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Abstract
This paper derives a methodology for developing accurate con-

vex delay models to be used for transistor sizing. A new rich class
of convex functions to model gate delay is presented and the cir-
cuit delay under such a model is shown to be equivalent to a convex
function. The richness of these functions is exploited to accurately
model gate delay for modern designs. The delay model is incorpo-
rated into a transistor sizing algorithm based on TILOS. The models
were characterized by using a set of grid points and then validated
using a disjoint data set. The models were found to be within about
10% of SPICE for nearly all of the gate types considered. Also pre-
sented are the experimental results of sizing various test circuits.

1 Introduction
Transistor sizing, an important problem in designing high per-

formance circuits, has traditionally been formally defined as [1]:

minimize Areaor Power

subject to Delay
�

Tspec� (1)

There have been many significant attempts to solve this problem, for
example, [1, 2]. Most published approaches use the Elmore delay
model [3] for timing calculations, and a breakthrough observation
in [1] was that the circuit delay under this model is a posynomial
function (to be defined later) of the transistor sizes. The advantage
of this functional form is that under a simple variable transforma-
tion, the problem can be transformed into a convex optimization
problem for which it is guaranteed that any local minimum is also a
global minimum.

It is generally accepted that the use of the Elmore delay model
at the transistor level is very inaccurate for modern designs. This
inaccuracy can be attributed to its failure to accurately consider im-
portant factors such as input transition times, position of the switch-
ing transistor, sizes of fighting complementary transistors, temporal
relation between inputs and transistor nonlinearities. As a result,
exact optimization under this model may lead to a wrong solution
to the sizing problem since the timing model has a bad correlation
with reality. More precisely, the solution may be suboptimal in that
it meets the timing specification without minimizing the cost func-
tion, or entirely inaccurate, in the sense that it may not meet the
timing constraints at all.

Several approaches for accurate timing modeling have been pro-
posed in the past. For example, one could model gate delays by
developing closed form expressions [4]. Much work has been done�
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in the development of closed form models for inverters and then
mapping other gates to an equivalent inverter [5, 6]. An alternative
approach uses, a look-up table constructed using experimentally de-
rived delay data for various configurations, with intermediate data
points being derived by interpolation methods, as in the delay model
in [7]. However, this approach requires storage of large number
of data points to guarantee accuracy and hence is very expensive
in terms of memory requirements. Neither the closed-form model-
ing approach nor the table-look-up modeling method is particularly
well suited for optimization since the modeling functions typically
do not possess any convexity properties and cannot be used in the
context of a formal optimization algorithm that is guaranteed to find
the global minimum in a reasonable time. Moreover, it is not neces-
sarily true that these models will have continuous derivatives, or, in
the case of look-up tables, any derivative at all. Therefore, there is a
need for new models that permit accurate delay computations, while
maintaining convexity properties suited for optimization. This work
derives a methodology for developing such models.

The theoretical underpinning of this approach is a result that de-
fines a new class of functions that are shown to work well for mod-
eling circuit delays. These functions are provably convex under a
variable transformation that is explained in next section. The set
of functions from which these functions are chosen includes the set
of posynomials as a proper subset, and therefore, we refer to these
functions asgeneralized posynomials. This work uses a curve-fitting
approach to find a least-squares fit from the delay function, com-
puted by SPICE over a grid, to a generalized posynomial in order to
provide guarantees on accuracy of the delay model.

2 Background
2.1 Convex optimization

A convex programming problem, also referred to as a convex
optimization problem, involves the minimization of a convex func-
tion over a convex set. A problem of the type

minimize f � x � (2)

such that gi � x � � 0 � 1 �
i
�

m

x � Rn

is a convex programming problem iff � x � andgi � x ��� 1 �
i
�

m, are
convex functions. In the context of transistor sizing, this requires
the derivation of convex closed-form expressions for the path delay;
as a result, this will satisfy the requirement of relation (2) that each
timing constraint is of the formgi � x � � 0. All of these statements
constitute well-known facts [1,2].

