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Abstract: For improved efficiency, static timing analyzers rep-
resent the interconnect driving point with a reduced order
model so that the gate and interconnect delays can be calcu-
lated separately. Traditionally, the pi-circuit has been used to
model the driving point of RC interconnect. As process technol-
ogies have improved, it has become necessary to include on-chip
inductance during the timing analysis of high performance
designs. However, the pi-model breaks down for interconnect
with inductance. In this paper, we discuss the behavior of RC
and RLC one ports in a circuit theoretic framework and char-
acterize when the pi-model is not synthesizable for RLC cir-
cuits. We then present a synthesis procedure for RLC circuits
that guarantees a realizable reduced order circuit using the first
four moments of the input admittance. We demonstrate the effi-
cacy of the proposed model for on-chip RLC interconnect with
several examples. We see the proposed model serving the sam
purpose for RLC circuits that the pi-model did for RC circuits.

I. INTRODUCTION

It has been well established that interconnect effects m
be accounted for to ensure accurate static timing analy
Traditionally, gate level static timing analyzers have broke
down the path delay as the sum of the gate delay and the w
or interconnect delay. Since the interconnect is a linear c
cuit, model order reduction techniques based on mom
matching, such as [11, 6], have been employed to comp
its delay efficiently. However, since gates are non-line
devices, two distinct approaches have been used for f
computation of gate delay: 1) The gate delay is precharac
ized in terms of input transition time and output load capac
tance using detailed circuit simulators such as SPICE [8] a
implemented using lookup-tables, or 2) The gate delay
obtained “on the fly” using fast timing simulators such a
[14],[4].

Regardless of the method used to compute gate delays
accurate characterization of the loading due to the interco
nect at the output of the gate must be made. While a sim
approach would be to lump the total capacitance of the int
connect at the output of the gate, the resistive shielding re
ders such a model inaccurate. O’Brien and Savarino
presented a more accurate model for RC interconnect, the
called pi-model (see Fig. 1), that has been used in many t
ing analysis and physical design tools for modeling the dri
ing point load. However, the pi-model can no longer be us
if the inductive effects are significant; and with faster sign
transition times, increasing die sizes, and the advent
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newer materials such as copper, on-chip inductance can
longer be ignored [3]. In this paper, we present a new drivi
point model, similar in spirit to the RC pi-model, for on-chip
interconnect wires with inductance. Our model is valid pro
vided there is no DC path to ground and the interconnect
relatively damped, a reasonable assumption for on-ch
interconnect.

For precharacterized gates, however, we still need to m
the driving point model to an “effective” capacitance valu
so that the lookup-tables can continue to be used witho
modification. The effective capacitance methodology for R
interconnects introduced in [12] has been extended to R
interconnects by Arunachalam et al in [2]. This approac
avoids the synthesis dilemma by modeling the driving poi
with a reduced order pole-residue approximation, obtain
from the moments of the input admittance of the interco
nect. While the method is effective, the lack of a circu
model makes the procedure expensive since a Padé appr
mation has to be performed in the inner loop of the
iteration.

In addition to improved efficiency, there are other compe
ling reasons for a circuit model to be used in the calc
lation. While the issues of stability and passivity that hav
plagued Padè approximations have been recently overco
with more advanced methods [10], the circuits realized fro
these techniques are complicated. They contain control
sources which must be stamped into the MNA matrices o
SPICE-like simulator. In contrast, the synthesis metho
described in this paper works directly off the first few
moments of the input impedance, does not require any c
trolled sources or transformers, and is simple to impleme
Besides, our circuit model also provides some degree of in
ition in terms of inductive and resistive shielding, somethin
that a complicated model fails to do. As we demonstrate w
numerous examples in the paper, matching the first f
moments is sufficient for typical on-chip interconnect.

Ceff

R

C1 C2

Fig. 1. The pi-model
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We note that the driving point synthesis for RLC(M)1 cir-
cuits has been studied earlier by Brune, Bott-Duffin and oth-
ers [15]. Brune’s synthesis method assumes that the input
impedance is known in the form of a rational function. While
conceptually simple, his method requires the use of trans-
formers to guarantee positive elements, something that is not
practical for realizing on-chip circuits. Bott-Duffin’s method,
on the other hand, avoids the use of transformers, but a stiff
price is paid in the number of components required. This
method is therefore largely of a theoretical interest.

