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Abstract

This paper presents new results on lower bounds for the schedul-
ing problem in high-level synthesis. While several techniques ex-
ist for lower bound estimation, comparisons among the techniques
have been experimental with few guarantees on the quality of the
bounds. In this paper, we present new bounds and a theoreti-
cal comparison of these with existing bounds. For the resource-
constrained scheduling problem, we present a new algorithm which
generalizes the bounding techniques of Langevin and Cerny [6] and
Rim and Jain [11]. This algorithm is shown to produce bounds
that are provably tighter than other existing techniques. For the
time constrained scheduling problem, we show how to generate
the tightest possible bounds that can be derived by ignoring the
precedence constraints by solving a linear programming formula-
tion. These bounds are therefore guaranteed to be tighter than the
bounds generated by the techniques of Fernandez-Bussell [2] or
Sharma-Jain [12]. As a result, we show that the linear relaxation
of the ILP formulation of the time constrained scheduling problem
produces tighter bounds than the two techniques mentioned above.

1 Introduction

High-level synthesis (HLS) is the translation of a behavioral level
specification into a register-transfer level description. A behavioral
level description is typically converted to a data flow graph (DFG)
that is used as an intermediate representation in the HLS system. A
central task in HLS is scheduling, which is the mapping of opera-
tions of the data flow graph to appropriate control steps (c-steps),
where a c-step is one cycle of the system clock. Often scheduling
is the first task in an HLS system. The mapping of operations to
c-steps must not violate precedence constraints between operations
in a DFG. In addition to the precedence constraints in the DFG, a
designer may face additional design criteria such as latency (time),
area, clock cycle, etc.

The Resource-Constrained Scheduling (RCS) problem involves
the minimization of the number of c-steps required to execute all
the operations given that the number of instances of each resource
available is fixed. The Time-Constrained Scheduling (TCS) prob-
lem involves minimizing the number of instances of each resource
required when the number of time steps is given. Unfortunately
both these problems are NP-complete; so the best known algo-
rithms for solving these problems have exponential time complex-
ity. Because of the intractable nature of these problems, heuristics
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are often used. While heuristics very often produce solutions which
are near optimal, if not optimal, these methods do not produce any
performance guarantee, and very often, it is desirable to be able to
bound the quality of the solutions produced. An easy way of doing
so is to compute a lower bound on these quantities for all schedules.
So, for example, if the lower bound on the latency of all schedules
in the RCS problem equals the latency of the schedule produced
by a heuristic, then clearly, the schedule returned by the heuristic
has optimal latency. Verifying the optimality of schedules in this
manner depends crucially on the quality (or tightness) of the the
bounds obtained. Such a technique is useful for improving the per-
formance ofexact scheduling techniquessuch as branch-and-bound
and Integer Linear Programming (ILP).

In this paper we present techniques to calculate tight lower
bounds on the latency of schedules for the RCS problem and on
the number of instances of each resource class required for the
TCS problem. There has already been a considerable amount of
work done in the area of bounding techniques for the schedul-
ing problem. Chaudhuri and Walker [1] and Hu et al. [4] have
shown algorithms for computing lower bounds for the Time-
Constrained Scheduling problem. Rim and Jain [11] and Langevin
and Cerny [6] have shown algorithms for computing lower bounds
for the Resource-Constrained Scheduling problem. Several authors
[5, 9, 10, 12] have shown different algorithms that compute lower
bounds for both these problems or for related problems. However,
in most cases, it is difficult to guarantee that any one of these tech-
niques will always produce a tighter bound than the others, and all
comparisons between these algorithms so far have been experimen-
tal in nature. In this paper, in addition to deriving tighter bounds,
we present a theoretical comparison of several techniques.

This paper is organized is follows. In Section 2, we discuss
the problems considered in this paper along with the associated ter-
minology and notation. Section 3 presents tighter lower bounds
for the resource-constrained scheduling problem and shows that the
bounds obtained by our technique are better than the bounds from
other techniques. In Section 4, we show that the the linear relax-
ation of the ILP formulation of time-constrained scheduling yields
tighter bounds than other techniques for this problem. Section 5
concludes with a summary and discussion.