2.2 Posynomial delay modeling
The delay characteristics of the output waveform at a gate may

be represented by two numbers:
(1) thedelay, i.e., the difference in the time when the output wave-
form crosses 50% of its final value, and the corresponding time for
the input waveform.
(2) theoutput transition time, i.e., the time required for the wave-
form to go from 10% to 90% of its final value.
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In much of the previous work on transistorsizing, the circuit
delay	 hasbeenexpressedin theform of a classof functionsknown
asposynomials.A posynomialis a function p of apositive variable
x � Rn thathastheform

p � x ��
 ∑
j

γ j

n

∏
i � 1

x
αi j

i (3)

wherethe exponentsαi j � R andthe coefficientsγ j � R 
 . In the
positiveorthantin thex space,posynomialfunctionshavetheuseful
propertythatthey canbemappedontoaconvex functionthroughan
elementaryvariabletransformation,� xi ��
�� ezi � .

The Elmoredelaymodelused,for example,in TILOS [1] and
iCONTRAST [2], usedthe following form of expressionsfor the
pathdelay.

D � x ��
 n

∑
i � j � 1

ai j
xi

x j

� n

∑
i � 1

bi

xi

�
K (4)

whereai j � bi � K � R 
 areconstantsand,x 
�� x1 ��������� xn � is thevector
of transistorsizes. Notice that the Elmoredelayexpressionsarea
subsetof thesetof posynomials;specificallythey areposynomials
whoseexponentsbelongto theset � -1,0,1� .
3 Modeling usinggeneralizedposynomials
3.1 Generalizedposynomials

Posynomialsandconvex functionsarea rich classof functions
andthebasicmotivationfor this work is thatbetterdelayestimates
canbeobtainedby fully exploiting this richness.

A generalizedposynomialfunctionGk � x ��� x � Rn, wherek � 0
is calledtheorderof thefunction,is definedrecursively asfollows:

1. A generalizedposynomialof order0, G0, is the posynomial
form definedearlier:

G0 � x ��
 ∑
j

γ j

n

∏
i � 1

x
αi j

i � (5)

wheretheexponentsαi j � R andthecoefficientsγ j � R 
 .

2. A generalizedposynomialof orderk � 1 is definedas

Gk � x ��
 ∑
j

γ j

n

∏
i � 1

�
Gk � 1 � i � x ��� αi j � (6)

wherethe exponentsαi j � R 
 andthe coefficientsγ j � R 
 ,
andGk � 1 � i � x � is ageneralizedposynomialof orderk � 1.

Specifically, thegeneralizedposynomialof first order, is given
by

f � x ��
 ∑
i

γi

m

∏
j � 1

 
pi

∑
l � 1

ωi j l

n

∏
s� 1

x
ai j l s
s ! βi j

(7)

whereeachβi j � R 
 , eachai j ls � R, eachγi � R 
 , andeachωi j l �
R 
 . StrippingEquation(7) of its complicatednotation,onemay
observe that the term in the innermostbracket representsa posyn-
omial function. Therefore,a generalizedposynomialof first order
is similar to a posynomial,exceptthat theplaceof thexi variables
in Equation(3) is taken by a posynomial.Similarly, a generalized
posynomialof orderk usesageneralizedposynomialof orderk � 1
in placeof thexi variablesin Equation(3).

Thefollowing theoremparallelstherelationshipbetweenposyn-
omialsandconvex functions.

Theorem 1: If therangeof interestof x is restrictedto thepositive
orthantwhereeachxi " 0, thenunderthe variabletransformation
from the spacex � Rn to the spacez � Rn given by xi 
 ezi , the
generalizedposynomialfunction f of equation(6) is mappedto a
convex functionin thez domain.
Proof: It is well known that a generalizedposynomialof order
0, G0 � x � , is transformedto a convex function, G0 � z� in the z do-
main [8]. Sincethe functionalform of the functionsGk � x ��� k " 0,
is differentfrom that of G0 � x � dueto the additionalnonnegativity
constrainton theαi j variables,they aretreatedseparately.

Theproof of Theorem1 proceedsby consideringGk � z� for k �
1; to prove its convexity, it is enoughto prove theconvexity of

L 
 P
m

∏
i � 1

� Gk � 1 � i � βi � βi � 0 � (8)

sinceasumof convex functionsisconvex. ThegradientandHessian
of this functionare,respectively, givenby# L 
 P

m

∑
i � 1 $  

m

∏
j � 1 � i %� j

� Gk � 1 � j � β j ! βi � Gk � 1 � i � βi � 1 # Gk � 1 � i &
 L
m

∑
i � 1

βi
# Gk � 1 � i
Gk � 1 � i (9)# 2L 
 L $  

m

∑
i � 1

βi
# Gk � 1 � i
Gk � 1 � i !  

