodsfor scatteredpoint
andmeshlessanalysisof electrostaticmicroelectromechanicalsys-
tems(MEMS).ElectrostaticMEMS aregovernedbycoupledme-
chanicalandelectrostaticenergydomains.A self-consistentanal-
ysisof electrostaticMEMS is implementedby combiningafinite
cloudmethodbasedinteriormechanicalanalysiswith aboundary
cloud methodbasedexterior electrostaticanalysis. Lagrangian
descriptionsareusedfor bothmechanicalandelectrostaticanal-
yses. Meshlessfinite cloud andboundarycloud methodscom-
binedwith fastalgorithmsandLagrangiandescriptionsareflexi-
ble,efficientandattractivealternativescomparedto conventional
finite element/boundaryelementmethodsfor self-consistentelec-
tromechanicalanalysis. Numericalresultsarepresentedfor an
electrostaticcombdrivedevice.

keywords: coupledelectro-mechanicalanalysis,meshless,
finite cloud method,boundarycloud method,Lagrangianelec-
trostatics

1 Intr oduction

Althoughtherearemany microelectromechanicalsystemde-
signsthat usepiezoelectric,thermal,pneumatic,and magnetic
actuation,themostpopularapproachin presentdaymicrosensor
andmicroactuatordesignsis to useelectrostaticforcesto move
micromachinedparts- referredto aselectrostaticMEMS. Com-
putationalanalysis[1] of electrostaticMEMS requiresa self-
consistentsolution of the coupledinterior mechanicaldomain
andtheexteriorelectrostaticdomain[2, 3,4]. Conventionalmeth-
ods for coupleddomain analysis,such as FEM/BEM, require
meshgeneration,meshcompatibility, re-meshingandinterpola-
tion of solutionbetweenthe domains. Meshgenerationcanbe
difficult and time consumingfor complex geometries.Further-
more,meshdistortioncanoccurfor micromechanicalstructures
thatundergo largedeformations.To overcomeall thesedifficul-
ties,we proposeanefficient approachto performstaticanalysis
of electrostaticallyactuatedMEMS. The primary contributions
of the paperare as follows: (1) We employ a meshlessFinite
CloudMethod(FCM)[5, 6] to solve the interior mechanicaldo-
main. The Finite Cloud Method is a true meshlessmethodin
which only pointsareneededto cover thestructuraldomainand
no connectivity informationamongthe points is required. This
methodcompletelyeliminatesthemeshingprocessandradically
simplifiestheanalysisprocedure.(2) A BoundaryCloudMethod
(BCM) [7, 8] is usedto analyzetheexterior electrostaticdomain
to computethe electrostaticforcesactingon the surfaceof the

structures.TheBCM utilizesa meshlessinterpolationtechnique
anda cell basedintegration.Besidestheflexibility of thecell in-
tegration,theBCM is anexcellentmatchto theFCM for coupled
domainanalysissincebothof themhavemeshlessinterpolations.
(3) A Lagrangiandescription[9] of the boundaryintegral equa-
tion is developedandimplementedwith BCM. Typically, theme-
chanicalanalysisis performedby a Lagrangianapproachusing
theundeformedpositionof thestructures.However, theelectro-
staticanalysisis performedon thedeformedpositionof thecon-
ductors.TheLagrangiandescriptionmapstheelectrostaticanal-
ysisto theundeformedpositionof theconductors.Thus,theelec-
trostaticforcesandmechanicaldeformationsareall computedon
theundeformedconfigurationof thestructures.TheLagrangian
descriptioneliminatesthe requirementof geometryupdatesand
re-computationof theinterpolationfunctions.

