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Abstract

CTL model checking of complex systems often suffers from the
state-explosion problem. We propose using Symbolic Guided
Search to avoid difficult-to-represent sections of the state space and
prevent state explosion from occurring.

Symbolic Guided Search applies hints to guide the exploration
of the state space. In this way, the size of the BDDs involved
in the computation is controlled, and the truth of a property may
be decided before all states have been explored. In this work, we
show how hints can be used in the computation of nested fixpoints.
We show how to use hints to obtain overapproximations useful for
greatest fixpoints, and we present the first results for backward
search. Our experiments demonstrate the effectiveness of our ap-
proach.

1 Introduction

Model checking is becoming a popular technique for debugging
[Kur97]. This is especially true of circuits with complex control,
for which it is often difficult to design simulation stimuli that will
expose subtle bugs. On the other hand, the exhaustive verification
afforded by model checking is often accompanied by the so-called
state explosion problem. A combination of techniques, includ-
ing the use of BDDs [Bry86, CBM89, McM94] or efficient SAT
solvers [BCCZ99], the recourse to abstract interpretations [CC77]
and assume-guarantee reasoning [CGL92], have been employed to
mitigate the problem. The purpose of these techniques is either to
reduce the complexity of the model subjected to verification, or to
increase the size of the problems that can be successfully analyzed
without further abstraction or decomposition. The most effective
model checking approaches combine both types of attack to the
state explosion problem.

Symbolic guided search has been recently proposed as a way to
reduce the time and memory requirements of BDD-based invari-
ant checking [RS99b, Rav99] and LTL model checking [BRS99].
Symbolic guided search is based on the observation that breadth-
first search exploration of the state space of the model is often in-
efficient because it needs to represent sets of states that have no
compact BDDs. It is indeed often the case that the fixpoints com-
puted by model checking algorithms have BDDs of moderate or
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even small size, while the intermediate steps of the computations
produce inordinately large diagrams.

Symbolic guided search uses hints, which are assertions on the
primary inputs and state variables of the model, to direct the explo-
ration of the state space. Given enough time and memory, the entire
state space is explored, or, in other words, the fixpoints are com-
puted exactly. However, by disabling problematic sets of transi-
tions, and by visiting regularly arranged sets of states, guided search
may dramatically improve both runtime and memory requirements.
This is illustrated in Figure 3, which shows that the application of
hints reduces the BDD sizes for the intermediate results in a CTL
model checking experiment by over one order of magnitude.

The main contribution of this paper is the extension of sym-
bolic guided search to CTL model checking. CTL uses back-
ward search and both greatest and least fixpoint computations to
decide the truth of a formula. The experimental results presented
in [RS99b, BRS99] are for non-nested least fixpoint computation
based on forward traversal. In this work we extend guided search to
allow for nested fixpoints, and we introduce the use of hints to ob-
tain overapproximations which is essential for efficient evaluation
of greatest fixpoints. We also discuss incremental model checking
as an alternative to overapproximations. We present the first results
for backward state space traversal. To tackle nested fixpoints, we
introduce two approaches based onlocal andglobal application of
hints. The global approach is only applicable to the ECTL/ACTL
fragment of the logic. We present a theory of symbolic guided
search that encompasses not only the results of [RS99b, BRS99],
but also those of [CCLQ97, NIJ� 97]. In our experiments we ana-
lyze the effects of the application of hints and show that concrete
advantages derive from the deployment of the technique we pro-
pose.

The rest of this paper is organized as follows. In Section 2 we re-
call basic concepts and introduce the notation used in the sequel. In
Section 3 we extend symbolic guided search to CTL model check-
ing. Section 4 is devoted to the experimental results, while Sec-
tion 5 presents conclusions and discusses future work.