m

∑
i � 1

βi
# GT

k � 1 � i
Gk � 1 � i ! �

(10)

m

∑
i � 1

βi

G2
k � 1 � i ' Gk � 1 � i # 2 Gk � 1 � i � # Gk � 1 � i # GT

k � 1 � i ( &
We will prove thatL is a convex functionby showing that thema-
trix # 2L is positive semidefinite.Sincethefirst termis easilyseen
to be positive semidefinite,the function L is convex if � Gk � 1 � i # 2

Gk � 1 � i � # Gk � 1 � i # GT
k � 1 � i � is positive semidefinite.We will now

show thisbyproving thefollowing result,by inductionandtheproof
of Theorem1 follows as an immediateconsequence.The matrix)
Gk

# 2 Gk � # Gk
# GT

k * is positivesemidefinitefor all k � 0.
BasiscaseConsiderazerothordergeneralizedposynomialgivenby

G0 
 p

∑
i � 1

ωi

n

∏
j � 1

eai jzj 
 p

∑
i � 1

hi �
wherehi 
 ωi ∏n

j � 1eai jzj . It is easyto seethat thevalueof eachhi

is positive for all z; thisobservationis usedlaterin theproof.
Now considerthe matrix H 
 )

G0
# 2 G0 � # G0

# GT
0 * . The� q � l � th termof thismatrix is givenby

Hql 
  
p

∑
i � 1

hi !  
p

∑
i � 1

hiaiqail ! �  
p

∑
i � 1

hiaiq !  
p

∑
i � 1

hiail !
 p

∑
i � 1

p

∑
j � 1 � j %� i

�
hih j

)
aiq � a jq * � al �
 p

∑
i � 1

p

∑
j � i 
 1

�
hih j

)
aiq � a jq * � ) ail � a j l * �

Therefore,wecanwrite

H 
 p

∑
i � 1

p

∑
j � i 
 1

hih j
),+
ai � +

a j * � )�+ai � +
a j * T

where
+
ai 
�� ai1 � ai2 �-����� ain � T . Therefore,H is positivedefinitesince

eachhi " 0.



Induction hypothesis: For a generalizedposynomialGk � 1 � z� of
order. k � 1, wherek � 1,

Gk � 1 � z� # 2 Gk � 1 � z�/� # Gk � 1 � z� # Gk � 1 � z� T
is positivesemidefinite.

For theinductive step,wewrite

Gk 
 r

∑
i � 1

Lk � i 
 k

∑
i � 1

Pi

mi

∏
j � 1

� Gk � 1 � i � j � βi 0 j � (11)

so that eachLk � l is of the form of the function L definedin Equa-
tion (8). We mayusetheexpressionsfor thegradientandHessian
of L in Equations(9) and(10) to write

Gk
# 2 Gk � # Gk

# GT
k
  

r

∑
l � 1

Lk � l !  
r

∑
l � 1

# 2Lk � l ! �  
r

∑
l � 1

# Lk � l !  
r

∑
l � 1

# Lk � l ! T


 r

∑
l � 1

r

∑
q� 1 ' Lk � l # 2 Lk � q � # Lk � l # LT

k � q (
If weset +

u j 
 m

∑
j � 1

β j
# Gk � 1 � i � j
Gk � 1 � i � j � (12)

thismayberewrittenas

r

∑
l � 1

r

∑
q� 1

Lk � l � Lk � q 1 +uq
+
uT

q
� m

∑
i � 1

βi

G2
k � 1 � q � i � Gk � 1 � q � i # 2 Gk � 1 � q � i �# Gk � 1 � q � i # GT

k � 1 � q � i �324�5� Lk � lLk � q +ul
+
uT

q
 r

∑
l � 1

r

∑
q� 1

Lk � l Lk � q m

∑
i � 1

βi

G2
k � 1 � q � i � Gk � 1 � q � i # 2 Gk � 1 � q � i �# Gk � 1 � q � i # GT

k � 1 � q � i � � r

∑
l � 1

r

∑
q� l 
 1

Lk � lLk � q m

∑
i � 1

� +uq � +
ul �6� +uq � +

ul � T �
which is positivesemidefiniteby theinductionhypothesis.QED.

3.2 Delayestimation7�8 9/8;:
Outline of the delaymodelingapproach

Ourcharacterizationapproachusessizesof transistorsbelongingto
thegatealongwith thetraditionalcell characterizationparameters,
namelyinput transitiontimeandloadcapacitance.Wereferto these
inputparametersascharacterizationvariables.