2 Preliminaries

Given the problem of scheduling the tasks(operations)T with de-
pendenciesE between these tasks, we model it as a directed acyclic
graphG = (T;E), whereT represents the vertices ofG andE the
(directed) edges ofG. An operation that begins executing at some
stepc is said to be scheduled to time stepc. Each operationti
takesdelay(ti) time steps to complete executing. A dependence
hti; tji 2 E ) operationtj can begin executing only on or after
time stepk + delay(ti). This is modeled by assigning a weight
dela y(ti) to all such edges. We assume that there areR resources
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classes (adders, multipliers etc.) and that each operation can exe-
cute only on one resource belonging to a particular class1. We will
let the functionResource : T ! f1; 2; : : : ; Rg be a mapping of
operations to the corresponding resource classes.

A schedule ofG is a functionS : T ! Z
+, where each

operationti is scheduled to begin execution at time stepS(ti).
Note that in order for the schedule to be valid, we require that
the schedule satisfy all the dependence constraints, and that no
resource and time constraints (if any) are violated. The latency
of a schedules is defined to be the maximum completion time
of all operations under that schedule; therefore,Latency(S) =
max
ti2T

fS (ti) + delay (ti)g.

We use Tpred(ti) (resp. Tsucc(ti)) to denote the set of di-
rect and indirect predecessors (resp. successors) of taskti.
Gpred(ti) (resp.Gsucc(ti)) is the subgraph induced byTpred(ti)
(resp.Tsucc(ti)). Clearly, all elements inTpred(ti) must have com-
pleted execution beforeti can be scheduled, and no operation in
Tsucc(ti) can begin execution beforeti completes executing.

Longest weighted directed paths inG are calledcritical paths
of G. The length of a critical path ofG is denoted byCP(G). A
lower bound on the execution time ofG is clearlyCP(G) + 1. For
any operation (vertex)ti 2 G, we define

ASAP(ti) = CP
�
Gpred(ti)

�
+ 1

and
ALAP(ti; UB) = UB � CP

�
Gsucc(ti)

�
We require that the value ofUB be at least the latency of the opti-
mal schedule. For the RCS problem, the value ofUB is not speci-
fied, and so the value used could the latency of any schedule (pos-
sibly produced by a heuristic).ASAP(ti) (As Soon As Possible)
represents a lower bound on the time step that operationti can be
scheduled at in any valid schedule. Similarly,ASAP(ti; UB) (As
Late As Possible) represents an upper bound on the time step at
which operationti can be scheduled in any (valid) schedule that
completes execution of all operations by stepUB. The values
of ASAP(ti) andALAP(ti; UB) represent exact bounds only in
the absence of (resource) constraints. Discarding constraints corre-
sponds to increasing the size of the solution space, and minimizing
over a larger solution space, gives a lower bound on the optimal
solution in the original solution space. The scheduling problem as
presented is NP-Complete. In order to find good bounds for this
problem, we present related problems, which we can solve effi-
ciently, obtained by replacing some of the constraints with other
ones. In the next two sections, we present results that show that
the solutions to these problems will be no greater than the optimal
solution to the scheduling problems, and therefore valid bounds.

3 Bounds for the RCS Problem

In this section, we will obtain bounds on the time taken to schedule
all the tasks inT , given constraints on the number of resources of
each type available. Our strategy for obtaining bounds will be to
discard all the precedence constraints, and then calculate the opti-
mal value of the latency of the schedule; this will be a lower bound
on the optimal latency of schedules that preserve the precedence
constraints.

Before we describe how to compute this bound, we will de-
scribe a technique to compute the optimal solution to simpler prob-

1The problem of determining the resource class on which each operation is sched-
uled is called themodule selection problem. We assume that module selection has
already been completed.

ProcedureSimpleBound(T , Release, D,M1)
NumberResAvail[step]  M1 8step 2 Z

+

Demerit  0
for i  1 to N do
step  Release(ti)
while (NumberResAvail[step] = 0) do

incr step
enddo
S(ti)  step
decrNumResAvail[step]
Demerit  max(Demerit, step+D(ti))

endif
enddo
returnDemerit
enddo

Figure 1: Algorithm to minimizeDemerit

lem, and then show how this procedure can be applied to solve the
problem at hand.