2 CoupledAnalysisof ElectromechanicalSystems

Computationalanalysisof electrostaticallyactuatedMEMS
requiresa self-consistentsolutionof thecoupledmechanicaland
electricalequations. Conventionally, a Finite ElementMethod
(FEM) is employed to perform the mechanicalanalysisand a
BoundaryElementMethod(BEM) is employed to computethe
surfaceelectrostaticforces.Themechanicalanalysisisperformed
bydiscretizingthestructuralor themechanicaldomainintonodes
and elements. A finite elementanalysisis then performedby
applyingtheelectrostaticpressureasNeumannboundarycondi-
tionsto computethestructuraldisplacements.Oncethedisplace-
mentis computed,thegeometryof thestructureor theconductor
is updated.Electrostaticanalysisis performedontheupdatedge-
ometryby discretizingthesurfaceof theconductorinto panelsor
elements.A boundaryelementmethodis thenusedto compute
thesurfacechargedensityoneachpanel.Oncethesurfacecharge
densitiesareknown, thenew electrostaticpressureis computed.
The mechanicalandelectrostaticanalysisare repeateduntil an
equilibriumstateis computed.Algorithm 1 summarizesthekey
stepsinvolvedin theself-consistentsolutionof thecoupledelec-
tromechanicalproblem.

Thereareseveral difficulties with the approachdescribedin
Algorithm 1: (1) Thestructuraldomainneedsto bedisctretized
into elements.For structureswith complex geometriesmeshgen-
erationcanbea complicatedandtime consumingtask. (2) Typ-
ically, theboundaryelementmeshon thesurfaceof theconduc-
torsdoesnotmatchwith thefinite elementmesh.In thiscase,the
electrostaticpressurecomputedfrom theBEM analysisneedsto
the interpolatedto the finite elementmeshso that a mechanical
analysiscanbeperformed.Theinterpolationprocesscanbecum-
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Algorithm 1 A procedurefor self-consistentanalysisof coupled
electromechanicaldevices

repeat
1. Do mechanicalanalysis(ontheundeformedgeometry)to
computestructuraldisplacements
2. Updatethe geometryof the conductorsusing the com-
puteddisplacements
3. Computesurfacecharge densityby electrostaticanaly-
sis(onthedeformedgeometry)
4. Computeelectrostaticforces(on thedeformedgeometry)
5. Transformelectrostaticforcesto theoriginalundeformed
configuration

until anequilibriumstateis reached

bersomeandcanintroducesignificanterror. Onesolutionto this
problemis to matchthefinite elementnodesonthesurfaceof the
conductorswith theboundaryelementnodesso thatno interpo-
lation is involved. However, this canbe inefficient asa refine-
mentof eitherthe finite elementmeshor the boundaryelement
meshwould requirethat theotherdomainberemeshed.(3) The
needto updatethegeometryof theconductorsbeforeanelectro-
static analysisis performedduring eachiteration also presents
several problems—First,flat surfacesof the conductorsin the
initial configurationcanbecomecurveddueto conductordefor-
mation. This requiresthe developmentof complex integration
schemeson curvedpanelsto performelectrostaticanalysis.Sec-
ond,whenthestructureundergoeslargedeformation,remeshing
thesurfacemaybecomenecessarybeforeanelectrostaticanaly-
sisis performed.Third, interpolationfunctions,usedin many nu-
mericalmethods,needto berecomputedwhenever thegeometry
changes.Eachof theseissuessignificantlyincreasesthecompu-
tationaleffort makingtheself-consistentanalysisof electrostatic
MEMS anextremelycomplex andchallengingtask.

Thecombinationof thefinite cloudmethod,boundarycloud
methodand the Lagrangianelectrostaticsapproachovercomes
thedifficultiesmentionedabove.First,afinite cloudmethoddoes
not requirea meshor elementsandmechanicalanalysiscanbe
performedby simplysprinklingpointswith out theneedfor con-
nectivity informationamongthenodesor points. Second,using
a boundarycloud method,exterior electrostaticanalysisis per-
formedby sprinklingpointson thesurfaceof theconductorsand
usingabackgroundcell structurefor integrationpurpose.Unlike
a boundaryelementmethod,theboundarycloudmethodmethod
doesnot requirepanelsor elements.Third, by combiningtheLa-
grangianelectrostaticsformulationwith thetotalLagrangianme-
chanicalformulation,coupledelectromechanicalanalysiscanbe
implementedusingonly theinitial configuration.Theuseof La-
grangiantechniquesfor bothmechanicalandelectrostaticanaly-
sis eliminatesthe needfor geometryupdatesthereby simplify-
ing the coupledelectromechanicalanalysis. Algorithm 2 sum-
marizestheLagrangianapproachfor efficientscatteredpointand
self-consistentanalysisof coupledelectromechanicaldevices.