This paper is organized into five sections as follows. In the
next section, we provide the circuit theoretic background that
shows why the pi-model is realizable for RC circuits and
when it breaks down for RLC circuits. In Section 3, we
present the procedure to derive a realizable reduced order
model for RLC circuits. In Section 4, we present experimen-
tal results that show the effectiveness of the proposed model.
Finally, we conclude and summarize the paper in Section 5.

II. THEORETICAL CONSIDERATIONS

Suppose that , the input admittance of the intercon-
nect loading the driver, can be expanded about as
follows:

(1)

The coefficients are the moments of . Effi-
cient computation of moments has been described in [11]
and therefore will not be considered in this paper. Note that

if there is no DC path to ground, a condition we
will assume in the rest of the paper. By matching the first
three non-zero moments of the admittance of the original
interconnect with the pi-circuit shown in Fig. 1, O’Brien and
Savarino [9] derived the formulas for synthesizing the ele-
ment values of the pi-circuit using the first three moments of

. While not explicitly stated in their paper, it can be
shown [15] that the first three admittance moments of gen-
eral RC circuits satisfy:

(2)

(3)

This in turn guarantees the realizability of the pi-model for
RC circuits. However, as we show later in this section, while

and do hold for RLC circuits, nothing can be
said about the sign of and the inequality (3) which
depend on the inductance in the circuit. Thus, the pi-model
may beunsynthesizable even if the line is mildly inductive.

To facilitate the subsequent development, we shall center
our arguments around the input impedance, .

 can also be written in terms of moments as:

(4)

The moments of  are related to those of  by:

(5)

(6)

(7)

Since the interconnect is modeled with a lumped, pass
RLC circuit, satisfies a necessary and sufficient cond
tion, known as the Positive Real (PR) property, stated in t
following two equivalent forms [15]:

• is a rational function of with real coefficients so
that  is real when  is real.

•  if .

Or,

• is a rational function of with real coefficients so
that  is real when  is real.

• For all real ,
• All poles of are in the closed Left Half Plane (LHP

of the plane i.e. inside the LHP or on the -axis. A
-axis poles are simple with positive real residues.

Since there is no DC path to ground, has a pole at t
origin and is of the form:

(8)

where . Separating out the pole at origin, we have:

(9)

(10)

The PR property assures us that thus implyin
. As we show next, satisfies the PR propert

since satisfies the PR property. From eq. (9), it is cle
1. M stands for mutual inductance which we do not consider in

this paper.
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that is a rational function of that is real when is
real. Next, . Since, for all real

, , this implies that .
Finally, note that  can be written as:

(11)

where and could be complex. Note that all
the poles and residues of are the same as the poles
and residues of , except the pole at the origin. There-
fore, we can say that all poles of are in the closed Left
Half Plane (LHP) of the plane i.e. inside the LHP or on the

-axis. All -axis poles are simple with positive real res-
idues. As a result,  also satisfies the PR property.

Since the PR property is both a necessary and sufficient
condition for the realization using lumped RLC(M) ele-
ments, is the input impedance of some passive circuit.
This observation in fact ensures that is also positive. Con-
sider a step current source driving as shown in Fig. 2.
The voltage at the driving point is given by:

(12)

Applying the Final Value Theorem, the final value of
turns out to be which must be positive since is
passive. In fact, this is no surprise since the and
moments of are independent of any inductance in the
circuit. That is, even for RLC circuits, and behave as
if the interconnect was a pure RC circuit. This makes
and  and therefore .

To get a better feel for the above fact and to reason about
the signs of and , we now derive explicit expressions
for the first three moments of for an arbitrary RLC
tree. Consider a general RLC tree being driven by a voltage
source. We assume that the only capacitors in the circuit are
capacitors to ground and that there is no DC path to ground.
If is the input admittance of the tree and is the
input voltage source, we have:

(13)

where is the total impedance of a path common
to  and , as defined in [13].