We begin with an explanationof the timing model for an in-
verter, suchastheoneshown in Figure1; thismodelis generalized
to complex gatesin subsequentsections.The aim is to be ableto
estimatedelayasafunctionof thepmosandnmostransistorwidths,
wp andwn, the input transitiontime τ, andthe output load capac-
itance,CL. Therefore,for an inverter, wp, wn, τ, andCL form the
setof characterizationvariables.Thesevariablesreflect the setof
variablesthat aregenerallyconsideredto be importantin defining
thedelayof agatein mostmodels.

Weattemptedtheuseof severaltypesof functionsto achievethe
desiredlevelsof accuracy. Thegeneralform of expressionthatpro-
videdconsistentlygoodresultsfor differentgatetypesis asfollows

Delay 
 m

∑
j � 1

Pj � n

∏
i � 1

� x∆
i
�

ci j � βi j � C (13)

Vdd

CL

Wp

Wn

τ

Figure1: Invertercircuit
Here,thexi ’s arecharacterizationvariables,andthe ci j ’s, βi j ’s,C,
andPj ’s arerealconstants,referredto collectively ascharacteriza-
tion constants. Theparameter∆ is setto either-1 or 1, depending
on thevariable,aswill soonbeexplained.Theproblemof charac-
terizationis that of determiningappropriatevaluesfor the charac-
terizationconstants.We will show in Section4 that theuseof this
form of functionimpliesthatthecircuit delaycanbeexpressedasa
generalizedposynomialfunctionof thetransistorwidths.

Dueto thecurve-fittingnatureof thecharacterizationprocedure
it is notpossibleto ascribedirectphysicalmeaningsto eachof these
terms. However, it canbe seenthat the fall delayincreasesasCL,
wp andτ areincreased,anddecreasesaswn is increased,implying
thatanappropriatechoicefor theparameter∆ for thefirst threevari-
ablesis 1, andthatfor wn is -1. Notethatthis is not asrestrictiveas
theElmoreform since,amongotherthings,theβi j ’s andci j ’s pro-
vide anadditionaldegreeof freedomthatwasnot availablefor the
Elmoredelayform. A similar argumentmay be madefor the rise
delaycase.7�8 958 9

Cir cuit simulationsand curve-fitting
A two-stepmethodologyis adoptedto completethe characteriza-
tion. In thefirst step,anumberof circuit simulationsareperformed
to generatepointsonagrid. In thesecond,aleast-squaresprocedure
is usedto fit thedatato a functionof thetypein Equation(13).

A seriesof simulationsis performedto collecttheexperimental
datausingtheHSPICEcircuit simulator. Thetotal numberof data
points, N, increasesexponentiallywith the numberof characteri-
zationvariables.For the invertercircuit with four characterization
variablesandd datapointsfor eachvariableto cover the rangeof
interest,thetotal numberof datapoints,N would bed4. Therefore,
it is importantto choosethedatapointscarefully;in particular, it is
not necessaryto chooseanevengrid for thetransistorwidthsanda
smallergranularityof pointscanbechosenfor largerwn’s in caseof
thefall transition.

Thedeterminationof thecharacterizationconstantswasperform
ed by solving the following nonlinearprogramthat minimizesthe
sumof thesquaresof thepercentageerrorsoverall datapoints.

minimize
N

∑
i � 0 < Destim � i �/� Dactual � i �

Dactual � i � = 2

(14)

whereN is the numberof datapoints,Destim � i � andDactual � i � , re-
spectively, representthevaluesgivenby Equation(13),andthecor-
respondingmeasuredvalueat theith datapoint. Thisnonlinearpro-
grammingproblemis solvedusingtheMINOS optimizationpack-
age[9] to determinethevaluesof characterizationconstants.

3.3 Characterization of a setof primiti ves
For a library-baseddesign,afull characterizationof all cellsis a

viablealternativeandits complexity is comparableto characterizing
thelibrary usingany othermeans.For generalfull customdesigns,
thenumberof SPICEdatapointsto begeneratedfor thecurvefit in-
creasesexponentiallywith thenumberof characterizationvariables.
It is computationallyexpensive to performsucha large numberof
simulationsandhenceanalternativestrategy is suggested.

