Optimal Allocation of Carry-Save-Addersin Arithmetic Optimization
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Abstract: Carry-s@e-adder(CSA)is one of the most
widely used schemesfor fast arithmetic in industry
This paper provides a solution to the problem of find-
ing an optimal-timing allocation of CSAs. Specifically
we presenta polynomial time algorithm which finds an
optimal-timingCSAallocation for a given arithmeticex-
pression.In addition,we extendour resultfor CSA allo-
cationto the problemof optimizingarithmeticexpressions
acrossthe boundaryof designhierarchy by introducinga
new conceptcalledauxiliary ports Our algorithmcanbe
usedto carry out the CSA allocationstepoptimally and
automaticallyandthis canbe donewithin the contet of a
standardHDL synthesiernvironment.

1 Introduction

Timing is one of the mostimportantdesigncriteriato be
optimizedin several phasef the synthesigorocess.We
study in this paperthe timing optimization problem of
arithmetic circuits using carry-s&e-adders(CSA)[[Las a
key implementatiorof operationsn RTL synthesis.
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Figurel: Thestructureof ann-bit CSA

Figurel(a)shavs the structureof ann-bit CSA. An n-
bit CSA consistsof n disjoint full adders(Rs). It hasas
input threen-bit input vectors X, Y, Z andproducetwo
outputvectors,an n-bit sumvector .S andan n-bit carry
vectorC'. We usetheblock symbolin Figurel(b)to repre-
senta CSA. Thedetailsonthe CSA structurecanbefound
in [2, 6]. Notethatthe CSA allocationschemsds not lim-
ited to additiononly. We cancorvert otherarithmeticope-
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rationslik e subtractiorandmultiplicationinto additionsto
beoptimizedby CSAs.[3

In this paperwe provide a setof resultsonthe optimal-
ity of the CSA allocationproblemintroducedby [2], from
which we develop an efficient optimal algorithm for the
CSA allocation. The optimality is thenextendedto solve
the problemof a wide applicationof CSAsfor arithmetic
expressiongacrosghedesignboundary

2 An Algorithm for CSA Allocation

2.1 Delay Model for CSA

Becauseann-bit CSA consistof n “disjoint” full adders,
we canuseaconstantlelaymodelfor CSA:Let D, denote
the (longest)delayfrom the threeinput portsto the carry-
outport,andD; denotglongest)Xelayfrom thethreeinput
portsto the sumoutputport of afull adder

2.2 Optimality of CSA Allocation
The CSAallocationproblemcanbe statedas:
Givenan arithmeticexpression

f==z+ -+ +s51+ - + s, +c (D)
whee z;, - - - x,,, are multi-bitinputs, sy, - - - s,, are single-
bit inputs and c is a constant,and the arrival times of
theinputs,for a constantdelaymodelfor CSA(definedin
Sec.2.1), determinean allocation of CSAstructuee for f
sud thattheoutputarrival timeis minimum.

Let usfirst considethecasethattheconstant is 0. We
divide the probleminto two sub-problems:(i) m — 1 >
n. In this casethe numberof multi-bit addendds large
enoughsothatall single-bitaddendsanbe usedascarry
inputs of the allocatedCSAS'; (i) m — 1 < n. In this
casesomeof thesingle-bitaddendshallbeusedasnormal
inputsto CSAs.

Algorithm 1 CSAallocationfor f in Eq.(1)whenc = 0
andm — 1> n:

1The minimum numberof CSAsrequiredto completethe sumof m
multi-bit addendss m — 2. This meanghatatleastrm — 1 carry-input
ports(includingthe oneon thefinal adder)areavailableto the single-bit
addends.



e SetM = {z1, -, xm}andS = {s1,--
suchthat| M| — 1 = |S|;
e Sorttheaddendsn M andsS by theirarrival
timesin non-decreasingrder;
while (M| > 3)
o Selectthefirst threeaddendsrom M;
e Createanew CSA andconnecthemasinputs;
e Selectthefirstaddendrom S;
e Connecit (if not0) ascarryinput;
e Insertthetwo outputsof the CSAto M;
endwhile
[* Here,we male surethat| M| = 2 and|S| = 1%/
e Createafinal adder;
e Connecthetwo addendsn M asnormalinput;
e Connectheaddendn S (if not0) ascarryinput;

‘,5n707"'70}

Our CSA allocationalgorithmis similar to the Huff-
mansalgorithm[3 for constructingabinarytreewith min-
imum (weighted)path length. However, the CSA allo-
cationproblemis fundamentallydifferentfrom minimum
(weighted)pathlengthproblemandthemoregeneraprob-
lem with a classof combinationfunctions (i.e., quasi-
linear function[4], for which Huffman’s algorithm pro-
ducesan optimal tree underthe correspondingree cost
function: (1) In astrictsensethe CSAallocationalgorithm
constructs “graph” of CSAsratherthana “tree” because
a CSA nodeproduceswo outputs,andthey may be used
asinputsto different CSA nodes creatinga recomvergent
path;(2) In additionto the classof multi-bit inputs,the al-
locationproblemhasanotherclassof inputs,i.e., a setof
single-bitaddendswith two differentcostmeasuresCon-
sequentlyourapproacho theproofof theoptimality of the
CSA allocationis completelydifferentfrom that of Huff-
mans. (Dueto the spacdimitation, we omit all detailsof
theproofshere.)