2 Preliminaries

The logic CTL [CE81] is defined over an alphabetA of atomic
propositions: Any atomic proposition is a CTL property, and if
ϕ and ψ are CTL properties, then so areϕ � ψ, ϕ � ψ, � ϕ, and�

ϕ 	 ψ,
��


ϕ, and
�
�

ϕ. The semantics of CTL are defined over
a Kripke structureK ��� S� T � S0 � A � L � , whereS is the set of states,
T � S � S is the transition relation,S0 � S is the set of initial states,
A is the set of atomic propositions, andL : S � 2A is the labeling
function. The semantics of CTL are defined in Figure 1. If fairness
constraints are specified, the path quantifiers are restricted tofair
paths, that is, paths that intersect every fairness constraint infinitely
often. A formula is said to hold inK if it is satisfied by every initial
state ofK. An ECTL formula is a CTL formula in which negation
is only applied to the atomic propositions. An ACTL formula is the
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K � s0 � � ϕ if f ϕ � L � s0 � for ϕ � A
K � s0 � ��� ϕ if f ϕ �� L � s0 � for ϕ � A
K � s0 � � ϕ � ψ if f K � s0 � � ϕ or K � s0 � � ψ
K � s0 � � ϕ � ψ if f K � s0 � � ϕ andK � s0 � � ψ
K � s0 � � �
� ϕ if f thereexistsapaths0 � s1 ������� in K suchthat

K � s1 � � ϕ
K � s0 � � ��
 ϕ if f thereexistsapaths0 � s1 ������� in K suchthat

for i � 0, K � si � � ϕ
K � s0 � � � ϕ 	 ψ if f thereexistsapaths0 � s1 ������� in K suchthat

thereexists i � 0 for which K � si � � ψ, and
for 0 � j  i, K � sj � � ϕ.

Figure1: Semanticsof CTL.

negationof anECTL formula.A propertythatis neitherECTL nor
ACTL is a mixedproperty.

Booleanoperatorsother than � , � , and � , and the operators�"!
, # � , # 
 , # ! , and #$	 can be definedas abbreviations, e.g.,�"!
ϕ � � � ϕ �%� ϕ � 	 ϕ, # � ϕ �&� �
� � ϕ, # 
 ϕ ��� �"! � ϕ, # ! ϕ �� ��
 � ϕ, and # ϕ 	 ψ �'�$� � � ψ 	(�$� ϕ � ψ �)� �*� �+
 � ψ . Clearly,

the abbreviations shouldbe expandedbeforecheckingwhethera
formula is an ECTL or ACTL formula. We refer the interested
readerto [Eme90] for additionaldetailsand for a comparisonof
CTL to othertemporallogics.

Themodelcheckingproblemfor CTL with fairnessconstraints
canbe translatedinto the computationof fixpoints of appropriate
functionals[McM94]:

�
ϕ 	 ψ � µZ� ψ �,� ϕ � �
� Z � � (1)��


ϕ � νZ � ϕ � �-� Z � (2)�
C



ϕ � νZ � ϕ � �-�/. c 0 C � � Z 	'� Z � c��� � (3)

whereC is asetof setsof statesthatmustbetraversedinfinitely of-
tenby a fair path,andwherewith customaryabuseof notation,we
identify a formulaandthesetof stateswhereit is satisfied.When
identifying formulaewith their satisfyingset,we will sometimes
annotatethe formulawith the transitionrelationit is evaluatedun-
der, to avoid confusion.Theabove formulationrelieson backward
search. Thoughmostof theresultspresentedin this paperapplyto
forward modelchecking[INH96] aswell, wewill limit ourdiscus-
sion to the traditionalformulation. Most of thework in backward
searchis performedby thepreimage computation,whichcomputes
all predecessorsof a givensetof statesat eachiterationof thefix-
point computation.

Notethat
� 	 ,

��

, and

�
�
aremonotonicbothin theirarguments

andin the transitionrelation. Formally, let K beasbefore,andlet
K 1-�2� S� T 13� S0 � A � L � . If T � T 1 , ϕ � ϕ 1 , andψ � ψ 1 , thenK � s � ��
�

ϕ impliesK 1 � s � � �
� ϕ 1 , K � s � � ��
 ϕ impliesK 1 � s � � ��
 ϕ 1 , and
K � s � � � ϕ 	 ψ implies K 13� s � � � ϕ 1+	 ψ 1 . Sincethe operators�
and � arealsomonotonic,any ECTL formulaϕ that is trueunder
transitionrelationT is also true undertransitionrelationT 154 T,
anddually any ACTL formulaϕ that is falseunderT is alsofalse
undertransitionrelationT 1 4 T. Sincenegationis not monotonic,
thecorrespondingstatementcannotbemadefor mixedproperties.

3 Guided Search for CTL

3.1 Guided Search

CTL modelcheckingalgorithmscomputea satisfyingsetfor each
formulaandsubformula.In subformulaethatareexpressedasfix-
points,thesymboliccomputationsnaturallyresultin abreadth-first
explorationof thestategraph.