3.1 Scheduling Independent Operations with Release Times
and Resource Constraints

In this section, we will consider the problem of scheduling inde-
pendent tasks with release times. LetT = ft1; t2; : : : ; tNg be the
set of operations to be scheduled. Each taskti 2 T has a release
timeRelease(ti), and so the operation cannot begin executing be-
fore time stepRelease(ti). We initially assume that all operations
execute on the same type of resource, i.e., there is only one re-
source class, and that each resource of this class has unit delay.
The number of instances of this resource available isM1. Further,
we assume that we are given another functionD : T ! Z

+, and
we seek a scheduleS : T ! Z

+ to minimize the value of

Demerit(S) = max
ti2T

�
S(ti) + D(ti)

�
Without loss of generality, we assume that the operations inT have
been ordered in decreasing order ofD(ti), i.e.,D(t1) � D(t2) �
D(t3) � � � � � D(tN)

Theorem 3.1. The algorithm shown in Figure 1 will always pro-
duce a scheduleS such that the value ofDemerit(S) is minimum.

Proof. See [7]

Lemma 3.2. If Release1(ti) � Release2(ti) 8ti 2
T , then SimpleBound(T;Release1;D;M1) �
SimpleBound(T;Release2;D;M1).

Proof. See [7]

Lemma 3.3. If D1(ti) � D2(ti) 8ti 2
T , then SimpleBound(T;Release;D1;M1) �
SimpleBound(T;Release;D2;M1).

Proof. See [7]

The bounding procedureSimpleBound has been defined only for
sets of operations that are all mapped onto the same resource
class. Now, suppose the operations inT are mapped toR dif-
ferent resource classes. In this case, we partitionT into R
subsetsfT1; T2; : : : ; TRg such thatT = T1 [ T2 [ � � � [ TR
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and each partitionTj consists of all tasks mapped to resource
classj, i.e., Resource(ti) = j 8ti 2 Tj . Given any func-
tion f , we will denote byf

��
Tj

the restriction off to the set

Tj . We define the bound asSimpleBound(T;Release;D) =
max1�j�R SimpleBound

�
Tj ;Release

��
Tj
;D
��
Tj
;Mr

�
3.2 Application to the original problem

Since we are considering bounds that can be obtained by relax-
ing precedence constraints, it is useful to (for this section alone)
extend our definition of schedules. We will refer to all func-
tions S : T ! Z

+ that satisfy the resource constraints, i.e.,
jft 2 T jResource(ti) = r;S(ti) = sgj for eachr 2 1; 2; : : : ; R
ands 2 Z+ as schedules. We will refer to schedules that do not
violate precedence constraints as valid schedules. We will also ex-
tend the definition of schedules to subsets of the set of tasksT .
We will refer toS 0 as a valid schedule ofT 0 � T if it satisfies
all precedencesE0 induced byT 0. For anyT 0 � T , we define
Opt(T 0) = minS a valid schedule forT 0 (Latency(S)) : Let us
assume thatUB is an upper bound on the latency of the optimal
valid schedule (i.e., the schedule does not violate any precedence
constraints). Any valid schedule is an upper bound on the latency of
an optimal valid schedule, and so this value can be easily obtained
as the latency of a heuristic solution.

We will derive results for two functionsH1 andH2. Suppose
we are given functionsH1 andH2 which satisfy the following
properties.

� UB �Opt
�
Gsucc(ti)

�
� H2(ti) � UB � delay(ti)

� 0 � H1(ti) � Opt
�
Gpred(ti)

�
Note that theASAP and theALAP functions as we defined be-
fore satisfy these conditions forH1 andH2 respectively. Also no-
tice thatH1 andH2 need not be schedules as they need not sat-
isfy the resource constraints.H1(ti) represents an upper bound on
ASAPideal(ti) = Opt(Gpred(ti)), whileH2(ti) is a lower bound
onALAPideal(ti) = Opt(Gsucc(ti).

Let �(S) = max
ti2T

�
S(ti) + UB � H2(ti)

�
and �(S) =

max
ti2T

S(ti) + delay(ti).

Theorem 3.4. For any valid scheduleS, �(S) = �(S).