Lemma 1 Algorithm1 yieldsa delay-optimalCSAalloca-
tion for subpoblem(i).
Proof We appliedinduction on the numberof inputs m.
We analyzedthe arrival times of the addendsgenerated
with Algorithm 1 andthe oneswithout Algorithm 1, and
extracteda setof inequalityrelationsby whichwe claimed
thetheoremholds. a
Next, considersubproblem(ii). Becausenot all the
single-bitaddendsanbe usedasa carryinputto a CSA,
someof themshall be usedasa normalinput to a CSA.
Consequentlywe shoulddecidewhich andhow mary of
the single-bitaddendsareto be usedasnormalinputsto
someof the CSAs. Let & denotethe numberof single-bit
addenddo be usedasnormalinputsto the CSAs. We can
easilyshaw thatk > [2=217 from thefactthatcorvert-
ing onesingle-bitaddendo a multi-bit addendo be used
asanormalinputto a CSA create®neadditionalCSAand
thus,resultsin onemorecarryinput portsavailableto use,
andat the sametime, onelesssingle-bitaddends.Let us

considetheproblemof selectingt addend$rom thelist of
single-bitaddendgo be useasnormalinputsto the CSAs.

Lemma 2 To selectk single-bitaddendgo beusedasnor-
mal inputsto the CSAs the k single-bitaddendswith the
earliestarrival timeswill be selected. A subsequenap-
plication of Algorithm 1 geneiatesa CSAstructue whose
timingis minimalamongall CSAallocationswith anypos-
sible selectionf k£ single-bitaddendgand a subsequent
applicationof Algorithm1).

Moreover, we claim that a delay-optimalCSA allo-
cation is obtainedwhen the value of & is chosento be
k = [2=2+1] Thatis,

Lemma 3 Theminimumnumberof single-bitaddendsk,
to beusedasnormalinputsto CSAdor delay-optimalCSA
allocationis [2=21+17,

Consequentlyfrom Lemma3, we cansummarizeour
CSA allocationalgorithmfor subproblen{ii) asfollows:

Algorithm 2 CSAallocationfor f in Eq.(1)whenc = 0
andm — 1 < n:

e SetM ={x1, -+, xm}andS ={s1, -, sn};

e Sorttheaddendsn S by arrival times(non-decreasing);
e Move thefirst [ 2=2+1] addenddrom S to M;

o Apply Algorithm1;

Finally, let us considerthe casethatc # 0. If it is a
negative numbey we needto do a sign-etensionfor the
constant. This meansthat we shall treatit asa multi-bit
addend.However, if it is a positive numbey therearetwo
choices:(1) breakingc into aformof 1 + 1 4 ... + 1(=
¢) to be usedas carry inputsto CSAs, or (2) treatingc
asone multi-bit addend. (Obviously, using a strateyy of
mixing options(1) and(2) will produceinferior timings.)
If ¢ > 0andm — 1 > ¢+ n, we canuseall single-bit
andconstantaddendsscarryinputsto CSAs(i.e., option
(2)). Thisclearlyproducesdelay-optimalCSAallocation
sincethetiming of CSA structureproducedby Algorithm
1 with option(1) andthetiming of CSA structurewith ¢ =
0 are basicallythe same. However, if ¢ > 0 andm —
1 < ¢ + n, we claim thattreatinge asa multi-bit addend
(i.e., option (2)) producesa delay-optimalallocation. In
thefollowing, we summarizeur procedurdor theoptimal
CSAallocation.

