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Abstract: Carry-save-adder(CSA)is one of the most
widely used schemesfor fast arithmetic in industry.
This paperprovides a solution to the problem of find-
ing an optimal-timing allocationof CSAs. Specifically,
we presenta polynomial time algorithm which finds an
optimal-timingCSAallocation for a given arithmeticex-
pression.In addition,we extendour resultfor CSA allo-
cationto theproblemof optimizingarithmeticexpressions
acrosstheboundaryof designhierarchy by introducinga
new concept,calledauxiliary ports. Our algorithmcanbe
usedto carry out the CSA allocationstepoptimally and
automatically, andthis canbedonewithin thecontext of a
standardHDL synthesisenvironment.

1 Introduction
Timing is oneof the mostimportantdesigncriteria to be
optimizedin several phasesof the synthesisprocess.We
study in this paper the timing optimization problem of
arithmeticcircuits using carry-save-adders(CSA)[1] as a
key implementationof operationsin RTL synthesis.
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Figure1: Thestructureof an � -bit CSA

Figure1(a)shows thestructureof an � -bit CSA.An � -
bit CSA consistsof � disjoint full adders(FAs). It hasas
input three� -bit input vectors

�
, � , � andproducetwo

outputvectors,an � -bit sumvector � andan n-bit carry
vector � . Weusetheblocksymbolin Figure1(b) to repre-
sentaCSA.ThedetailsontheCSAstructurecanbefound
in [2, 6]. Notethat theCSA allocationschemeis not lim-
ited to additiononly. Wecanconvertotherarithmeticope-

rationslikesubtractionandmultiplicationinto additionsto
beoptimizedby CSAs.[2]

In thispaper, weprovideasetof resultson theoptimal-
ity of theCSA allocationproblemintroducedby [2], from
which we develop an efficient optimal algorithm for the
CSA allocation. Theoptimality is thenextendedto solve
theproblemof a wide applicationof CSAsfor arithmetic
expressionsacrossthedesignboundary.

2 An Algorithm for CSA Allocation
2.1 Delay Model for CSA
Becausean � -bit CSA consistsof � “disjoint” full adders,
wecanuseaconstantdelaymodelfor CSA:Let ��� denote
the(longest)delayfrom thethreeinput portsto thecarry-
outport,and ��	 denote(longest)delayfromthethreeinput
portsto thesumoutputportof a full adder.

2.2 Optimality of CSA Allocation
TheCSAallocationproblemcanbestatedas:
Givenanarithmeticexpression
���
�������������
�������������������� �!��"

(1)
where


�#%$������&
��
are multi-bit inputs,

�'�($)����� �(�
are single-

bit inputs and c is a constant,and the arrival timesof
the inputs,for a constantdelaymodelfor CSA(definedin
Sec.2.1), determinean allocation of CSAstructure for



such that theoutputarrival timeis minimum.

Let usfirst considerthecasethattheconstant
"

is 0. We
divide the probleminto two sub-problems:(i) *,+.-0/� . In this casethe numberof multi-bit addendsis large
enoughsothatall single-bitaddendscanbeusedascarry
inputsof the allocatedCSAs

�
; (ii) *1+2-43 � . In this

casesomeof thesingle-bitaddendsshallbeusedasnormal
inputsto CSAs.

Algorithm 1 CSAallocationfor



in Eq.(1)when
"5��6

and *7+8-9/ � ::
Theminimumnumberof CSAsrequiredto completethesumof ;

multi-bit addendsis ;=<?> . This meansthatat least;=<A@ carry-input
ports(includingtheoneon thefinal adder)areavailableto thesingle-bit
addends.
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B SetCEDGFIH :IJLKLKLKLJ HNMPO andQRDGFTS :IJLKLKLKLJ SLU JWVXJLKLKYKLJWV O
suchthat Z C[Z)\^]_DGZ Q`Z ;B Sorttheaddendsin C andQ by theirarrival
timesin non-decreasingorder;

while ( Z C7Zba0c )B Selectthefirst threeaddendsfrom C ;B Createanew CSAandconnectthemasinputs;B Selectthefirst addendfrom Q ;B Connectit (if not V ) ascarryinput;B Insertthetwo outputsof theCSAto C ;
endwhile
/* Here,wemakesurethat Z C7ZbD4d and Z Q`ZbDG] */B Createafinal adder;B Connectthetwo addendsin C asnormalinput;B Connecttheaddendin Q (if not V ) ascarryinput;

