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Abstract

We presenefficientcomputationaimethoddor scatteregboint
andmeshlesanalysisf electrostatienicroelectromechanicalys-
tems(MEMS). ElectrostatidEMS aregovernedby coupledme-
chanicalandelectrostatienegy domains A self-consistenénal-
ysisof electrostatidEMS is implementedy combiningafinite
cloudmethodbasednteriormechanicahnalysiswith aboundary
cloud methodbasedexterior electrostaticanalysis. Lagrangian
descriptionsaareusedfor bothmechanicabhndelectrostatianal-
yses. Meshlesdinite cloud and boundarycloud methodscom-
binedwith fastalgorithmsandLagrangiandescriptionsareflexi-
ble, efficientandattractve alternatvescomparedo corventional
finite element/boundarglemenimethoddor self-consistentlec-
tromechanicahnalysis. Numericalresultsare presentedor an
electrostaticombdrive device.

keywords: coupledelectro-mechanicahnalysis,meshless,
finite cloud method,boundarycloud method,Lagrangianelec-
trostatics

1 Intr oduction

Althoughtherearemary microelectromechanicalystemde-
signsthat use piezoelectric,thermal, pneumatic,and magnetic
actuationthe mostpopularapproachn presentlay microsensor
andmicroactuatordesignsis to useelectrostatidorcesto move
micromachinegarts- referredto aselectrostatidMEMS. Com-
putationalanalysis[1] of electrostaticMEMS requiresa self-
consistentsolution of the coupledinterior mechanicaldomain
andtheexteriorelectrostaticddlomain[2, 3, 4]. Corventionaimeth-
ods for coupleddomain analysis,such as FEM/BEM, require
meshgenerationmeshcompatibility, re-meshingandinterpola-
tion of solutionbetweenthe domains. Mesh generationcanbe
difficult andtime consumingfor complex geometries.Further
more, meshdistortioncanoccurfor micromechanicastructures
thatundego large deformations.To overcomeall thesedifficul-
ties, we proposean efficient approacho performstaticanalysis
of electrostaticallyactuatedMEMS. The primary contributions
of the paperare asfollows: (1) We employ a meshlesginite
Cloud Method (FCM)[5, 6] to solve the interior mechanicabo-
main. The Finite Cloud Method is a true meshlesgnethodin
which only pointsareneededo cover the structuraldomainand
no connectvity informationamongthe pointsis required. This
methodcompletelyeliminatesthe meshingprocessandradically
simplifiestheanalysigprocedure(2) A BoundaryCloudMethod
(BCM) [7, 8] is usedto analyzethe exterior electrostaticdomain
to computethe electrostatidorcesacting on the surfaceof the

0-7803-7607-2/02/$17.00 ©2002 |EEE

structures.The BCM utilizes a meshlesénterpolationtechnique
anda cell basedntegration. Besideghe flexibility of thecell in-

tegration,the BCM is anexcellentmatchto the FCM for coupled
domainanalysissincebothof themhave meshlesinterpolations.
(3) A Lagrangiandescription[9] of the boundaryintegral equa-
tion is developedandimplementedvith BCM. Typically, theme-

chanicalanalysisis performedby a Lagrangianapproachusing
the undeformedbositionof the structures However, the electro-
staticanalysids performedon the deformedpositionof the con-
ductors.The Lagrangiandescriptionmapsthe electrostati@nal-
ysisto theundeformedositionof theconductorsThus,theelec-
trostaticforcesandmechanicatieformationsreall computecbn

the undeformedconfigurationof the structures.The Lagrangian
descriptioneliminatesthe requiremenbf geometryupdatesand
re-computatiorof theinterpolationfunctions.

2 CoupledAnalysisof ElectromechanicalSystems

Computationalanalysisof electrostaticallyactuatedMEMS
requiresa self-consistensolutionof the coupledmechanicahnd
electricalequations. Corventionally a Finite ElementMethod
(FEM) is employed to perform the mechanicalanalysisand a
BoundaryElementMethod (BEM) is employed to computethe
surfaceelectrostatidorces. Themechanicaanalysiss performed
by discretizingthestructuralor themechanicatlomaininto nodes
and elements. A finite elementanalysisis then performedby
applyingthe electrostatiqpressureasNeumanrboundarycondi-
tionsto computethe structuraldisplacementsOncethedisplace-
mentis computedthegeometryof the structureor theconductor
is updated Electrostatianalysiss performedontheupdatedye-
ometryby discretizingthe surfaceof the conductoiinto panelsor
elements.A boundaryelementmethodis thenusedto compute
thesurfacechagedensityoneachpanel.Oncethesurfacechage
densitiesareknown, the new electrostatigoressurés computed.
The mechanicalnd electrostaticanalysisare repeateduntil an
equilibrium stateis computed.Algorithm 1 summarizeshe key
stepsinvolvedin the self-consistensolutionof the coupledelec-
tromechanicaproblem.