An alternative strategy is to precharacterizea setof logic struc-
turessuchthat any gatecanbe mappedto oneof the elementsof



this set with someacceptablelossof accuracy. It is importantto
notethat even underthis procedure,the transistorsizing approach
will sizeeachtransistorindividually, andthis methodis only used
for delayestimation.

Onestraightforward techniquethat may be usedis to mapall
of the gatesto an “equivalent inverter” [5, 6], andusethe inverter
characterizationto estimatedelays;thesizesof thepull-down nmos
transistorandthepull-up pmostransistorof this inverterreflectthe
real pull-down or pull-up path in the gate. The widths of these
new transistorsarereferredto astheequivalentwidths. Theequiv-
alentwidth calculationis basedon modelingthe“on” transistorsas
conductances,andtheequivalentwidth correspondsto theeffective
conductanceof the original structure.Accordingly, if two transis-
tors of widths w1 andw2 areconnectedin parallel,the equivalent
width is definedasw1

�
w2 andif the transistorsareconnectedin

series,theequivalentwidth is definedas
�
w � 1

1
�

w � 1
2 � � 1

.
However, suchareductionhasshortcomings.Considerthenand

gatein Figure2(a),whoseequivalentinverterapproximationis illus-
tratedin Figure2(b). Thenodecapacitancesat nodesotherthanthe
outputarenot accountedfor in this approximation.Also, thesame
mappingwill beusedirrespectiveof whetherinputA or B is switch-
ing,whereasin reality, thesetwo casescorrespondto differentdelay
values.This issueis addressedin thesection3.3.1.

Vdd

W1+W2

Weq=W3*W4/(W3+W4)

CLWeq

Vdd

Α

Α

Β

W2W1
B

W3

W4

CL

Figure2: Mappingof anandgate
We attemptto reducethe errorscausedbecauseof theseap-

proximationsin our mappingprocedureby defininga setof basic
primitivesandmappingarbitrarycomplex gatesto theseprimitives.
Wehavedevelopedprimitivesfor threedistincttypesof logic struc-
turesnamelysimplegates,complex gatesandsequentialelements
for bothfall andrisetransition.7�8 7>8;:

Simplegates
For simplegates,wehave developedoneinput, two inputandthree
input primitives.Singleinput primitive is basicallyaninverter. We
refer to an inverterasa primitive becauseof the fact thatmapping
procedurealongwith invertersalsomapsNOR gatesfor fall transi-
tion andNAND gatesfor rise transitionon an inverter. Sincethis
primitive is identicalto the inverterdescribedin Section3.2.1,it is
notdiscussedany further.

Hereweemphasizethatann-inputprimitivedoesnotmeanthat
it is a primitive only for the n-input gates.Any gatehaving equal
to or morethann inputswould be mappedto an n-input primitive
dependinguponthepositionof theswitchingtransistor.

Thesetof two inputprimitivesfor fall transitionat theoutputis
shown in Figure3 (thepresenceof a loadcapacitanceat theoutput
is implicit andis not shown). Timing analysisprocedurein our tool
assumesonly singleinput transitions,andhencetherecanonly be
onepairof pmosandnmostransistorsswitchingata time.

Considerthetwo-inputnandgateshown in Figure3(a). For the
fall delay, if the input transitionoccursat input A, thenthe gateis
mappedto Figure3(b). Note that sincethe output is beingpulled
down in the caseof a fall delay calculation,the pull-down is re-
tainedwhile the pull-up is replacedby a singletransistor, andthe
characterizationequationsof Figure3(b) are usedto estimatethe
delay. In asimilar fashion,whentheinput transitionoccursat input

B

Vdd

B

CL

PrimFallA PrimFallB

out
in 1

outin

1

(b) (c)(a)

 C

out

A

Figure3: 2-inputprimitivesfor fall transition

B of Figure3(a),thegateis mappedto Figure3(c). A similarproce-
dureis appliedfor risedelays,i.e., thepull-uppartis retainedwhile
the pull-down part is replacedby an equivalentnmostransistor. If
weassumesingleinput transitions,only oneof thepmostransistors
will beonduringtheriseoutputtransition.Thepmostransistorthat
is off contributesonly asa loadingcapacitance,andhencefor rise
delaycalculation,thenandgateis mappedto aninverter. Similarly,
2-inputprimitives,containingtwo pmostransistorsin serieswith an
nmostransistor, namelyPrimRiseAandPrimRiseB,aredeveloped
thatcanaccuratelymodelNORgatesandNORgate-likestructures.