(14)

where is the transfer function of the node. Expand-
ing in powers of and matching like powers we get

 and the next three moments as:

(15)

(16)

(17)

where is the first moment (Elmore delay) of and i
given by:

(18)

This analysis clearly shows that: the first two moments
are independent of , the first moment is positive an

the second is negative thereby implying an
, and that though initially positive, becomes nega

tive when the inductive effects start dominating. It is clea
from eq (17) and (7) that though is negative for small va
ues of interconnect inductance, if we increase the inductan
(or decrease the resistance) in all the branches of the tre
becomes positive and stays positive.Note that by virtue of
inequality (3), a pi-circuit can not be synthesized whe

.

To summarize, while we know the signs of and
we cannot say much about the signs of etc.1 However,
as the inductance starts dominating the resistance in the
cuit, becomes positive, and which was positive for R
circuits, becomes negative. In the limiting case, when t
interconnect reduces to a pure LC circuit, all the even-nu
bered moments become zero and the odd-nu
bered moments alternate in sign with being positive. An
reduced order synthesis method, using the first four mome
should, therefore, produce a realizable circuit for the fo
possible sign combinations of and . We shall descri
one such method in the next section.

III. SYNTHESIZING THERLC DRIVING POINT MODEL

Consider the expansion of into the first fou
moments:

(19)

where and .
can be realized as a resistance in series with a cap

itance. Suppose . Cross multi-

Z′ s( ) s s
Re Z jw( )[ ] Re Z′ jw( )[ ]=

w Re Z jw( )[ ] 0≥ Re Z′ jw( )[ ] 0≥
Z s( )

Z s( )
k0

s
-----

ki

s pi–( )
------------------∑+

a0

s
----- Z′ s( )+= =

a0 k0= ki pi,
Z′ s( )

Z s( )
Z′ s( )

s
jw jw

Z′ s( )

Z′ s( )
z0

Z′ s( )

Vdp s( )
z0

s
---- z1s …+ +=

Vdp
z0 Z′ s( )

y1 y2
Y s( )

y1 y2
y1 0>

y2 0< z0 y2 y1
2⁄–=( ) 0>

z1 z2
Z s( )

Y s( ) V s( )

Y s( )V s( ) I s( ) s CiVi
i 1=

n

∑= =

s Ci V s( ) s Rji sLji+( )CjV j
j 1=

n

∑–
i 1=

n

∑=

Rji sLji+( )
i j

Y s( ) s Ci 1 s Rji sLji+( )Cj H j
j 1=

n

∑–
i 1=

n

∑=

H j j
th

Y s( ) s
1. Note that .

y0 0=

y1 Ci
i 1=

n

∑=

y2 Ci Rji C j
j 1=

n

∑
 
 
 

i 1=

n

∑–=

y3 Ci Rji C jmj
1( )

j 1=

n

∑
 
 
 

i 1=

n

∑ Ci L ji C j
j 1=

n

∑
 
 
 

i 1=

n

∑–=

mj
1( )

H j

mj
1( )

RkjCk
k 1=

n

∑=

Y s( ) L
z 1– 0>

z0 0> y3

z1

z1 0>

z 1– z0
z1 z2,

z2 z1y2– z0y3– z 1– y4–( ) y1⁄=

z1 z2

z0 z2 …, ,
z1

z1 z2

Z s( )

Z s( )
z 1–

s
------- z0 z1s z2s

2
+ + + Za s( ) Zb s( )+= =

Za s( )
z 1–

s
------- z0+= Zb s( ) z1s z2s

2
+=

Za s( )
Yb s( )

yb0

s
------- yb1 …+ + 1

Zb s( )
-------------= =



as
)
se
)
in

;
tal
e
e-
he
h
en

e-

e

s

plying and equating the like powers, we get and
. Thus, can be implemented as Fig. 3 by

matching the first four moments with the original intercon-
nect circuit. However, while and are guaranteed posi-
tive, for and we must have and

which as we saw in the previous section cannot be
guaranteed for RLC circuits.

However, if we modify the reduced-order circuit to the
one shown in Fig. 4, then realizability is assured regardless
of the signs of and . Although we are still matching
four moments, by introducing a fifth parameter, - the real-
izability parameter introduced in [5] - we have acquired the
added flexibility in assigning positive values to the elements
of the reduced order circuit. Note that since

and . For , this circuit reduces to the
one shown in Fig. 3. As in [5], provides us with a family
of circuits all having the same topology and matching the
same number of moments. This enables us to choose a par-
ticular circuit by assigning an appropriate value to , based
on the signs of  and .