A breadth-firstsearchof thestatespaceoftensuffers BDD size
explosion. BDD sizesare dependenton the setsof statesbeing
explored(iteratesof the fixpoint computation).Experimentalev-
idenceshows that the BDD sizesat the beginning andendof the
computationare often much smaller than the intermediatesizes.
(SeeFigure3.) This suggeststhatthesizeexplosionmaybeduein
part to the breadth-firstnatureof the search;moreover it suggests
thattheBDD sizesmaybecontrolledby modifyingthesearchstrat-
egy [RS99a,CCLQ97,NIJ� 97, RS99b].

In majority of modelcheckingruns,largeBDDs arisein preim-
age computation.Thekey factorsin preimagecomputationarethe
stateswhosepredecessorsare being computedand the transition
relation.By modifyingeither, thenatureof thesearchmaybemod-
ified. Theflexibility availablein modifyingthetransitionrelationis
capturedby thefollowing definitionandtheorems.

Definition 1 Let L be a finite lattice and let T �26 τ1 �������)� τk 7 be
a finite setof monotonicfunctionsL � L. For l1 � l2 � L, let l1 8 l2
(l1 9 l2) betheleastupperbound(greatestlowerbound)of l1 andl2.
For σ a finitesequenceoverT, let τσ bethefunctionL � L obtained
by composingall the functionsin σ in the order specifiedby the
sequence. We saythat σ is 0-closed(1-closed) if, for 1 � i � k, we
haveτi � τσ � 0��� � τσ � 0� (τi � τσ � 1�)� � τσ � 1� ). An infinite sequence
σ �2� σ1 ���)����� σn ������� � over T is fair if, for n : 0 and for 0  j � k
there existsi : n such that σi � τ j .

Theorem1 Let γ �<; τ 0 T τ bethepointwiseleastupperboundof
all thefunctionsin T. Let T̂ ��6 τ̂1 �������)� τ̂k 7 , with τ̂1 � λx � x 8 τi . Let
σ be a fair sequenceover T̂. Thenσ hasa finite prefix ρ that is
0-closed,andsuch that τρ � 0� � µx� γ.

Theorem2 Let β �>= τ 0 T τ bethepointwisegreatestlower bound
of all thefunctionsin T. Let T̂ �?6 τ̂1 �������)� τ̂k 7 , with τ̂1 � λx � x 9 τi .
Let σ bea fair sequenceover T̂. Thenσ hasa finite prefixρ that is
1-closed,andsuch that τρ � 1� � νx � β.

Theorem1 saysthat a setof underapproximationsof the tran-
sition relation of a systemcan be usedto computethe leastfix-
point under the true transitionrelation, provided the approxima-
tions “add up” to the true relation. To ensureconvergenceto the
fixpoint, one can apply the approximatetransitionrelationsuntil
nooneyieldsany new states.(This is, for instance,theapproachof
[CCLQ97,NIJ� 97].) Alternatively, onecanapplyeachapproxima-
tion to convergence,aslongasthelastapproximationis theoriginal
transitionrelationitself. (This is theapproachof [RS99b,BRS99].)
For greatestfixpointswe candually useoverapproximationsof the
transitionrelation. Notice that computingthe leastfixpoint under
the original transition relation starting from the resultsobtained
with the approximationsmay be dramaticallymore efficient than
computingit from scratch.

Theorem1 andTheorem2 do not dictate(or evensuggest)how
theunderapproximationsshouldbederived from the transitionre-
lation of a system.In our applicationwe mostlyapply themethod
of [Rav99, BRS99]. This methodtendsto converge rapidly to the
fixpoint without suffering a BDD sizeexplosion,in spiteof apply-
ing the original transitionrelationat the endof the computation.
Theapproximationsappliedbeforerestoringtheoriginal transition
relationguidethestatesearchin thefixpoint computation—hence
thetermguidedsearch.

Symbolicguidedsearchis accomplishedwith hints. Hints are
assertionson thestatesor primary inputsof thesystem.Hints can
beappliedto restrictthebehavior of thecircuit by allowing only be-
havior that is consistentwith thehint: transitionsoutof a statethat
violatesthe hint aredisabled.This resultsin an underapproxima-
tion of thetransitionrelation.Thesamehint canbeappliedto allow
morebehavior by allowing any transitionfrom a statethatviolates



the hint, resultingin an overapproximation.This dual useof the
hint parallels@ thedualcharacteristicsof leastandgreatestfixpoints.