For simplegateswith morethantwo inputsandcomplex gates,
anexpandedsetof primitivesisnecessary. Thesetof primitivesused
to approximatesuchgatesis shown in Figure4. It shouldbenoted
thatthesearenot theonly primitivesonwhichgateswith morethan
threeinputswill be mapped.For example,considera threeinput
NAND gateandthe casewherethe latestarriving input is the one
connectedto thetopmosttransistorin thenmoschain. In this case,
theNAND gatewill bemappedto thetwo inputprimitivePrimFallA
shown in Figure3(a); the two nmostransistorsat the bottomare
collapsedinto onetransistorof equivalentwidth.

PrimCoFallPrimCoRise

out

0

0

in 1

1

in

out

Vdd Vdd

(a) (b)

Figure4: Primitivesfor mappingof simpleandcomplex gates7�8 7/8 9
Complexgates

In caseof simplegateswith only onetransistorchain,the internal
nodecapacitancesareinherentlytakeninto accountduringthemod-
elingphase.Forexample,in thecaseof AOI gatesthereismorethan
oneparallelchainsof transistors.Henceif AOI gatesaremapped
(exceptwhenall thetransistorsconnectedto theoutputandbelong-
ing to thenonconductingchainsareoff) on to theprimitivesdevel-
opedfor simplegates,thentheinternalnodecapacitanceswouldnot
becorrectlyaccountedfor, resultingin inaccuratedelayvalues.We
solve thisproblemby developinganothersetof primitives.For AOI
gateswe make useof theobservationthattheworstcasedelaycor-
respondsto oneconductingchainof transistorsbetweentheoutput
andsupply, while all otherchainsarenonconducting.This shows
thatprimitivesfor AOI gatecanbedevelopedby additionof a non-
conductingtransistorchainin parallelto the transistorchainin the



simplegateprimitive. A few exampleprimitivesfor AOI gatesare
shown? in theFigure5. Similarly, a limited setof primitivescanbe
developedfor generalcomplex gates.

AOI22FALL

VddVdd

AOI12FALL

1

0

1

01

Figure5: Examplesof AOI Primitives7�8 7>8 7
Sequentialelements

A staticsequentialelementnormallyconsistsof asetof passtransis-
torsandafew inverters.An examplesequentialelementis shown in
Figure 6. Sinceaninverterthatdrivesa transmissiongateformsa
singlechannelconnectedcomponent,asshown in Figure 6, wede-
velopaseparatemodelfor thiscomponent,andin conjunctionwith
theinvertermodelexplainedearlier, wearenow ableto modelevery
channelconnectedcomponentin thissequentialelement.An advan-
tageof theability to developaccuratemodelsfor thesequentialele-
mentsis thesimplicity in constraintformulationin theacross-latch
optimization.

Primitive Sequential Element

Figure6: SequentialElementandPrimitive

4 Proof of convexity of the delaymodel
Theensuingdiscussionshowsthatthedelaysof individualpaths

satisfythepropertyof convexity, andusesthis factto prove thecon-
vexity of theoptimizationproblem.It is to beemphasizedthat this
discussionis purely for expositorypurposes;theoptimizerusedin
this work for sizingdoesnot requirethe enumerationof all paths,
and performsthe optimizationefficiently by checking,througha
timing analysis,whethertheconstraintsaresatisfiedor not. For de-
tails, thereaderis referredto [1].

Let the critical path of the circuit be representedby a set of
stages,whereeachstagerepresentsa gate. Let us first considera
scenariowith fully characterizedgateswherenoprimitivesareused,
but the delay is characterizedin termsof the sizeof eachtransis-
tor. Then,substitutingthecharacterizationvariablesexplicitly into
Equation(13), we seethat the fall delayof thegatecorresponding
to stagel hasthefollowing form:

Delayl 
 ∑
i

Pi ��� w � 1
n1

�
cn1 � βn1 �����@� w � 1

nmn

�
cnmn � βnmn� wp1

�
cp1 � βp1 ���,�@� wpmp

�
cpmp � βpmp � τi � 1

�
cτ � βτ Π j � Cj

�
cCj

� βCj

andtheoutputfall transitiontimeof thegatein stagel hastheform1

τl 
 Q ��� w � 1
n1

�
kn1 � γn1 �����@� w � 1

nmn

�
knmn � γnmn � wp1

�
kp1 � γp1 ������ wpmp

�
kpmp � γpmp � τi � 1

�
kτ � γτ Π j � Cj

�
kCj

� γCj

1Therisedelayandrisetransitiontime expressionsaresimilar, with therolesof wn

andwp interchanged.