Our CSA allocationalgorithm is similar to the Huff-
man’salgorithm[3] for constructingabinarytreewith min-
imum (weighted)path length. However, the CSA allo-
cationproblemis fundamentallydifferentfrom minimum
(weighted)pathlengthproblemandthemoregeneralprob-
lem with a classof combinationfunctions (i.e., quasi-
linear function)[4], for which Huffman’s algorithm pro-
ducesan optimal tree under the correspondingtree cost
function:(1) In astrictsense,theCSAallocationalgorithm
constructsa “graph” of CSAsratherthana “tree” because
a CSA nodeproducestwo outputs,andthey maybeused
asinputsto differentCSA nodes,creatinga reconvergent
path;(2) In additionto theclassof multi-bit inputs,theal-
locationproblemhasanotherclassof inputs,i.e., a setof
single-bitaddendswith two differentcostmeasures.Con-
sequently, ourapproachto theproofof theoptimalityof the
CSA allocationis completelydifferentfrom thatof Huff-
man’s. (Dueto thespacelimitation, we omit all detailsof
theproofshere.)

Lemma 1 Algorithm1 yieldsa delay-optimalCSAalloca-
tion for subproblem(i).
Proof We appliedinductionon the numberof inputs * .
We analyzedthe arrival times of the addendsgenerated
with Algorithm 1 and the oneswithout Algorithm 1, and
extractedasetof inequalityrelationsby whichweclaimed
thetheoremholds. e

Next, considersubproblem(ii). Becausenot all the
single-bitaddendscanbeusedasa carry input to a CSA,
someof themshall be usedasa normal input to a CSA.
Consequently, we shoulddecidewhich andhow many of
the single-bitaddendsareto be usedasnormal inputs to
someof theCSAs. Let f denotethenumberof single-bit
addendsto beusedasnormalinputsto theCSAs.We can
easilyshow that fg/ih �kjk�mlm�n o from thefactthatconvert-
ing onesingle-bitaddendto a multi-bit addendto beused
asanormalinput to aCSAcreatesoneadditionalCSAand
thus,resultsin onemorecarryinputportsavailableto use,
andat the sametime, onelesssingle-bitaddends.Let us

considertheproblemof selectingf addendsfromthelist of
single-bitaddendsto beuseasnormalinputsto theCSAs.

Lemma 2 To selectf single-bitaddendsto beusedasnor-
mal inputsto the CSAs,the f single-bitaddendswith the
earliestarrival timeswill be selected.A subsequentap-
plication of Algorithm1 generatesa CSAstructure whose
timingis minimalamongall CSAallocationswith anypos-
sibleselectionsof f single-bitaddends(anda subsequent
applicationof Algorithm1).

Moreover, we claim that a delay-optimalCSA allo-
cation is obtainedwhen the value of f is chosento bef � h �Xjk�mlm�n o . Thatis,

Lemma 3 Theminimumnumberof single-bitaddends,f ,
to beusedasnormalinputsto CSAsfor delay-optimalCSA
allocationis h �kjk�mlm�n o .

Consequently, from Lemma3, we cansummarizeour
CSAallocationalgorithmfor subproblem(ii) asfollows:

Algorithm 2 CSAallocation for



in Eq.(1)when
"��76

and *7+8-p3 � :

B SetC = F%H :YJYKLKLKLJ HNMPO andQ = F)S :%JLK KYKLJ SLUqO ;B Sorttheaddendsin Q by arrival times(non-decreasing);B Movethefirst r UbstMvu :w x addendsfrom Q to C ;B Apply Algorithm1;

Finally, let us considerthe casethat
"zy�{6

. If it is a
negative number, we needto do a sign-extensionfor the
constant.This meansthat we shall treat it asa multi-bit
addend.However, if it is a positive number, therearetwo
choices:(1) breaking

"
into a form of - � - �}|~|�|�� -b� �"��

to be usedas carry inputs to CSAs, or (2) treating
"

asonemulti-bit addend. (Obviously, usinga strategy of
mixing options(1) and(2) will produceinferior timings.)
If

"��[6
and *,+.-R/ "5� � , we canuseall single-bit

andconstantaddendsascarry inputsto CSAs(i.e., option
(1)). Thisclearlyproducesadelay-optimalCSAallocation
sincethe timing of CSA structureproducedby Algorithm
1 with option(1) andthetiming of CSAstructurewith

"��6
are basicallythe same. However, if

"4�,6
and *�+-�3 "�� � , we claim that treating

"
asa multi-bit addend

(i.e., option (2)) producesa delay-optimalallocation. In
thefollowing,wesummarizeourprocedurefor theoptimal
CSAallocation.
CSA OPT optimalCSAallocationfor



in Eq.(1):

B SetC = F%H :YJYKLKLKLJ HNMPO andQ = F)S :%JLK KYKLJ SLUqO ;B If �5� V , put it in C by sign-extension;B If �5� V and�2\^]Pa����g� , break� into]���]�����������])��D��T� andput themin Q ;B If �5� V and�2\^]P�����g� , put � in C ;B Apply Algorithm2;

Theorem 1 CSAOPTgeneratesa delay-optimalCSAal-
locationfor



in Eq.(1).