CSA_OPT optimalCSAallocationfor f in Eq.(1)

e SetM ={z1, - ,xm}andS ={s1, -+, 8n};
e If ¢ < 0, putit in M by sign-etension;
o lf ¢ >0andm — 1 > ¢+ n, breake into
14+ 1+ ...+ 1(= ¢) andputthemin S;
elf c>0andm — 1 < c+ n, putcin M;
e Apply Algorithm2;

Theorem 1 CSAOPT geneatesa delay-optimalCSAal-
locationfor f in Eq.(1)

Figure 2 shovs an example of CSA allocationusing
CSAOPT. Let us consideran addition expressionwhich



consistsof 2 multi-bit addends4 and B and4 single-bit
addends, d, e and f, and constant2 as shavn in Fig-
ure2(a)2 We notefirst the constanindsomeof single-bit
addendsnustbe usedasnormalinputsto CSAs. In par
ticular, sincem — 1 =2—-1< 244 = ¢+ n, wein-
sertconstant to the multi-bit list M asshawvn at thetop
of Figure2(b). Accordingto Algorithm2, lists M andS
satisfytheinequalityrelation,m —1 =3 -1 < 4 = n.
Consequently] =247 (= (4—3+1)/2 = 1) addendn S
with theearliestarrival time shallmoveto list M asshavn
at the bottom of Figure2(b). Finally, we applythe CSA
allocationalgorithmfor the updatedM and S according
to Algorithm 1: Thefirst threeaddendsn M andthefirst
addendn S areselectedcandconnectedo the input ports
of anew CSA asshawn in Figure 2(c). The subsequent
iterationsin Algorithm 1 generatea CSA structureshavn
in Figure2(d) in which single-bite wasselectecandused
asacarry-inputto thesecondCSAbecauséts arrival time
is earlierthanthatof f. Notethatthe calculationsof the
arrival timesof thetwo outputsof the CSA (in Figure2(c))
areslightly differentin thatthearrival time of thecarry-out
vectorof the CSAis determinedy the arrival time of the
addendusedascarryinputto the CSA aswell asthetimes
of theaddendsisedasnormalinputsto the CSA.
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Figure2: An exampleof illustratingtheflow of CSAOPT
for CSAallocation

3 Extension: boundary optimization

For morecomplec arithmeticexpressionsit is quite of-
tenandnaturalto divide anarithmeticexpressiorinto mul-
tiple designs.We illustrateour motivation of optimization
over differentdesignsby usingthe examplesin Figure 3.
Figure3(a) consistwf two designs, A and B. Figure3(b)
shavs the CSA tree producedby disrggardingthe bound-
ary of designA andapplyingthe CSAOPT algorithmto
the whole design. Consequentlywe obtainthe besttim-
ing, 9.5+D(ADD), at the expenseof destrging the design
boundary On the otherhand,Figure 3(c) shavs the CSA
treeproduceddy applyingouralgorithmto designsA first,
andthento B. As aresult,thetiming of the structureis
worsethanthat of Figure 3(b) sinceD(ADD) > D(FA) =

2WeuseD(X) to denotethearrival timeof X if X isanoperandand
to denotethe delayof thefastesimplementatiormoduleof X if X isan
operation,suchas addition, multiplication. We assumethat the arrival
time of aconstanis 0.

max{D., Ds} = 1.5 Thisis dueto theinability of meig-
ing thetwo operation®p2andop3in differentdesigngnto
CSA. Consequentlywe needa mechanisnto optimizethe
chainof non-CSAoperationgcrosgthedesigrboundaryin
orderto increasegheoverall performancevhile preserving
the boundary To this end,we introducea concepof allo-
catingatleastoneadditionalport (calledauxiliary port) to
thedesignboundary For example,in Figure3(c),to memge
thetwo operationop2andop3into CSAwe move up the
boundaryof designA to theoutputsof csa2asshavn with
theheavy line. Thisimpliesthattwo (output)portsonthe
boundaryof A arerequiredratherthanoneregularportr.

D(a) = 8.0} |
D(b) =5.0/ |
D(c) = 4.0!
D(d) = 2.0!
D(e) = 0.0;
Dc=15 !

9.5 + D(ADD)
(b)

8.0 + 2*D(ADD)
(c)

Figure3: An exampleof meiging operationdn different
designgnto CSAs

The boundaryoptimizationis viewed as partitioning
one CSA structureinto two part,oneresidingin designA
andanotheresidingin designB, andsatisfyingthefollow-
ing equalityrelationbetweerthevaluesassignedo portsr
andits auxiliary portsay, - - -, a; befoe thetransformation
andthoseafter the transformation.(We denoteV; (z) and
V5 (x) to thevaluesassumedo portz beforeandafterthe
transformationrespectiely.)

Vi(r) = Va(r) + Valar) + o + Va(ar)  (2)

Given an arithmetic expressionacrossdesignbound-
aries,it is importantto usethe minimumnumberof auxil-
iary ports,t,.i., (While producingoptimal-timing)in order
to minimize the run time overheadfor computingEg.(2)
during simulation.We achieve this by iteratively applying
CSAOPTto theexpressiordescribedasfollows.