Proof. See [7]

As a result, it does not really matter whether we optimize for
�(S) or for �(S) when computing exact solutions. However, the
choice of the optimizing function does make a difference when we
consider a relaxation where all the precedences are discarded. It
can be seen that the inequality�(S) � �(S) holds irrespective
of the validity (in terms of precedence constraints) ofS. How-
ever, the two need not be equal if any precedences are violated in
S as theUB�H2(ti) term is effectively a penalty associated with
precedence violations. Therefore, when we relax all precedence
constraints, the optimal value of� is a tighter bound than the opti-
mal value of�. Solving for an optimal value of� can be computed
by calling the Lower-Bound routine withH1 as theRelease func-
tion andUB �H2 as theD function. The complete algorithm for
calculating a lower bound on the latency of the optimal valid sched-
ule given the functionsH1 andH2 is shown in Figure 2. Table 1
shows the results of solving for the optimal value of both� and�
(indicated in the table as LP(�) and LP(�) respectively) for various
benchmarks, and compares them to bounds achieved by relaxing
the integrality constraints in the ILP formulation. It can be seen
that solving for optimal� produces strictly tighter bounds in most
of the cases.

Table 1: Lower bounds on latency

Bench. � ALU Opt. LB(�) LB(�) LB(LP)
EWF 1 1 28 27 28 23
EWF 2 1 28 27 28 23
EWF 1 2 21 20 21 19
EWF 2 2 18 17 18 18
FDCT 1 1 34 33 34 21
FDCT 2 2 18 17 18 13
FDCT 2 3 18 17 18 12
FDCT 3 3 14 12 13 10
ARF 1 1 34 32 34 29
ARF 1 2 34 32 34 29
ARF 2 1 18 16 18 16
ARF 2 2 18 16 18 16
HAL 1 1 13 12 13 12
HAL 2 1 8 6 7 8
HAL 3 2 6 6 6 6

ProcedureLowerBound(T ,H1,H2, UB)
for i  1 to jT j do
Release(ti)  H1(ti)
D(ti)  UB �H2(ti)

enddo
returnSimpleBound(T , Release, D)

Figure 2: Lower Bounding Routine

3.3 ObtainingH1 andH2

As stated in Lemmas 3.1 and 3.2, the tightest bounds on the
latency of optimal schedules ofT can be obtained when the tight-
est values of theH1 andH2 functions that satisfy the require-
ments are used. The values ofH1(ti) andH2(ti) are actually
lower and upper bounds on the value ofASAPideal(�; ti) and
ALAPideal(�; ti) respectively, where� is the set of all schedules
that satisfy all the precedence and all the resource constraints and
Latency(S) � UB.

Define T (ti; tj) = Tsucc(ti) \ Tpred(tj) and a family
of functions H2j : Tpred(tj) ! Z

+ where H2j (ti) =

CP
�
T (ti; tj)

�
2. Now, we use the fact that operationti can-

not be scheduled until all the operations inGpred(ti) have
been completed. It can be shown thatASAPideal(�; ti) �
LowerBound(Tpred(ti);ASAP;H2i ; UB) � ASAP (ti). So we
use the routine shown in Figure 3 to computeH1, which is a better
bound forASAPideal than isASAP .

To compute the value ofH2 we make use of the following
Lemma.

Lemma 3.5. A lower bound on theASAP function for a graphG
is also an upper bound on theALAP function for the graphGr ob-
tained fromG by reversing all the edge directions (dependencies)
and vice-versa.

2It can be shown that tighter results can be obtained by definingH2j
as

H2j
(ti) = LowerBound(T (ti; tj);ASAP � ASAP(ti);ALAP(tj ; UB) �

ALAP(UB); UB).
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H1  ASAPG

for i  1 to jT j do
ti  ith operation in topologically sorted order

H1(ti)  LowerBound
�
Gpred

�
ti
�
;H1

��
Gpred(ti)

;ALAPjGpred(ti); UB
�

enddo

Figure 3: Code fragment to calculateH1 (andH2)

Proof. See [8] for a proof.

Theorem 3.6. Let S 2 � be a valid schedule for the DFG
G = (V;E). Let Gr = (V;Er) be another DFG, where
hxi; xji 2 Er , hxj ; xii 2 E. Then,Sr : V ! Z where
Sr(xj) = Latency(S) � S(xj) + 1 is a valid schedule forGr

andLatency(S) � Latency(Sr).