Thestrengthsof guidedsearcharethreefold,addressingthemost
importantbottlenecksin modelchecking.

1. Hints simplify thetransitionrelation,makingpreimagecom-
putationmoreefficient.

2. Guidedsearchis gearedto exploring regular subsetsof the
statespace,avoidingBDD blowup.

3. The resultsobtainedin a simple systemusing one hint are
employed towardstheexactresult,requiringlesswork in the
morecomplicatedexactsystem.

Hints areprovided by the user, basedon the knowledgeof the
designathand,but requirelesseffort onthepartof thedesignerthan
detailedsimulationstimuli, while retainingthecompletecoverage
of modelchecking.

Hints may be property-dependent(whenthey direct the search
towards statesthat will prove the property either true or false),
system-dependent(when they exploit knowledgeof the designto
addressthebottlenecksof computation),or both.By contrast,only
property-dependenthints are applicableto non-symbolicguided
search[YD98].

Hintsareofteneasyto find; [RS99b] identifiestypesof hintsthat
canbeusedto avoiddifficult computations.Theseincludechoosing
a simplemodeof operationof a complex circuit (e.g.,anALU), or
sequencingtheuseof registersin abankto avoid BDD blowupdue
to symmetries.We will illustrate the useof hints for under- and
overapproximationwith anexample.

3.1.1 Example

Gcd is a circuit implementinga variation of Euclid’s algorithm
[EucBC] for 8-bit numbers. We have two propertiespertaining
to the terminality of the algorithm. One is of the form # 
 � p ��
�A�
�B�
�

q� , stating that a computationcan always terminate
within threeclock ticks. The other, of the form p �C# ! q, states
that a computationhasto terminateeventually. The first property
is falseandthesecondis true,becausealthoughthealgorithmmay
take morethanthreeiterations,it doesterminate.

Both propertiesarerelatively hardto computedueto the wide
datapath. Gcd hastwo eight-bitnumbersstoredat any time. The
two numbersarestronglyinterdependent,beingthe resultof mul-
tiple iterationsof Euclid’s algorithm. The setsof statesgenerated
duringanexplorationof thestatesspacearequitecomplex andhard
to representusingBDDs.

Hence,we explore the circuit with a narrow datapathfirst, and
thenwidenthedatapathonebit ata time until wehave includedall
eight bits. Thus,we fully explore the part of the statespacethat
usesonly the lower orderbits, beforewe startexplorationof the
partsthatalsousethehigherorderbits. As evident from Table1,
this sequenceof hints is quite successfulfor both properties.The
explorationof the statespaceis very regular, andwe avoid BDD
blowup.

We discusstheeffectsof thehintson the leastandgreatestfix-
point computationsin moredetailin Section3.2.1.

3.2 Under- and Overapproximations

When we compareCTL model checking to invariant checking
[RS99b], or to the languageemptinesscheckfor terminal Büchi
automata[BRS99], onefinds threemajor differences:Both least
andgreatestfixpoints mustbe computed,nestedfixpoints may be
present,andstate-spaceexploration is usuallydonebackward in-
steadof forward. In thissection,we will discusshow to useguided

in: Kripke structure� S� T � S0 � A � L � ,
hintsh1 ���)����� hn � S, with hn � S, and
setsof statesp andq.

out: thesetof statessatisfying D � p 	 qE T .

iterate= q;
for h � h1 �������)� hn do

T 1F� T 9 � h � S� ;
while iteratechangesdo

iterate= iterate8 � p 9 D �
� � iterate� E T G �
od
// invariant: D � p 	 qE T G � iterate �<D � p 	 qE T

od
// invariant: iterate��D � p 	 qE T
return iterate

Figure2: Pseudo-codefor computing
� � p 	 q� with (local) hints.

Formulaeareannotatedwith thetransitionrelationthey pertainto.
Notethatwe do not requirehi � hi � 1.

searchfor both least and greatestfixpoints. In Section3.3 we
will discussnestedfixpoints. We will illustrate the effectiveness
of guidedsearchon backwardstraversalin theexamples.

Theuseof hints for leastfixpoints is well known from [RS99b,
BRS99]. Oneway to usehints for greatestfixpoints relieson the
dualnatureof leastandgreatestfixpoints.