wherePi " 0,Q " 0,cni,cpi,kni,kpi,βni,βpi, γni,γpi A i � kCj
,cCj A j ,kτ,cτ,

βCj
,γCj

,βτ,γτ arerealconstants.Thewni andwpi values,asusual,re-
fer to thenmosandpmostransistorsizes,τ refersto the transition
time,andtheCj ’s correspondto thecapacitancesat thegateoutput
andat internalnodes. We will show that the delayandtransition
time functionshave theform of generalizedposynomials.

Thecapacitanceateachinternalor gateoutputnodei,Ci is mod-
eledby

Ci 
 ∑
j

kB jw j
�

kB B (15)

wherethekC j andkB B valuesarerealconstants,andw j ’s representthe
equivalenttransistorwidthsin thecircuit.

FromtheEquation(15)wecanseethatoutputtransitiontime is
representedby a generalizedposynomial.Additionally, theloading
capacitancegiven by equation(15) hasthe form of a generalized
posynomial. Using Theorem1, it can be seenthat when the in-
put transitiontime andloadingcapacitanceexpressionsaresubsti-
tutedin Equation(15),theresultingexpressionis alsoageneralized
posynomial.Theobjective functionis chosenasa weightedsumof
thetransistorsizes,which is clearlyageneralizedposynomialform.
Using identicalargumentsto [1, 2], sincethe maximumof convex
functionsis convex, theproblemof areaminimizationunderdelay
constraintsfor “template”gatescanbe shown to be a convex pro-
grammingproblem.For gatesthatdonotadhereto thetemplate,the
mappingtechniquesdescribedin Section3.3maybeusedto model
thedelayfunction.We will now show thatin sucha case,thedelay
function continuesto remainin the generalizedposynomialform.
Let wC1 ���,����� wCm representtransistorwidthsin theprimitivesthegates
are mappedto. In the processof mappingthe gates,the transis-
tor widths in theprimitivescanbeexpressedin termsof theactual
transistorwidths in thecircuit. Let w1 �����,��� wn representthe actual
transistorwidthsin thecircuit. ThenwC ’s canbeexpressedas

wB � 1
i 
 ∑

q DFE 1 G G G n H w� 1
q � 1 �

i
�

m (16)

All occurrencesof valueof wB � 1
i , which is a basicvariablein the

characterizationequation(seethe lastparagraphof Section3.2.1),
canbesubstitutedasabove in Equation(15),maintainingthegener-
alizedposynomialpropertyof thedelayequation.

5 Experimental Results
Table1 shows thevalidationresultsof differentprimitives,pro-

posedin Section3.3,with respectto SPICE.Thepurposeof listing
thesevalidationresultson theprimitivesis to emphasizethat tran-
sistornonlinearitiescanbeeffectively modeledby convex functions
andto testthevalidity of ourbasicideaof modelingdelayasconvex
functions.Referringto Equation(13),a valueof j 
 1 waschosen,
andit wasobserved that the useof highervaluesfor j did not of-
fer significantimprovementsin accuracy. Thecharacterizationwas
performedin a 0 � 25µm technologyby varying transistorwidths to
up to 80µm, τ from 20 to 300 ps (10% to 90%) andCL up to 800
fF. We emphasizethataccuratefits arerequiredonly in the region
wheresizingconstraintsaresatisfied.For example,if outputtran-
sition time violatesthespecificationthentheoptimizerwill ensure
that its value is reducedto a point in the feasibleregion, and the
convexity of the functionswill force the optimizationto move to
this regionaftersomeiterations.