Thereare several difficulties with the approachdescribedn
Algorithm 1: (1) The structuraldomainneedsto be disctretized
into elementsFor structureswith complex geometriesneshgen-
erationcanbe a complicatedandtime consumingask. (2) Typ-
ically, the boundaryelementmeshon the surfaceof the conduc-
torsdoesnotmatchwith thefinite elemenimesh.In this casethe
electrostatiqressureeomputedrom the BEM analysisneedso
the interpolatedto the finite elementmeshso thata mechanical
analysicanbeperformed.Theinterpolationprocessanbecum-



Algorithm 1 A procedurdor self-consistenanalysisof coupled
electromechanicalevices
repeat
1. Do mechanicahnalysigontheundeformedjeometry)o
computestructuraldisplacements
2. Updatethe geometryof the conductorsusingthe com-
puteddisplacements
3. Computesurfacechage densityby electrostaticanaly-
sis(onthedeformedgeometry)
4. Computeelectrostatidorces(on the deformedyeometry)
5. Transformelectrostatidorcesto the original undeformed
configuration
until anequilibriumstateis reached

bersomendcanintroducesignificanterror. Onesolutionto this
problemis to matchthefinite elemennodeson thesurfaceof the
conductorawith the boundaryelementhodesso that no interpo-
lation is involved. However, this can be inefficient as a refine-
mentof eitherthe finite elementmeshor the boundaryelement
meshwould requirethatthe otherdomainbe remeshed(3) The
needto updatethe geometryof the conductorseforeanelectro-
static analysisis performedduring eachiteration also presents
several problems—First flat surfacesof the conductorsin the
initial configurationcanbecomecurved dueto conductordefor
mation. This requiresthe developmentof complec integration
scheme®n curvedpanelsto performelectrostati@nalysis.Sec-
ond,whenthe structureundegoeslarge deformationremeshing
the surfacemay becomenecessarpeforean electrostatianaly-
sisis performed.Third, interpolationfunctions,usedin mary nu-
mericalmethodsneedto be recomputedvhenererthe geometry
changesEachof theseissuessignificantlyincreaseshe compu-
tationaleffort makingthe self-consistenanalysisof electrostatic
MEMS anextremelycomplex andchallengingtask.

The combinationof the finite cloud method,boundarycloud
methodand the Lagrangianelectrostaticsapproachovercomes
thedifficultiesmentionedabove. First, afinite cloudmethoddoes
not requirea meshor elementsand mechanicaknalysiscanbe
performedby simply sprinklingpointswith outthe needfor con-
nectiity informationamongthe nodesor points. Secondusing
a boundarycloud method,exterior electrostaticanalysisis per
formedby sprinkling pointson the surfaceof the conductorsand
usingabackgroundell structurefor integrationpurpose Unlike
aboundaryelementmethod the boundarycloud methodmethod
doesnotrequirepanelsor elementsThird, by combiningthelLa-
grangiarelectrostaticformulationwith thetotal Lagrangiarme-
chanicalformulation,coupledelectromechanicanalysiscanbe
implementedisingonly theinitial configuration.The useof La-
grangiantechniguedor bothmechanicahndelectrostatianaly-
sis eliminatesthe needfor geometryupdateshereby simplify-
ing the coupledelectromechanicaknalysis. Algorithm 2 sum-
marizeshelLagrangiarapproacHor efficientscatteregointand
self-consistenanalysisof coupledelectromechanicalevices.

3 FCM For Mechanical Analysis

Electrostaticallyactuatedmicrostructurecan undego large
deformationsfor certain geometricconfigurationsand applied

Algorithm 2 A procedurdor self-consistenanalysisof coupled
electromechanicadevices by using a Lagrangianapproachfor
bothmechanicahndelectrostati@nalysis
repeat
1. Do mechanicaknalysis(on the undeformedgeometry)
by FCM to computestructuraldisplacements
2. Do electrostaticanalysis(orthe undeformedgeometry)
by BCM to computesurfacechage density
3. Computeelectrostatigoressurgon the undeformedge-
ometry)
until anequilibriumstateis reached

voltages. In this paper we perform 2-D geometricallynonlin-
earanalysisof microstructuresFor electro-mechanicalnalysis,
the governingequationgor an elasticbody usinga Lagrangian
descriptioraregivenby