CSA_OPT_BOUND optimal CSAallocation for f in Eq.
(1) acrossdesignboundary

e Sett = # of addendsn upperexpressiorof f;
repeat
et =1t-1;/* t: #of aux. portscurrentlyavailable*/
e Apply CSAOPTto upperexpr. of f with ¢ aux. ports;
e Apply CSAOPTto lower expr. of f togethemith
theaddenddrom thet ports;
until (thereis atiming increase)

L4 tmin = t;

4 Experimentations
We testedour algorithmon a large numberof arithmetic
computationgypically found in industrial designs. We



usedDesignCompilerpackagdrom Synopsysnc. to per
form the implementatiorselection tree-heightminimiza-
tion and logic optimizations> We used8-bit operands
for non-constaninputs of multiplication and used16-bit
operandgor therest. (Oneexceptionis iir_design, whose
bit-widths are specifiedin Figure4.) The multiplication
wasfully decomposedhto additions. For the multiplica-
tion with aconstaninputwe applieda signed-digitencod-
ing scheme[bto reducethe numberof operations.
Optimizing expressions contained in singledesigns: We
testedCSAOPT on arithmeticexpressionsshavn in the
first columnof Tablel. We obtainedhe minimumtimings
for all designgproducedvith andwithoutusingCSAOPT.
As the comparisonsshavn in Table 1 indicate, the im-
provementdn bothtiming andareaaresignificant. More-
over, the reductionsare consistent. Since CSAOPT is
delay-optimalCSA allocation (also, allocatingminimum
numberof CSAs),the comparisonsrefor referenceonly
to shav how muchthetiming/areareductionsarenormally
expectedwvhenusingour CSAtechniques.

Expressions RTL design | CSAOPT | diff.
time/area | time/area
Ai+Ag+ - +Ag 3.69/ 2.84/ -23%
6724 4077 -39%
Bi1-By-B3-----Bg 3.56/ 2.93/ -18%
5992 5628 -6%
A-B-C-D 5.61/ 4.39/ -22%
+E-F 9383 7626 -19%
A-B-C-D—-FE 5.40/ 3.92/ -27%
7640 5650 -26%
A—-B-C+D-E 5.65/ 3.97/ -30%
+2 6325 5413 -14%
A—-B+C-D 5.62/ 4.03/ -28%
+E-F+3 6643 5701 -14%
A-B+C-D 6.06/ 4.53/ -25%
+E-F+G-H 11749 9382 -20%
A-B-C-D+FE 6.08/ 4.27/ -30%
+F-G+H-1+4+10 10073 8649 -14%
A-204+B-37 5.50/ 3.71/ -27%
+C-D 7880 4603 -42%

Tablel: Resultsfor expressionsn singledesigns

Optimizing expressions contained in multiple designs:

We testedCSAOPT.BOUND (with restrictednumberof
auxiliary ports)on arithmeticcomputationsn multiple de-
signsin Figure4, andsummarizeheresultsn Table2. The
secondthird, andfourth columnsof thetableshav there-
sultsof theoriginaldesignsthe CSA optimizeddesigny
[2] andtheonesby CSAOPT_BOUND, respectiely. Each
designis testedtwice, onefor minimizing timing (i.e., la-
beledwith t-opf), anothefor minimizing areaunderatim-

ing constrain{i.e.,labeledwith a-opf). Theresultsarevery
impressie, reducingbothtiming andareasignificantly

3The tree-heighiminimizationis performedon non-CSAoperations.
In addition,we usedcbg10pV0.35:) technology[T for all thetestcases.

Expr. RTL design | CSA[2] Ours diff. over
time/area | time/area| time/area| (RTL, [2])
hier_1 3.03/ 3.06/ 2.57/ (-25%,-12%)
(t-opt.) 2919 2261 2017 (-31%,-11%)
hier_1 3.03/ 3.06/ 2.88/ (-14%,-6%)
(a-opt.) 2919 2472 1365 (-53%,-40%)
hier_2 4.18/ 3.18/ 2.45/ (-41%,-23%)
(t-opt.) 3993 3907 3632 (-9%, -7%)
hier_2 4.18/ 3.58/ 3.60/ (-14%,same)
(a-opt.) 3993 3255 2390 (-40%,-27%)
iir_design 6.57/ 5.93/ 4.94/ (-25%,-17%)
(t-opt.) 13362 12073 11444 (-14%,-5%)
iir _design 6.57/ 6.49/ 6.17/ (-8%,-5%)
(a-opt.) 13362 9172 9202 (-30%,+1%)

Table2: Resultsfor expressionsn Figure4

Figure4: Expressionén multiple designs

5 Conclusions

We presentedin optimal-timingCSAallocationalgorithm

for arithmeticexpressiongontainedn singledesignsThe

algorithmwasthenextendedto solve the CSA optimiza-

tion problemfor expressiongontainedn multiple designs
by introducinganew conceptauxiliary ports. Experimen-
tal resultsindicatethat our work can be usedeffectively

asa solutionto the arithmeticoptimizationproblemusing

CSAsto overcomethecycle time limit of thecircuits.
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