PROOF: In order to prove the validity ofSr, we must prove the
following

� All dependencies are satisfied;

� All resource constraints are satisfied.

Consider the dependencyhxj ; xii 2 Er. By construction,
9hxi; xji 2 E. SinceS is a valid schedule, all dependencies must
have been satisfied inS. Therefore, we haveS(xj) > S(xi). So
Sr(xi)� Sr(xj) = Latency(S) + 1� S(xi)� Latency(S)�
1 + S(xj) = S(xj) � S(xi) > 0 . Therefore, the depen-
dency hxj ; xii 2 Er is satisfied inSr. To show that all re-
source constraints are satisfied inSr, we notice thatS(xj) =
S(xi) , Sr(xj) = Sr(xi). If we denote byR(step; class; S)
the setfxj 2 V jS(xj) = step

T
type(xj) = classg, then

R(step; class; S) = R(Latency(S) � step + 1; class; Sr).
Therefore all resource constraints are satisfied inSr.
Finally,Sr(x) = Latency(S)+1�S(x) � Latency(S) because
S(x) � 1.

Corollary 3.7. If S : V ! Z is an optimal schedule forG =
(V;E), thenSr : V ! Z is an optimal schedule forGr =
(V;Er).

A key point to notice is that the ASAP values of the operations
of the DFGG become the ALAP values of the corresponding op-
erations of the DFGGr. This is because, the set of predecessors
of an operation become the set of successors of the corresponding
operation in the reversed DFG. So finding the ASAP values ofG
(resp.GR) is the same as finding the ALAP values ofGR (resp.G).

Corollary 3.8. If S(xj) � ASAP (xj) 8xj 2 V (G), S a valid
schedule, thenSr(xj) � Latency(S)�ASAP (xj) + 1.

So we can use the same routine to compute the values ofH2.

Lemma 3.9. For any task graphG = (T;E) and anyH1 �
ASAP, the value ofLowerBound(T;H1;H2) � CP(G).

Proof. See [7]

Lemma 3.10. The code fragment in Figure 3 calculates values of
H1 andH2 which satisfy the required properties, and which are
tighter than theASAP and theALAP functions.

Proof. From the code in Figure 3, it can be seen thatH1(ti) is
calculated only afterH1(tj) has been calculated for all prede-
cessorstj of ti. If ti, has no predecessors, then the statement
H1(tj) � ASAP(tj) 8tj 2 Gpred(ti) holds vacuously. There-
fore, the value calculated forH1(ti) � ASAP(ti) by Lemma 3.4.
Now, suppose that for someti (with predecessors),H1(tj) �
ASAP(tj) 8tj 2 Gpred(ti) holds. Then again by Lemma 3.4,
we haveH1(ti) � ASAP(ti). Hence, by induction,H1(ti) �
ASAP(ti) 8ti 2 T .

The proof thatH2(ti) � ALAP(ti) 8ti 2 T is similar to the
one above.

The bounds calculation is done in topological order so that any
improvement in the value of either of these functions will be prop-
agated to their successors or predecessors.

3.4 Discussion

It is easy to see that the bounds derived by Rim and Jain [11] are the
same as the bounds obtained fromLowerBound(T;ASAP; UB �
ALAP; UB), and that the bounds computed by Langevin
and Cerny [6] is the same as the bounds obtained from
LowerBound(T;H1; UB � ALAP). Therefore, the bounds ob-
tained from the procedure shown above are tighter than the bounds
obtained by Langevin and Cerny [6] which in turn are tighter than
those obtained by Rim and Jain [11].

The algorithm shown has O(N ) time complexity, onceH1 and
H2 have been calculated; the functionsH1 andH2 can be calcu-
lated in O(N2) time. Typically in a branch-and bound scheme, the
main bounds calculation routine is called several times, while the
calculation ofH1 andH2 needs to be done only once. Therefore, in
such a situation, it is especially advantageous to use our algorithm.

We also compared the bounds that we get from our technique
and those in [11] and [6] with bounds from LP relaxation of an ILP
formulation of the RCS problem; our results demonstrate that LP
relaxation for RCS produces significantly weaker bounds for many
of the cases.