Table2 showsthevalidationresultsof variousgateswith respect
to SPICE.We stressherethat all the possiblemappingsfor a gate
are consideredand the worst caseresultsare shown in the table.
For example,thefall transitionon gateNand3canmapon to either
primitive PrimFallA, PrimFallB or PrimCoFall. It wasfound that
PrimCoFall provided the bestresults,while PrimFallA andPrim-
FallB provided a smallerdegreeof accuracy dueto the fact that a



Primitive Delay
Mean Deviation

InvRise 0.31% 2.84%
InvFall 1.29% 2.82%

PrimFallA -1.28% 4.74%
PrimFallB 1.07% 2.95%
PrimRiseA -0.67% 3.59%
PrimRiseB 0.13% 0.93%
PrimCoFall -0.68% 2.96%
PrimCoRise -0.35% 1.79%
AOI12Fall 0.87% 6.27%

SeqFall 7.46% 4.73%

Table1: PrimitiveValidation

Gate Delay
OutputTransition Mean Deviation

Inv Rise 0.31% 2.83%
Fall 1.29% 2.82%

Nor2 Rise 1.82% 2.56%
Fall 11.10% 5.06%

Nand2 Rise 5.18% 6.17%
Fall -0.46% 3.58%

Nor3 Rise 0.24% 1.76%
Fall 24.2% 7.64%

Nand3 Rise 9.21% 5.98%
Fall 1.26% 2.29%

AOI3 Rise 5.21% 6.38%
Fall 0.86% 6.27%

Table2: GateValidation

threeinputgatewasmappedto a two-inputprimitiveusingthecon-
ceptof anequivalentwidth of two seriestransistors.It is observed
thatall of theerrorsthatareabove2%areobtainedwhenann-input
gateis mappedto ak-inputprimitivewherek I n. If somegatetype
givesunacceptableresultsfor someinput transitionwe canfurther
enhancethe accuracy by characterizingthe modelfor thatspecific
scenarioovera rangeof parametervalues.

To verify whetherwe get reasonableaccuracy with our model
we optimizedtheC17benchmarkfrom ISCAS85benchmarksuite
with anaccurateconvex optimizer, andthenranSPICEon theop-
timized circuit. Table3 shows the validationresults. The unsized
delaycorrespondsto thecircuit with all transistorsizessetto min-
imum. Thecircuit is optimizedfor thetargetdelaysthatvary from
60%to 90%of theunsizeddelay, aslistedin columnone.Columns
two andthreeshow the SPICEdelayof the optimizedcircuit and
worstcaseerrorsin theoutputdelaymeasuredby ourmodelascom-
paredto SPICE.Theareaof thecircuit is shown in thelastcolumn.

Thedelaymodelsdevelopedin thispaperwereincorporatedinto
the TILOS algorithmdescribedin [1] in a C program.The results
of runningthe algorithmon varioustestcircuits areshown in Ta-
ble4. Thecostfunctionis setto betheareaof thecircuit, estimated
asthesumof thetransistorsizes.We first measuredunsizeddelays
usingourmodel.Thecircuitsarethenoptimizedfor targetdelaysof
70%to 95%of theunsizeddelay. Theresultsshow thatour convex
model, in addition to beingvery accurateis alsocomputationally
efficient whenusedin theinnerloopof aTILOS-like iterative tran-
sistorsizingalgorithm.

6 Conclusion
We have presenteda new delaymodelfor CMOS gatesthat is

bettersuitedfor moderntechnologiesthanthe Elmoremodel,but
maintainstheconvexity properties.A new classof functionscalled
generalizedposynomialsis proposedandits membersareshown to
have thesamerelationto convex functionsasposynomials.Experi-
mentalresultsillustratingtheeffectivenessof this modelhave been

OutputCapcitance= 30fF
Delaywithoutany constraint= 934ps

ModelDelay SPICEDelay Error Area
(ps) (ps)
840 835 0.59% 6.67
745 752 -0.94% 7.75
655 670 -2.30% 10.01
560 594 -6.07% 14.05

Table3: Comparisonof ModelDelayfor C17with SPICE

Circuit Unsized Unsized Tspec Sized Execution
Delay(ns) Area(µm) (ns) Area(µm) Time

C432 2.517 403.5 2.391 458.09 69s
2.265 499.39 130s
2.175 595.06 173s
2.136 603.08 179s
2.013 787.57 270s

C880 2.295 721 2.180 722.63 4s
2.066 727.74 11s
1.950 735.34 21s
1.836 752.94 42s
1.721 775.31 65s
1.606 847.84 89s

C499 3.644 1023 3.462 1023.35 3s
3.279 1025.68 9s
3.097 1031.27 18s
2.915 1048.99 51s
2.733 1104.73 166s
2.551 1233.98 384s

Table4: Resultsof sizingvariouscircuits

reported,and the resultsof runningthe sizing algorithmwith the
improvedmodelhavealsobeenincluded.
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