The first four moments of the reduced order circuit in Fig.
4. are given by:

(20)

(21)

(22)

(23)

To ensure , using eq. (21) and (22), we obtain:

(24)

where . Note that implies
with when and as

. Similarly, to ensure , we obtain:

(25)

Now consider all the possible sign combinations of
and and the constraints they place on the value of
summarized in Table 3-1. When and , eq. (24
and (25) are satisfied for any positive real . When this ca
occurs, we choose (which corresponds to
and our reduced order circuit reduces to the one shown
Fig. 3. When and , eq. (24) is still satisfied
however, satisfying eq. (25) requires that some of the to
capacitance be moved from capacitor to . For th
remaining two sign combinations, and one can ther
fore either synthesize an RC pi-circuit (which matches t
first three moments) or the circuit shown in Fig. 4 (whic
matches the first four moments). For all the other cases wh
the pi-model is not synthesizable, the driving point wav
form when the driver is loaded by the circuit in Fig. 4
matches well with the driving point waveform when th
driver is loaded by the original interconnect.

IV. EXPERIMENTAL RESULTS

In the following, we compare the driving point waveform
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Fig. 5. Comparing  with  and  with  in experimentsVne V̂ne V fe V̂ fe

Table 3-1: Choosing the value of

>0 <0 Any positive real . We arbitrarily
set

>0 >0

<0 <0

<0 >0
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predicted by our model with the driving point waveform
when the original interconnect is present at the output of the
driver. We also compare the far-end (sink) response when the
interconnect is driven by the actual waveform (produced
when the original interconnect loads the driver) at the driving
point and when the interconnect is driven by the waveform
produced when our model loads the driver (see Fig. 5). This
is done to illustrate the fact that even if the near end wave-
form does not capture all the details of the true near end
waveform, it does not impact the far end response signifi-
cantly. In each example, ASX [1], a commercial SPICE-like
circuit simulator was used. The interconnect and driver
parameters were taken from a representative high-perfor-
mance, commercial microprocessor process. We used
Table 3-1 to choose the value of to synthesize the reduced
order circuit. Unless otherwise noted, interconnects were
modeled by lumped RLC elements with 10 segments repre-
senting a 1 mm wire, where each segment is made of R, L
and a C toground and the buffer driving the interconnect was
driven by a ramp signal having a 50ps transition time. We
present the plots in terms of normalized time (the x-axis) and
normalized voltage (the y-axis). In all of the following exam-
ples, the pi-model was not synthesizable.

In Fig. 6, we show the driving point waveforms when a 5
mm uniform line of varying resistance (200 and 100Ω/cm)
is driven by a buffer. The inductance and capacitance were
6.44 nH/cm and 3.28 pF/cm respectively. The buffer was
sized to provide satisfactory source termination when the
line resistance went to zero. In Fig. 6(a), when line resistance
was 200Ω/cm, our model agrees well with the interconnect
waveform at both the near and the far ends. However, when
the line resistance was reduced to 100Ω/cm our reduced
order model deviated significantly from the interconnect
waveform at the near end. The source of this error is the
inability of the reduced order model to capture time-of-flight
effects. This shows that as the inductive effects start to domi-
nate, four moments are no longer sufficient. This also shows

that a low-order model such as ours is unsuitable for mod
ing the driving point of very low-loss interconnects like
those found in MCMs and PCBs.

In Fig. 7, we show the waveforms for an asymmetric tre
with 9 sinks. The closest sink was 1.5 mm from the drive
and the farthest sink was 9 mm away. There were a total
285 elements in the tree. The R, L, and C values were ra
domly varied between 50-100Ω/cm, 5-7 nH/cm, and 3-4 pF/
cm, respectively. The far-end waveform shown correspon
to the sink that was 9 mm away from source. It is clear fro
the figure that even though our model does not capture al
the details of the driving point waveform, the far end wave
forms are indistinguishable.