0-(FS +B=0 in Q 1)
u=G_G on Iy (2)
P-N=H on I (3)

whereQ isthemechanicatiomain [ ¢ is theportionof thebound-
ary on which Dirichlet boundaryconditionsarespecifiedandly,
is the portion of the boundaryon which Neumanrboundarycon-
ditions are specified,. The boundaryof the mechanicadomain
isgivenby ' =gUTlh. F is thedeformationgradient,S is the
secondPiola-Kirchhof stressB is thebodyforcevectorperunit
undeformedvolume, u is the displacement( is the prescribed
displacementR is thefirst Piola-Kirchhof stresgensorgivenby
P =FS, N is theunit outwardnormalvectorin theinitial config-
urationandH is the surfacetractionvectorperunit undeformed
area.For electromechanicainalysisH = P.JF~TN, wherePs is
thesurfaceelectrostatipressureandJ is thedeterminantf F.
We useameshles§inite Cloud Methodto solvethemechan-
ical equationgyivenin Eq. (1-3). TheFinite Cloud Methoduses
a fixed kerneltechniqueto constructthe interpolationfunctions
anda point collocationtechniqueo discretizethe governingpar
tial differential equations. In a 2-D fixed kernel approach,an
approximatioru®(x,y) to anunknavn u(x,y) is givenby

P(6Y) = [ CO0Yte— S Yo DN~ S Y= Du(s Odsd (4)

wheregis thekernelfunctioncenteredat (X, k) whichis usually
takenasa cubicsplineor a Gaussiarfunction. C(x,y, X — S, Yk —
t) is thecorrectionfunctiongivenby

CX%Y, X — S Yk —t) = PT (X¢— S, Yk —t)C(X,Y) (5)

PT = {p1,p2,..., Pm} is an 1 x m vectorof basisfunctions. In
two dimensions,a quadraticbasisvector PT = {1,xc — S, Yk —
t, (Xk - 8)27 (Xk - S) (yk - t)v (yk _t)2}7 m= 6is employed. C(X7 y)
is anm x 1 vectorof unknown correctionfunction coeficients.
The correctionfunction coeficientsare computedby satisfying
the consisteng conditions(see[5, 6] for details). The discrete
form of theapproximatioru@(x,y) is givenby

NP
w(xy) = l; Ni (%, y) Gy (6)



where(; is the nodal parameteffor nodel, and N, (x,y) is the
fixed kernel meshlessnterpolationfunction (see[5, 6] for de-
tails). In the mechanicahnalysis the displacements andv are
approximatedy usingEg. (6). Consequentlythe deformation
gradient~ andall theothermechanicajuantitiescanberewritten

asfunctionsof the approximatedlisplacements® andv@. After

theinterpolationfunctionsareconstructed-CM usesapointcol-

locationtechniqueo discretizethe governingequations.

4 Lagrangian Electrostatics

Whenelectrostatipotentialsareappliedon micro-structures,
electrostati¢orcesaregeneratednthesurfacesof themicrostruc-
tures. The structuresundego deformationbecauseof electro-
staticforcesandthe surfacechagedensityonthestructureredis-
tributes. Typically, the new surfacechage densityis computed
by updatingthe geometryof the microstructureandredoingan
electrostati@analysis.Thebasicideain Lagrangiarelectrostatics
is to computethe new surfacechage densitywithout updating
the geometryof the microstructures.

The 2D governingequationfor electrostaticanalysiscanbe
writtenin aboundaryintegral form as[10]

a(p) = [ C(p.ao(a)dve+C ™

/. otedvg=cr ®

where p is the sourcepoint, q is the field point which moves
alongthe boundaryof the conductorsandG is the Greens func-

tion. In two dimensionsG(p,q) = —In|p—q|/(21€), wheree is

the dielectricconstaniof the mediumand|p — q| is the distance
betweenp andg. Cy is thetotal chageof thesystemandC is an

unknown variablewhich canbe usedto computethe potentialat

infinity.

Equations(7) and (8) are definedin the deformedconfigu-
ration of the conductorsij.e., the surfacechaige densityis com-
putedby solvingtheboundanyjintegralequation®nthedeformed
geometryof the conductorsWe referto this approachasthe de-
formedconfigurationapproachTheneedto updatehegeometry
of thestructuresn the deformedconfiguratiorapproactpresents
several difficulties asstatedin Section2. In this paper we em-
ploy a Lagrangianapproach9] to computethe surfacechage
densityin the undeformedconfigurationof the conductors.The
Lagrangiarform of the boundaryintegral equationgivenin Eq.
(7-8)is givenby

9(P) = | _G(p(P),a(Q)o(a(Q)IQro+C (9)