3 FCM For MechanicalAnalysis

Electrostaticallyactuatedmicrostructurescanundergo large
deformationsfor certain geometricconfigurationsand applied

Algorithm 2 A procedurefor self-consistentanalysisof coupled
electromechanicaldevices by using a Lagrangianapproachfor
bothmechanicalandelectrostaticanalysis

repeat
1. Do mechanicalanalysis(on the undeformedgeometry)
by FCM to computestructuraldisplacements
2. Do electrostaticanalysis(onthe undeformedgeometry)
by BCM to computesurfacechargedensity
3. Computeelectrostaticpressure(on the undeformedge-
ometry)

until anequilibriumstateis reached

voltages. In this paper, we perform 2-D geometricallynonlin-
earanalysisof microstructures.For electro-mechanicalanalysis,
the governingequationsfor an elasticbody usinga Lagrangian
descriptionaregivenby

∇ � � FS��� B � 0 in Ω (1)

u � G on Γg (2)

P � N � H on Γh (3)

whereΩ is themechanicaldomain,Γg is theportionof thebound-
ary on which Dirichlet boundaryconditionsarespecifiedandΓh

is theportionof theboundaryonwhichNeumannboundarycon-
ditions arespecified,.The boundaryof the mechanicaldomain
is givenby Γ � Γg � Γh. F is the deformationgradient,S is the
secondPiola-Kirchhoff stress,B is thebodyforcevectorperunit
undeformedvolume,u is the displacement,G is the prescribed
displacement,P is thefirst Piola-Kirchhoff stresstensorgivenby
P � FS, N is theunit outwardnormalvectorin theinitial config-
urationandH is thesurfacetractionvectorperunit undeformed
area.For electromechanicalanalysis,H � PeJF � TN, wherePe is
thesurfaceelectrostaticpressureandJ is thedeterminantof F.

WeuseameshlessFiniteCloudMethodto solvethemechan-
ical equationsgivenin Eq. (1-3). TheFinite CloudMethoduses
a fixed kerneltechniqueto constructthe interpolationfunctions
andapoint collocationtechniqueto discretizethegoverningpar-
tial differential equations. In a 2-D fixed kernel approach,an
approximationua � x � y� to anunknown u

�
x � y� is givenby

ua � x � y�	�



Ω
C
�
x � y� xk � s� yk � t � φ � xk � s� yk � t � u � s� t � dsdt (4)

whereφ is thekernelfunctioncenteredat
�
xk � yk � whichis usually

takenasa cubicsplineor a Gaussianfunction.C
�
x � y� xk � s� yk �

t � is thecorrectionfunctiongivenby

C
�
x � y� xk � s� yk � t ��� PT � xk � s� yk � t � C � x � y� (5)

PT ��
 p1 � p2 ��������� pm � is an 1 � m vectorof basisfunctions. In
two dimensions,a quadraticbasisvector PT ��
 1 � xk � s� yk �
t � � xk � s� 2 � � xk � s� � yk � t ��� � yk � t � 2 � � m � 6 is employed.C

�
x � y�

is an m � 1 vectorof unknown correctionfunction coefficients.
The correctionfunction coefficientsarecomputedby satisfying
the consistency conditions(see[5, 6] for details). The discrete
form of theapproximationua � x � y� is givenby

ua � x � y���
NP

∑
I � 1

NI
�
x � y� ûI (6)



whereûI is the nodal parameterfor nodeI , andNI
�
x � y� is the

fixed kernelmeshlessinterpolationfunction (see[5, 6] for de-
tails). In themechanicalanalysis,thedisplacementsu andv are
approximatedby usingEq. (6). Consequently, the deformation
gradientF andall theothermechanicalquantitiescanberewritten
asfunctionsof theapproximateddisplacementsua andva. After
theinterpolationfunctionsareconstructed,FCM usesapointcol-
locationtechniqueto discretizethegoverningequations.