In Fig. 8, we show the waveforms for a daisy-chain lik
topology with four sinks. The nearest sink was 3 mm awa
and the farthest sink was 6.5 mm away. The R, L, and C v
ues were randomly varied between 50-100Ω/cm, 5-7 nH/
cm, and 3-4 pF/cm. Clearly, the driving point waveform du
to the reduced order model captures the essential charact
tics of the actual waveform. We also show the waveforms
the sink that was 6.5 mm away.

k
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(a) Near and far end waveforms when R = 200Ω/cm

ne waveforms
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Fig. 6. A 5mm uniform RLC line with varying resistance
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(c) Near and far end waveforms when R = 100Ω/cm
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Fig. 7. Near and far end waveforms for an asymmetric RLC tree
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In Fig. 9, we show the output waveforms of a clock driver.
The clock tree was laid out as a two level H-tree and mod-
eled using a frequency-dependent circuit model [7]. The
clock tree was designed to operate at frequencies over 1 GHz
and contained 5981 elements. As the figure shows, the pro-
posed driving point model comprising of just four elements
(since was chosen to be one) is sufficient to capture the
essential features of the waveform. We also show the wave-
forms at one of the leaf nodes. Note that the waveforms are
indistinguishable when the waveform generated by the pro-
posed model is used to drive the clock tree. In Fig. 10., we
show the near end and far end waveforms for the clock tree,
modeled with and without inductance. As can be seen,
inductance improves the transition time of the waveforms.

V. CONCLUSIONS

The proposed model captures the essential features of the
driving point waveform for on-chip RLC interconnects.
Therefore, it provides a reasonable alternative to the pi-
model, which is not synthesizable in most cases where
inductive effects are sufficient to affect timing. While some
high frequency components in the signal are not captured by
our model, their impact on timing is expected to be minimal
as shown by the close agreement of the far-end waveforms.

REFERENCES

[1] AS/X User’s Guide, IBM Corp, 1994.
[2] R. Arunachalam, F. Dartu, and L. T. Pileggi,”CMOS Gate Delay Mod-

els for General RLC Loading”,Proc. ICCAD, pp. 224-229, 1997.
[3] A. Deutsch et al, “When are Transmission Line Effects Important for

On-Chip Interconnections?”,IEEE Trans. on Microwave Theory and
Techniques, Oct 1997.

[4] A. Devgan and R. A. Rohrer, “Adaptively Controlled Explicit Simula-
tion”, IEEE Trans. on CAD, Jun 1994.

[5] A. Devgan and P. R. O’Brien, “Realizable Reduction of RC Intercon-

nect Circuits”,Proc. ICCAD, 1999.
[6] P. Feldmann and R. W. Freund, “Reduced-Order Modeling of Lar

Linear Subcircuits Via a Block Lanczos Process”,Proc. DAC, pp. 474-
479, 1994.

[7] B. Krauter and S. Mehrotra, “Layout Based Frequency Depende
Inductance and Resistance Extraction for On-Chip Interconnect Ti
ing Analysis”,Proc. DAC, 1998.

[8] L. W. Nagel, “SPICE2, A Computer Program to Simulate Semicon
ductor Circuits”,TR Memo UCN/ERL M520, UC Berkeley, 1975.

[9] P. R. O’Brien and T. L. Savarino, “Modeling the Driving-Point Char
acteristic of Resistive Interconnect for Accurate Delay Estimation
Proc. ICCAD,pp. 512-515, 1989.

[10] A. Odabasioglu, “Provably Passive RLC Circuit Reduction”,MS the-
sis, ECE Dept., Carnegie Mellon University, 1996.

[11] L. T. Pillage and R.A. Rohrer, “Asymptotic Waveform Evaluation fo
Timing Analysis”,IEEE Trans. on CAD, Apr 1990.

[12] J. Qian, S. Pullela, and L. T. Pillage, “Modeling the ‘Effective Capac
tance’ for the RC Interconnect of CMOS Gates”,IEEE Trans. on
CAD, Dec 1994.

[13] J. Rubenstein, P. Penfield, and M. Horowitz, “Signal Delay in RC Ne
works”, IEEE Trans. on CAD, Feb 1983.

[14] Synopsys,TimeMill User’s Guide.
[15] G. C. Temes and J. W. Prata,Introduction To Circuit Synthesis And

Design, McGraw-Hill, 1977.

0 0.2 0.4 0.6 0.8 1
0

0.25

0.5

0.75

1

1.25

orig
RLC model

ne waveforms

fe waveforms

Fig. 8. Near and far end waveforms for an RLC daisy-chain topology
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Fig. 9. Near and far end waveforms of a clock H-tree with inductance
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