/., o(@(@)3Quro=cr (10

whereP andQ arethe sourceandfield pointsin theinitial con-
figurationcorrespondingo the sourceandfield pointsp andq in
the deformedconfiguration,J(Q) = (T(Q)-C(Q)T(Q))%, T(Q)

is thetangentialnit vectoratfield pointQ andC(Q) istheGreen
deformationtensor

5 BCM For Electrostatic Analysis

A boundarycloudmethods employedto solvetheLagrangian
descriptionof the electrostatiaqyoverningequationgEq.(9-10)).
In a boundarycloud method,the surfaceof the domainis dis-
cretizedinto scatteredooints. The pointscanbe sprinkledran-
domly coveringthe boundaryof the domain. Interpolationfunc-
tions are constructedoy centeringa weighting function at each
pointor node. For the electro-mechanicgiroblem,the potential
@ is prescribedon the structures. The unknaowvn surfacechage
densityo in thevicinity of the pointt is approximatedy either
a Hermite-typeinterpolation[7] or a varying basisleast-squares
approximatior{8]. In thispaperwe employ avaryingbasideast-
squaregpproacho approximatehe unknavn quantity i.e.

a(x,Y) = py (xY)bt (11)
wherepy is the varying baseinterpolatingpolynomialandb; is
the unknown coeficientvectorfor pointt. For apointt, theun-
known coeficientvectorby is computedoy usinga least-squares
approachsee[8] for details). The discreteform of the varying
basisapproximatiorfor the unknownsis givenby

NP
o(xy) = ;Nl (%,Y)Gi (12)

The boundaryof the structureis discretizednto NC cellsfor in-
tegrationpurpose.Eachcell containsa certainnumberof nodes
andthenumberof nodescanvaryfrom cell to cell. Differentfrom
anelementor a panelin boundary-elemennethodsthecell can
be of arny shapeor sizeandthe only restrictionis thatthe union
of all thecellsequaltheboundaryof thedomain.Substitutinghe
varyingbasisapproximatiorfor the unknavn chaigedensity the
boundaryintegral equationfor the electrostatigroblemgivenin
Eq. (9-10) canberewrittenin a matrix form as

MG=¢@ (13)
whereM is an(NC+ 1) x (NC+ 1) coeficientmatrix andg and
6 are(NC + 1) x 1 right handsideandunknavn vector, respec-
tively. By substitutingthe potentialon the conductorsand the
totalchageinto Eq. (13), thesurfacechaigedensitycanbe com-
putedfrom Eg. (12) andEq. (13).

6 Numerical Results

An electrostaticombdrive discussedh [11] is consideredn
this section. The device is simulatedwith scatteredgoint distri-
butionsby usingthe methodsdescribedn the previous sections.
As showvn in Figure 1, a centermasswith 12 teethis supported
by fixed-fixedbeams.A voltageis appliedbetweerthe movable
combandthe fixedteeth. The supportbeamsare 1000umlong,
2.5 umwide and4.5 pmthick. The centermassis 98 umby 98
pum Eachcombtoothis 49 pmlong, 2.8 pm wide and 4.5 um
thick. The gap betweenthe movable teethand the fixed teeth
is 5.6 um andthe initial overlapat zerovolts is 16.8um The
Young's modulusof the combstructureis 169 GPa andthe Pois-
sonsratiois 0.3. Thescatteregbointdistribution for thedeviceis
shavn in Figure2. Figure3 presentshe computeddisplacement



asafunctionof theappliedvoltage.Both linear[12] andnonlin-

earelastostati¢theoriesareemployedin this example.As shavn

in Figure3, thecombstructurestartsto operatdn amechanically
nonlinearregimefor anappliedvoltageof 100V or higher The

stiffnessof the supportingbeamsincreasesjuickly as the dis-

placemenbf the centermassincreasesThus,for MEMS actua-
torswherea large stroke is desired the fixed-fixed type support
is not advantageouslueto the high stiffnessof the support. For

this reason,folded supportingbeamsare widely usedin comb
drive applications. The fixed-fixed support,however, provides
a higher stability and a higherresistanceo the externalforces.
Therefore for applicationssuchasforce sensorghe fixed-fixed

supportcouldstill beanappropriatechoice.

7 Conclusions

We have presented new combinedinite cloud/boundargloud
methodfor efficient analysisof microelectromechanicalevices.
The FCM/BCM approactrequiresonly a scatteredsetof points
and no connectvity informationor a meshis necessary Even
though the electrostaticanalysisis coupledto the mechanical
analysighroughthe samesetof boundarynodesthe point distri-
bution for electrostaticanalysiscanbe refinedwithout affecting
the interior mechanicalnalysis. The Lagrangianelectrostatics
formulationcombinedwith thewell-known Lagrangiarmechan-
ical formulationallows coupledelectromechanicanalysiswith
only the initial configuration,thereby eliminating the needfor
geometryupdatesand recalculationof interpolationfunctions.
Comparedo the cornventionalFEM/BEM approachthe hybrid
FCM/BCM alongwith Lagrangiarelectrostaticand mechanical
analysisradically simplifies self-consistentinalysisof electro-
staticMEMS.
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