4 Bounds on Time-Constrained Scheduling (TCS)

In this section, we consider the time-constrained scheduling prob-
lem. As before, we will consider the bounds that can be obtained
by relaxing all the precedence constraints. We will show how the
optimal solution can be calculated in the absence of resource con-
straints using an LP formulation. Then, we show that these bounds
are no worse than bounds due to [2] and [12] and therefore that the
LP relaxation of an ILP formulation of the TCS problem produces
tighter bounds than bounds due to [2, 12].
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4.1 Scheduling Independent Operations with Release Times
and Deadlines (SIRD)

In this section we consider the following problem: Given a set of
independent tasksT , with each taskti 2 T having a release step
Release(ti) and a deadlineDeadline(ti), find the minimum num-
ber of resources that is required for executing all the tasks within
the ranges specified. As before, we initially start by restricting all
the operations to execute on the same resource class.

This problem can be modeled and solved using Integer Linear
Programming. In this section, we will show that the polyhedra cor-
responding to this problem is (almost) integral, and that the ceiling
of the optimal solution to the linear relaxation of this problem is the
optimal solution to this problem; therefore, it is sufficient to solve
the linear relaxation problem to find optimal integral solutions to
the original problem.

4.2 ILP formulation for this (SIRD) problem

We use a linear programming formulation similar to the one used
by Chaudhuri and Walker [1] and Gebotys and Elmasry [3]; this is
a restriction of their formulation.

Each taskti has to be scheduled at some step between
Release(ti) andDeadline(ti), and we have to decide which step
to schedule the task in. This is modeled by a set of decision vari-
ablesfxi;n1 ; xi;n1+1; : : : ; xi;n2g, wheren1 = Release(ti) and
n2 = Deadline(ti). Since the task should only be executed on one
of these steps, we haveX

Release(ti)�j�Deadline(ti)

xi;j = 1 (1)

This is equivalent to the two constraintsX
Release(ti)�j�Deadline(ti)

�xi;j � �1 (2)

and X
Release(ti)�j�Deadline(ti)

xi;j � 1 (3)

The number of resources required is the maximum of the number of
resources used at any of the steps. IfR is the number of resources
required, then, we require that the number of resources used at each
stepj does not exceedR:

8stepsj
X

fijRelease(ti)�j�Deadline(ti)g

xi;j � R: (4)

Since the number of resources is a variable whose value has to be
determined, we will express Inequality 4 as0

@ X
fijRelease(ti)�j�Deadline(ti)g

xi;j

1
A�R � 0 (5)

Of course, we require that all the decision variables be either 0 or
1; also, we require that the value ofR be integral.

We can represent the conditions, i.e., Inequalities 2, 3 and 5,
as a matrix inequality of the formA0~x � ~b whereA0 is the co-
efficient matrix and~x is the column vector corresponding to the
decision variables andR. The first jT j rows ofA0 represent the
coefficients of Inequalities 2, and the nextjT j rows represent the

coefficients of Inequalities 3. We will letN = 2 � jT j. The remain-
ing Latency rows represent the coefficients of Inequalities 5 for
the various steps. Let the number of variables (=the number of de-
cision variables+1) beM . ThereforeA0 is a(N +Latency)�M
matrix and~x aM � 1 matrix(vector). Without loss of generality,
we will assume that the firstM � 1 elements of vector~x represent
the decision variables, and the last element representsR. Then

A
0 =

�
A1 ~0

A2 ~�1

�
=
�
A B

�
whereA1 is anN�(M�1) matrix andA2 is aLatency�(M�1)
matrix andA is the(N+Latency)� (M �1) matrix obtained by
deleting the last (i.e.,M th) column fromA. Let ~b1 be the column
vector of jT j 1’s. Let ~b2 the column vector ofLatency 0’s. We

denote by~b the column vector
�
�~b1 ~b1 ~b2

�T
We denote by

X the set of decision variables.

Lemma 4.1. The matrixA is totally unimodular.

Proof. See [7]

Although we have shown thatA is TU, A0 need not be TU.
Next, we show that the optimal solution to the SIRD problem can
be obtained by taking the ceiling of the value returned by the LP
relaxation of the ILP formulation.