Figure 2 shows an exampleof CSA allocationusing
CSAOPT. Let us consideran additionexpressionwhich



consistsof 2 multi-bit addends� and � and4 single-bit
addends

"
, � , � and



, and constant2 as shown in Fig-

ure2(a).
n

Wenotefirst theconstantandsomeof single-bit
addendsmustbe usedasnormalinputsto CSAs. In par-
ticular, since*{+!- ��� +!-�3 �g�4���,"P� � , we in-
sertconstant2 to themulti-bit list � asshown at the top
of Figure2(b). Accordingto Algorithm2, lists � and  
satisfythe inequalityrelation, *�+¡- �i¢ +¡-g3 �£� � .
Consequently, h �Xjk�mlm�n o (= � � + ¢¤� - �¦¥��9� - ) addendin  
with theearliestarrival timeshallmoveto list � asshown
at the bottomof Figure2(b). Finally, we apply the CSA
allocationalgorithmfor the updated� and   according
to Algorithm1: Thefirst threeaddendsin � andthefirst
addendin   areselectedandconnectedto the input ports
of a new CSA asshown in Figure2(c). The subsequent
iterationsin Algorithm1 generatea CSA structureshown
in Figure2(d) in which single-bit � wasselectedandused
asacarry-inputto thesecondCSAbecauseits arrival time
is earlierthanthat of



. Note that the calculationsof the

arrival timesof thetwo outputsof theCSA(in Figure2(c))
areslightly differentin thatthearrival timeof thecarry-out
vectorof theCSA is determinedby thearrival time of the
addendusedascarryinput to theCSAaswell asthetimes
of theaddendsusedasnormalinputsto theCSA.

 D(C1) = max{max{0, 2, 3}+1, 4} = 4

 D(S1) = max{0, 2, 3}+2 = 5§
¨D(e) = 5,

D(d) = 3,
D(c) = 4,

= {e, f }
= {C1, A, S1}

¨
 = {d, c, e, f }
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Figure2: An exampleof illustratingtheflow of CSAOPT
for CSAallocation

3 Extension: boundary optimization
For morecomplex arithmeticexpressions,it is quiteof-

tenandnaturalto divideanarithmeticexpressioninto mul-
tiple designs.We illustrateour motivationof optimization
over differentdesignsby usingthe examplesin Figure3.
Figure3(a)consistsof two designs,� and � . Figure3(b)
shows the CSA treeproducedby disregardingthebound-
ary of design � andapplyingthe CSAOPT algorithmto
the whole design. Consequently, we obtainthe besttim-
ing, 9.5+D(ADD), at theexpenseof destroying thedesign
boundary. On theotherhand,Figure3(c) shows theCSA
treeproducedby applyingouralgorithmto designs� first,
andthento � . As a result, the timing of the structureis
worsethanthat of Figure3(b) sinceD(ADD) / D(FA) =w

Weuse©?ª�«­¬ to denotethearrival timeof « if « is anoperand,and
to denotethedelayof thefastestimplementationmoduleof « if « is an
operation,suchasaddition,multiplication. We assumethat the arrival
timeof aconstantis 0.

*R® 
�¯ ��� $ �?	T° = 1.5. This is dueto theinability of merg-
ing thetwo operationsop2andop3in differentdesignsinto
CSA.Consequently, weneedamechanismto optimizethe
chainof non-CSAoperationsacrossthedesignboundaryin
orderto increasetheoverallperformancewhile preserving
theboundary. To this end,we introducea conceptof allo-
catingat leastoneadditionalport (calledauxiliary port) to
thedesignboundary. For example,in Figure3(c),to merge
thetwo operationsop2andop3 into CSA we move up the
boundaryof design� to theoutputsof csa2asshown with
theheavy line. This impliesthat two (output)portson the
boundaryof � arerequiredratherthanoneregularport ± .
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Figure3: An exampleof merging operationsin different
designsinto CSAs

The boundaryoptimization is viewed as partitioning
oneCSA structureinto two part,oneresidingin design�
andanotherresidingin design� , andsatisfyingthefollow-
ing equalityrelationbetweenthevaluesassignedto ports±
andits auxiliaryports ® � , ����� , ®�² before thetransformation
andthoseafter the transformation.(We denote³ � � 
��

and³ n � 
��
to thevaluesassumedto port



beforeandafterthe

transformation,respectively.)³ � �´± �µ� ³ n �´± ��� ³ n �¦® ������|~|�|¶� ³ n �¦®�² � (2)
Given an arithmeticexpressionacrossdesignbound-

aries,it is importantto usetheminimumnumberof auxil-
iary ports,· �`#´�

, (while producingoptimal-timing)in order
to minimize the run time overheadfor computingEq.(2)
duringsimulation.We achieve this by iteratively applying
CSAOPTto theexpressiondescribedasfollows.