4 Lagrangian Electrostatics

Whenelectrostaticpotentialsareappliedonmicro-structures,
electrostaticforcesaregeneratedonthesurfacesof themicrostruc-
tures. The structuresundergo deformationbecauseof electro-
staticforcesandthesurfacechargedensityonthestructureredis-
tributes. Typically, the new surfacecharge densityis computed
by updatingthegeometryof themicrostructuresandredoingan
electrostaticanalysis.Thebasicideain Lagrangianelectrostatics
is to computethe new surfacecharge densitywithout updating
thegeometryof themicrostructures.

The 2D governingequationfor electrostaticanalysiscanbe
written in a boundaryintegral form as[10]

φ
�
p�	�



dω

G
�
p � q� σ � q� dγq � C (7)



dΩ

σ
�
q� dγq � CT (8)

where p is the sourcepoint, q is the field point which moves
alongtheboundaryof theconductorsandG is theGreen’s func-
tion. In two dimensions,G

�
p � q�	� � ln � p � q � � � 2πε � , whereε is

thedielectricconstantof themediumand � p � q � is thedistance
betweenp andq. CT is thetotal chargeof thesystemandC is an
unknown variablewhich canbeusedto computethepotentialat
infinity.

Equations(7) and (8) are definedin the deformedconfigu-
rationof theconductors,i.e., thesurfacechargedensityis com-
putedby solvingtheboundaryintegralequationsonthedeformed
geometryof theconductors.We referto this approachasthede-
formedconfigurationapproach.Theneedto updatethegeometry
of thestructuresin thedeformedconfigurationapproachpresents
several difficulties asstatedin Section2. In this paper, we em-
ploy a Lagrangianapproach[9] to computethe surfacecharge
densityin theundeformedconfigurationof the conductors.The
Lagrangianform of theboundaryintegral equationsgivenin Eq.
(7-8) is givenby

φ
�
P���



dΩ

G
�
p
�
P��� q � Q��� σ � q � Q��� J � Q� dΓQ � C (9)



dΩ

σ
�
q
�
Q��� J � Q� dΓQ � CT (10)

whereP andQ arethesourceandfield pointsin the initial con-
figurationcorrespondingto thesourceandfield pointsp andq in
the deformedconfiguration,J

�
Q��� �

T
�
Q� �C � Q� T � Q��� 1

2 , T
�
Q�

is thetangentialunit vectoratfield pointQ andC
�
Q� is theGreen

deformationtensor.

5 BCM For Electrostatic Analysis

A boundarycloudmethodisemployedto solvetheLagrangian
descriptionof the electrostaticgoverningequations(Eq.(9-10)).
In a boundarycloud method,the surfaceof the domainis dis-
cretizedinto scatteredpoints. The pointscanbe sprinkledran-
domly coveringtheboundaryof thedomain.Interpolationfunc-
tions areconstructedby centeringa weightingfunction at each
point or node.For theelectro-mechanicalproblem,thepotential
φ is prescribedon the structures.The unknown surfacecharge
densityσ in thevicinity of thepoint t is approximatedby either
a Hermite-typeinterpolation[7] or a varyingbasisleast-squares
approximation[8]. In thispaper, weemploy avaryingbasisleast-
squaresapproachto approximatetheunknown quantity, i.e.