4.3 Obtaining an optimal solution to the SIRD problem

The problem of finding the optimal (minimum) number of re-
sources is equivalent to solving the following ILP model:

(I) Minimize R subject to

(�
A B

�
~x � ~b

R; x integral8x 2 X

We denote this problem as (I). The linear relaxation of this problem
(LR) is then

(LR) Minimize R Subject to
�
A B

�
~x � ~b

Lemma 4.2. Letr be the optimal solution to (LR). Thendre is the
optimal solution to (I).

Proof. See [7]

Hence the values returned by the LP solution to this problems
must be no less than the values returned by those bounding tech-
niques. Consider the case when the precedence constraints are
added. Then the optimal solution must certainly be larger, because
the space has reduced.

Let P denote matrix such thatP~x � ~q represents the set of
precedence constraints (see [3]). We define the following set of
bounds:

(FB) LB0 = Bounds from [2, 9, 10, 12]

LB1 =

�
min
A~x�~c

R

�
LB2 = min

A~x�~c;~x integral
R

(LPR) LB3 =

�
min

A~x�~c;P~x�~q
R

�
used in [3]

(OPT) Sol = min
A~x�~c;P~x�~q;~x integral

R
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Table 2: Comparisons of bounds for the TCS problem

F-B LB LP LB UB
Benchmark #steps � + � + � +
FDCT 9 6 3 8 3 8 3
FDCT 13 3 2 4 2 4 2
ARF 13 3 2 4 2 4 2
DCT 8 8 4 8 5 8 5
DCT 9 7 3 8 4 8 4

It is clear thatLB1 � LB2 � Sol andLB1 � LB3. We have
shown thatLB1 = LB2. It can be shown that theLB0 � LB2.
Hence, we must haveLB0 � (LB1 = LB2) � LB3 �
Solution. Hence we have shown that the ceiling of the solution
to the linear relaxation of the ILP formulation is tighter than the
bounds obtained using [2, 12].

4.4 Discussion

Chaudhuri and Walker [1] show that their technique generates
tighter bounds than those produced by techniques in [2, 9, 10, 12].
They also show that the techniques in [2, 9, 10, 12] generate the
same bounds; we will refer to these collectively as Fernandez-
Bussell techniques. In this section we showed that LP relaxation
is tighter than Fernandez-Bussell [2] and Sharma-Jain [12]; our ap-
proach was to cast the TCS bounding problem (SIRD) solved by
[2, 12] as an LP instance and then show that the ceiling of the op-
timal solution to this LP instance is indeed optimal for the TCS
bounding problem (SIRD). Both Walker and Chaudhuri [1] and
Gebotys and Elmasry [3] have observed that LP relaxation found
the exact bounds in all of their benchmark examples. Unlike the
bounding techniques in [1, 2, 12] based on precedence relaxation,
which solve the bounding problem per resource class, LP relaxation
can also be used for lower bound estimates on area of resources.
In addition, LP relaxation can generate useful information needed
for branch node selection in a branch-and-bound technique, unlike
other techniques. Thus, LP relaxation may be advantageous for
both initial bound estimation as well as in a brach-and-bound tech-
nique. Experimental results comparing the Fernandez-Bussel (F-B
LB) and LP relaxation (LP LB) bounds are shown in Table 2, along
with the best achievable lower bound (UB). It is seen that in most
of the cases, the bounds returned by LP relaxation are the same
as those returned by the Fernandez-Bussell techniques. However,
there are cases in which LP produces strictly tighter bounds.

In addition, given the tightness of the bounds produced by LP
relaxation of the TCS problem—and the noticeable weakness of LP
relaxation as a bounding technique for RCS—it may be better to
use the TCS problem as the core problem in an exact design space
exploration strategy using ILP scheduling in high-level synthesis.

5 Summary

This paper has presented new results on lower bounds for the
scheduling problem in high-level synthesis. For the RCS problem,
we presented a new way of characterizing lower-bounding, which
results in a new bounding technique that is shown to be guaranteed
to be no worse than the bounds using the Langevin-Cerny [6] ap-
proach, which is turn are no worse than Rim-Jain [11] bounds. For
the TCS problem, we showed that by throwing away all precedence
constraints, one could derive an LP formulation whose optimal so-
lution is guaranteed to be integral. The solution to this LP problem

is shown to be a lower bound for TCS and is guaranteed to be no
worse than Fernandez-Bussell [2] or Sharma-Jain [12] bounds.
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