For leastfixpoints,we limit thestatesthatareacquiredat every
iteration. Givena Kripke structure� S� T � S0 � A � L � anda hint h, we
computetheunderapproximationT 1
� T 9 � h � S� thatconsistsof
thetransitionsin T out of a statethatsatisfiesh. SinceT 1 contains
no transitionsfrom statesthatdo not satisfyh, the iterateof Equa-
tion 1 doesnotacquirestatesthatcanonly reachψ via a transitions
onwhichh is false.In particular, statesthatviolateh arenever vis-
ited. We show thepseudo-codefor computationof a leastfixpoint
usinghintsin Figure2.

For overapproximations,the iterateis monotonicallyshrinking.
We hencelimit the statesthat are removed at every iteration: To
obtainanoverapproximationfrom hint h, we changethetransition
relationof our systemto T 1H� T 8 ��� S I h� � S� , addingtransitions
from statesviolating h to all states.In particular, thesestateshave
a self loop. If we considerEquations2 and 3, we seethat this
preventsstatesviolating h from being removed from the iterate.
Also, it preventstheremoval of statesthathaveapathwithin ϕ to a
statethatviolatesh.

For theleastfixpoint, we preventstatesfrom beingaddedto the
iterateif they satisfy � � � h 	 h � ψ � . Ontheotherhand,for greatest
fixpoints, we prevent statesfrom being removed from the iterate
if they satisfy

� � ϕ 	 ϕ �J� h� . Sincethe latter propertyis clearly
weaker thantheformer(it only requirestheexistenceof onepath),
hints for overapproximationmay, if not chosencarefully, impede
progressof the greatestfixpoint computation. In particular, hints
that refer to primary inputsareof no usefor overapproximation:
They donotallow any statesto beremovedfrom theiterate.

3.2.1 Example

In gcd, we usethe samehints for leastandgreatestfixpoints. For
thefirst propertywe computea leastfixpoint. Herethealgorithm
approximatesthetransitionrelationbydeletingany transitionsfrom
stateswith any of thehigherorderbits set.This restrictsthestates
thatareaddedto the iterateto thosewith the higherorderbits set
to zero.For thesecondproperty, we useanoverapproximationthat
addstransitionsfrom stateswith a higherorderbit setto any state.
This, dually, preventssuchstatesfrom beingremoved from the it-
erateof thegreatestfixpoint.



Notethatin thiscasethehintscombinequitewell with backward
exploration.K in Figure3, we seetheBDD sizesduringthecompu-
tationof p �L# ! q. Notethesevenhumpsin thecomputationwith
hints. Eachonecorrespondsto the breadth-firstexplorationusing
onehint. Theexplorationusingthefirst hint (computingthegcdof
one-bitnumbers)is too trivial to beapparentin thegraph.

3.2.2 Incremental Fixpoint Update

An alternative to using underapproximationsfor least fixpoints
andoverapproximationsfor greatestfixpoints is to useincremen-
tal modelchecking.Incrementaltechniques[SS94, Swa96] address
theproblemof reevaluatinga fixpoint aftera changein the transi-
tion relation.In particular, supposewewishto evaluatethegreatest
fixpoint

�
C



p, in theKripkestructure� S� T � S0 � A � L � , usingunder-
approximationsdefinedby hintsh1 andh2. Fromthesehintsweob-
taintwo transitionrelationsT1 � T 9 � h1 � S� , andT2 � T 9 � h2 � S� .
Note that in general,T1 may containedgesthatarenot in T2, and
vice-versa.

First,we computeS1 ��D � C



pE T1, theexactfixpoint usingtran-
sition relationT1. Then,to obtainthesetS2 ��D � C



pE T2, we could

computethis valuedirectlyusingT2. This is wasteful,sinceit does
notmakeuseof theinformationobtainedusinghint h1. Instead,we
will computean overapproximationS1 1 of S2 with help of S1, and
useit asa startingpoint of our greatestfixpoint computation.Let
D bethesetof destinationstatesof thetransitionsthatarein T2 but
not in T1, andlet

F � D � C

NMPORQTS E T2

S1 � D � C



S1 E T1 U T2 �
S1 1 � D � p 	V� p � F �,� S1 � D ��� E T2, and

S1 1 1 � D � C



S1 1 E T2 �
Here,F is the setof fair statesof T2. It is easilyseenthat S1 �D � C



pE T1U T2 (T1 9 T2 hasall theedgesthatappearin bothT1 and

T2), becauseS1 is anoverapproximationof this set. Also, S1W� S2.
Using techniquesfrom [SS94,Swa96]onecanprove thatS1 1 is an
overapproximationof S2. Thebasicunderlyingfact is thata cycle
within p eitherexistsin T1 9 T2, or hasanedgein it thatis in T2 but
not in T1. FromS1 1W4 S2 it follows thatS1 1 1H� S2. A dual technique
canbeusedfor leastfixpointsandoverapproximations.