σ
�
x � y��� pT

v
�
x � y� bt (11)

wherepv is the varying baseinterpolatingpolynomialandbt is
theunknown coefficient vectorfor point t. For a point t, theun-
known coefficientvectorbt is computedby usinga least-squares
approach(see[8] for details). The discreteform of the varying
basisapproximationfor theunknownsis givenby

σ
�
x � y���

NP

∑
I � 1

NI
�
x � y� σ̂I (12)

Theboundaryof thestructureis discretizedinto NC cells for in-
tegrationpurpose.Eachcell containsa certainnumberof nodes
andthenumberof nodescanvaryfromcell to cell. Dif ferentfrom
anelementor a panelin boundary-elementmethods,thecell can
beof any shapeor sizeandtheonly restrictionis that theunion
of all thecellsequaltheboundaryof thedomain.Substitutingthe
varyingbasisapproximationfor theunknown chargedensity, the
boundaryintegral equationfor theelectrostaticproblemgivenin
Eq. (9-10)canberewritten in a matrix form as

M σ̂ � φ (13)

whereM is an
�
NC � 1�	� � NC � 1� coefficientmatrix andφ and

σ̂ are
�
NC � 1��� 1 right handsideandunknown vector, respec-

tively. By substitutingthe potentialon the conductorsand the
totalchargeinto Eq. (13),thesurfacechargedensitycanbecom-
putedfrom Eq. (12)andEq. (13).

6 Numerical Results

An electrostaticcombdrivediscussedin [11] is consideredin
this section.Thedevice is simulatedwith scatteredpoint distri-
butionsby usingthemethodsdescribedin theprevioussections.
As shown in Figure1, a centermasswith 12 teethis supported
by fixed-fixedbeams.A voltageis appliedbetweenthemovable
combandthefixedteeth.Thesupportbeamsare1000µm long,
2.5 µmwide and4.5 µm thick. Thecentermassis 98 µmby 98
µm. Eachcombtooth is 49 µm long, 2.8 µm wide and4.5 µm
thick. The gap betweenthe movable teethand the fixed teeth
is 5.6 µm and the initial overlapat zerovolts is 16.8 µm. The
Young’smodulusof thecombstructureis 169GPa andthePois-
son’sratio is 0.3.Thescatteredpointdistributionfor thedeviceis
shown in Figure2. Figure3 presentsthecomputeddisplacement



asa functionof theappliedvoltage.Both linear[12] andnonlin-
earelastostatictheoriesareemployedin this example.As shown
in Figure3, thecombstructurestartsto operatein amechanically
nonlinearregimefor anappliedvoltageof 100V or higher. The
stiffnessof the supportingbeamsincreasesquickly as the dis-
placementof thecentermassincreases.Thus,for MEMS actua-
tors wherea largestroke is desired,thefixed-fixedtype support
is not advantageousdueto thehigh stiffnessof thesupport.For
this reason,folded supportingbeamsare widely usedin comb
drive applications. The fixed-fixed support,however, provides
a higherstability anda higherresistanceto the external forces.
Therefore,for applicationssuchasforce sensorsthe fixed-fixed
supportcouldstill beanappropriatechoice.

7 Conclusions

Wehavepresentedanew combinedfinitecloud/boundarycloud
methodfor efficient analysisof microelectromechanicaldevices.
TheFCM/BCM approachrequiresonly a scatteredsetof points
and no connectivity informationor a meshis necessary. Even
though the electrostaticanalysisis coupledto the mechanical
analysisthroughthesamesetof boundarynodes,thepointdistri-
bution for electrostaticanalysiscanbe refinedwithout affecting
the interior mechanicalanalysis. The Lagrangianelectrostatics
formulationcombinedwith thewell-known Lagrangianmechan-
ical formulationallows coupledelectromechanicalanalysiswith
only the initial configuration,thereby eliminating the needfor
geometryupdatesand recalculationof interpolationfunctions.
Comparedto the conventionalFEM/BEM approach,the hybrid
FCM/BCM alongwith Lagrangianelectrostaticandmechanical
analysisradically simplifies self-consistentanalysisof electro-
staticMEMS.
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Figure2: Scatteredpoint distribution for the
combdriveexample
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