ThesetF may beexpensive to compute,but we canuseincre-
mental techniquesto computethis set, too, or we can replaceit
with anoverapproximationthatis moreeasilycomputed.Onesuch
overapproximationis

MXOYQTS
.

Notethatif S1 1F� p, whichcannotalwaysbeprevented,wehave
wastedoureffort, andour computationof S1 1 1 is equivalentto com-
puting D � C



pE T2 directly. Althoughresultspublishedin theincre-

mentalsearchliteraturearepromising,wehavenotyetexploredthe
practicalbenefitsof this approachin thesettingof guidedsearch.

3.3 Nested Fixpoints

Guidedsearchcan be appliedto nestedfixpoint computationsin
severalways: Hints canbeappliedin sequenceto eachfixpoint in
theformulauntil thefixpoint is computed(locally) or eachhint can
appliedin successionto the formula as a whole (globally). The
formerapproachcomputestheexactsatisfyingsetof eachfixpoint
subformula,with thehelpof approximationsof thefixpointscom-
putedwith eachhint. Applying hints globally initially createsap-
proximationsof eachsubformulaandwith successive hintsrefines
thesesatisfyingsets.Whereaslocalhintscanbeappliedto all CTL
formulae,globalhintsareapplicableto ECTL andACTL properties
only.

ConsidertheECTL fragmentandunderapproximationsfor adis-
cussionof global hints. We apply the hints in sequence,oneat a

time, to theoriginal transitionrelationto createa subset.We then
evaluatetheentireformulaunderthistransitionrelation,storingthe
satisfyingsetsof eachsubformula.Thesatisfyingsetof anECTL
subformula,computedwith a subsetof the transitionrelationsis a
subsetof the exact satisfyingset. (SeeSection2.) Hence,if the
satisfyingsetof the top formulacontainsall initial states,thenthe
formulais true.If it doesnot,weapplythenext hint, andreevaluate
theformulausingthenew transitionrelation.Thesatisfyingsetsof
the subformulaethat have beencomputedduring evaluationwith
theprevioushint areusedto startthenext fixpoint computation.

The presenceof negationson subformulaeother thanproposi-
tional formulaepreventstheuseof globalhints,becausewe cannot
mix under- andoverapproximations.Hence,globalhintscannotbe
appliedto mixed properties. For suchproperties,we apply hints
locally at every subformula.We thuscomputetheexactsatisfying
setfor every subformula.

In our implementation,weallow for earlyterminationof thefix-
point computations,assoonasit is clearthatall initial stateswill
satisfytheformula,or thatsomeinitial statewill violateit. Thiscri-
terionis only usedfor theouterfixpoint of a CTL formula.Guided
searchcombineswell with early terminationbecausewe may be
ableto decidethe truth of a formulabasedon a simplifiedsystem,
withouthaving to computetheexactresultsof thefixpoints.

3.4 Analysis and Comparison to Prior Work

Somepropertiesareinherentlybettersuitedto guidedsearchthan
others.They make betteruseof the two importantfactors:Reuse
of previouscomputations,andearlytermination.

Typically, leastfixpoint computationscanmake gooduseof re-
sultscomputedundera previousapproximation.A notableexcep-
tion is an

� 	 formulawith anemptysatisfyingset.Evaluatingsuch
a formulain anunderapproximatedsystemwill yield anemptyset,
causingno simplificationin thenext computation.This meansthat
theevaluationunderthehints is wastedeffort. Suchpropertiesdo
occur in practice(SeeSection4), often as invariants. They area
specialcaseof the robust propertiesof [Eis99]. Theseproperties
aretypically easyto prove withouthints.

Using approximationsof the transitionrelation to increaseef-
ficiency of model checkingis a well-known technique. The au-
thorsof [CGL92,Kur94, LPJ� 96, KMP98,CHM � 96] have exper-
imentedwith approximationsasabstractionsof thesystem.These
approximationsareconstructedbasedon someinformationof the
design.Otherresearchers[CCLQ97,NIJ� 97,RS99b, PH97] have
experimentedwith techniquesbasedon controllingtheBDD sizes.
Guidedsearchtakesadvantageof theknowledgeof thesystemand
applieshints that reducetheBDD sizes.Thecombinedadvantage
offeredmay greatlybenefitmodelcheckingin termsof effective-
nessandapplicability.

4 Experimental Results

All experimentswererunonanIBM machinewith a400MHzPen-
tium II processorand1GB of RAM. Thememoryusewaslimited
to 750MB andrunswerelimited to onehourof CPUtime. For ev-
ery example,we performedmodelcheckingbothwith andwithout
precedingreachabilityanalysis.We reportthebesttimesfor every
instance.

Vsa is a scaled-down modelof a DLX-style processor. It has
four registers,of which register0 alwaysholds0, andits datapath
is five bits wide. The processorhasthe usualload, store,branch,
arithmetic,andlogical instructions.Wecheckatruepropertyof the
form

�"!
p. Thehints thatwe usearedesignedto explore thestate

spacein a mannerthat is as regular as possible. First, we allow
only loadsto oneregister, goingfrom register1 to 3 in order. Then
we do thebranches,andthestores,andfinally we usetheoriginal
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Figure 3: BDD size for model checkingusing breadth-firstand
guidedsearch,onGcd for thegreatest-fixpointpropertyp �L# ! q.
Thesizesreportedarethemaximumsizefor intermediateproducts
in eachpreimagecomputation.

transitionrelation.Thehintssequencetheuseof thedataregisters
to breaksymmetrybetweenthe registers,insteadsaturatingthem
one by one [RS99b]. The hints successfullyforce the backward
modelcheckingalgorithmto only considerstatesthat could have
beencausedby certaininstructions,preventingit from strayinginto
partsof thestatespacethathavecomplicateddependenciesbetween
variouslatches,suchastheregistersandtheALU inputandoutput.
This significantlyreducestime, andespeciallymemoryconsump-
tion.

Thesecondpropertywe tried on this designwasa mixedprop-
erty of the form # 
[�"! q. Thepropertypasses,andalthoughearly
terminationdoesnot helphere,hints reducetime andmemoryuse
by about25 and30percentrespectively.

Soapis amodelof a token-passingalgorithmfor distributedmu-
tual exclusion [DK98], in which processorscan be resetwith an
externalinput. The token is passedalonga spanningtreeof a net-
work of processors.We usea propertythat passes,of the form�"! � p � �
�A� q 	 r � . The propertyis quite localized: It only per-
tainsto two processors,andtheonesin betweenthem,thatpassthe
token from oneto the other. The sequenceof hints we useturns
on two processorsat a time, leaving the restdisabledby keeping
their resetinput high. In this way, thealgorithmexploresa smaller
instanceof thesoapmodelbeforemoving on to amodelwith more
processors.Earlyterminationis crucial. It allowsusto finishbefore
ever turningonall processors.

Our third designis Vsp, a pipelinedversionof Vsa. For Vsp
we have an invariant ( # 
 p), that holds. This is a goodexample
of a propertythat doesnot allow for speedupusinghints. In this
design,thepreimageof � p undertheexacttransitionrelationis the
emptyset. Therefore,the preimageof � p alsoequalsthe empty
setunderany subsetof the relation. We have onehint here,plus
theexacttransitionrelation,andsincetheresultof modelchecking
usingonehint cannothelpthenext one,wedothesamework twice.

We have discussedGcd in Section3.1.1. Notethat for thefirst,
falseproperty, earlyterminationworkswell by finding theshortest
possiblecounterexample.

Rcnumis animplementationof the“rollercoasternumbers”.We
aregiventhefunction

f � n� �
\

n] 2 if n is even,
3n ^ 1 if n is odd �

Table1: Performanceof guidedsearch.
experiment procedure time(s) peakBDD nodes
Vsa standard 140 5.5M�_!

p earlyterm. 79 5.3M
hints 24 0.8M
hints+ e.t. 24 0.8M

Vsa standard 58 4.7M# 
J�"! q earlyterm. 58 4.7M
hints 44 3.2M
hints+ e.t. 44 3.2M

Soap standard : 3600 N/A�_! � p� earlyterm. : 3600 N/A�
�A�
q 	 r � hints : 3600 N/A

hints+ e.t. 38 4.1M
Vsp standard 41 2.1M# 
 p earlyterm. 41 2.1M

hints 72 2.5M
hints+ e.t. 72 2.5M

Gcd standard 1600 20.5M# 
 � p � earlyterm. 12 1.7M�
�A�
�A�-�
q� hints 130 9.1M

hints+ e.t. 12 1.7M
Gcd standard 1100 21.5M
p �`# ! q earlyterm. 1100 21.5M

hints 22 2.0M
hints+ e.t. 22 2.0M

Rcnum standard 2400 26.9M# ! p earlyterm. 2400 26.9M
hints 1000 15.0M
hints+ e.t. 1000 15.0M

Ethernet standard 99 4.2M�_!a��

p earlyterm. 99 4.2M

hints 88 6.2M
hints+ e.t. 88 6.2M

The questionis whetherfor every naturalnumbern thereis an i
suchthat f i � n� � 1. This is anopenproblem.Our implementation
uses25 bit numbers,andchangesf to return0 whenan overflow
occurs.The truepropertythatwe checkis thatevery computation
eventuallyendswith thenumber0 or 1, or in otherwords,thatthere
is a pathfrom any numberto 0 or 1. Our hints aremuchlike the
hintsfor gcd. They keeptheb higherorderbits of thedatapathset
to 0 for decreasingb. Thuswe first computeall numbersthathave
a pathto 1 in a restrictedsystem. Thenwe usethesenumbersto
computethenumbersreaching1 in a morerelaxedsystem,making
useof theinformationwehave gainedon thesmallerdatapath(any
pathwill endwith a tail of smallnumbers).Early terminationdoes
nothelphere,sinceevery stateis aninitial state.

Ethernetmodelscommunicationbetweenasetof processorsus-
ing the Ethernetprotocol. This circuit hasthreeprocessors.Each
processorrequestsdatanon-deterministicallyandmustreceivedata
whena requestis asserted.The transmittermoduleis responsible
for transmittingdatato the channel. A requestis resetwhen the
transmittermodulesignalssuccessor failure. Thepropertychecks
whetheraprocessorcanstayin arequestassertedstateforever. This
propertyfails on this circuit, i.e., it is never possibleto remainin
a requeststateforever. The original modelcheckingrun takes99
seconds.Theproperty-dependenthint in this caseassertsthecon-
ditionswheretherequestmustbereset,to forcethepropertyto fail.
Thesecondition are characterizedby the transmittermodulesig-
naling successor failure. Thehint is appliedto obtainan overap-
proximation,so thatwhentheprocessoris waiting for success/fail
acknowledgefrom the transmittertransitionsto any stateis possi-



ble. Themodelcheckingrun with hints is aidedby thesimplified
transitionb relationandtheresultingrun takes88 seconds.

5 Conclusions

We have presentedan approachto efficient symbolicCTL model
checkingthat relieson user-provided hints. The approachallows
an exact evaluationof CTL formulaswhile avoiding BDD explo-
sion andcan be effectively combinedwith the detectionof early
terminationconditions.

Wehaveintroducedtheuseof guidedsearchfor overapproxima-
tion, andshown thefirst resultsfor backwardsmodelcheckingand
greatestfixpoint computations.We have discussedthe possibility
of using incrementalmodelcheckingin combinationwith guided
search,but we have notexperimentedwith thisoption.

Guided searchworks well in avoiding BDD size explosion
by simplifying the transition relation, and avoiding difficult-to-
representsubsetsof thestatespace.Employing hintsprovided by
theuser, thesearchconcentrateson specificpartsof thestatespace
that areeasyto representandsupplya goodstartingpoint for ex-
plorationof theentirestatespace.

SymbolicguidedsearchspeedsupCTL modelcheckingandhas
beenshown elsewhereto benefitLTL modelcheckingaswell as
ω-regular languagecontainment[BRS99]. Combiningthe two ap-
proachesyieldsaguidedsearchalgorithmfor CTL* [EL87], which
we planto implement.

Morework remainsto bedonein theintegrationof ourapproach
with existing techniquesfor abstraction.In particular, we areinter-
estedin thecombinationof guidedsearchwith theiterative refine-
mentschemesof [PH97,Jan99].
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