CSA OPT BOUND optimal CSAallocation for f in Eq.
(1) acrossdesignboundary:

B Seţ = # of addendsin upperexpressionof ¹ ;
repeatB ¸ = ¸ - 1; /* ¸ : # of aux.portscurrentlyavailable*/B Apply CSAOPTto upperexpr. of ¹ with ¸ aux.ports;B Apply CSAOPTto lowerexpr. of ¹ togetherwith

theaddendsfrom the ¸ ports;
until (thereis a timing increase)B ¸IM�º�U = ¸ ;

4 Experimentations
We testedour algorithmon a large numberof arithmetic
computationstypically found in industrial designs. We



usedDesignCompilerpackagefrom SynopsysInc. to per-
form the implementationselection,tree-heightminimiza-
tion and logic optimizations.» We used8-bit operands
for non-constantinputsof multiplication andused16-bit
operandsfor therest. (Oneexceptionis iir design, whose
bit-widths arespecifiedin Figure4.) The multiplication
wasfully decomposedinto additions. For the multiplica-
tion with aconstantinputweappliedasigned-digitencod-
ing scheme[5] to reducethenumberof operations.

Optimizing expressions contained in single designs: We
testedCSAOPT on arithmeticexpressionsshown in the
first columnof Table1. Weobtainedtheminimumtimings
for all designsproducedwith andwithoutusingCSAOPT.
As the comparisonsshown in Table 1 indicate, the im-
provementsin bothtiming andareaaresignificant.More-
over, the reductionsare consistent. Since CSAOPT is
delay-optimalCSA allocation(also, allocatingminimum
numberof CSAs),thecomparisonsarefor referenceonly
to show how muchthetiming/areareductionsarenormally
expectedwhenusingourCSAtechniques.

Expressions RTL design CSAOPT diff.
time/area time/area¼ : +¼ w + ½%½%½ +¼m¾

3.69/ 2.84/ -23%
6724 4077 -39%¿ : -¿ w -¿`À

- ½%½%½ -¿ ¾
3.56/ 2.93/ -18%
5992 5628 -6%¼ ½ ¿ <�Á^½�© 5.61/ 4.39/ -22%ÂÄÃ ½&Å 9383 7626 -19%¼ ½ ¿ <�Á^½�©4< Ã
5.40/ 3.92/ -27%
7640 5650 -26%¼ < ¿ ½�Á Â ©4½ Ã 5.65/ 3.97/ -30%Â > 6325 5413 -14%¼ < ¿ Â Á�½&© 5.62/ 4.03/ -28%ÂÄÃ ½&Å Â¶Æ
6643 5701 -14%¼ ½ ¿ Â Á^½�© 6.06/ 4.53/ -25%ÂÄÃ ½&Å Â�Ç ½&È 11749 9382 -20%¼ ½ ¿ <�Á^½�© Â�Ã
6.08/ 4.27/ -30%Â Å^< Ç�Â È8½&É Â @ËÊ 10073 8649 -14%¼ ½Ë>(Ê Â ¿ ½ ÆÍÌ 5.50/ 3.71/ -27%Â Á^½&© 7880 4603 -42%

Table1: Resultsfor expressionsin singledesigns

Optimizing expressions contained in multiple designs:
We testedCSAOPT BOUND (with restrictednumberof
auxiliaryports)onarithmeticcomputationsin multiplede-
signsin Figure4,andsummarizetheresultsin Table2. The
second,third, andfourthcolumnsof thetableshow there-
sultsof theoriginaldesigns,theCSAoptimizeddesignsby
[2] andtheonesby CSAOPT BOUND, respectively. Each
designis testedtwice, onefor minimizing timing (i.e., la-
beledwith t-opt), anotherfor minimizingareaundera tim-
ingconstraint(i.e.,labeledwith a-opt). Theresultsarevery
impressive,reducingbothtiming andareasignificantly.À

The tree-heightminimizationis performedon non-CSAoperations.
In addition,weusedlcbg10pv(0.35Î ) technology[7] for all thetestcases.

Expr. RTL design CSA[2] Ours diff. over
time/area time/area time/area (RTL, [2])

hier 1 3.03/ 3.06/ 2.57/ (-25%,-12%)
(t-opt.) 2919 2261 2017 (-31%,-11%)
hier 1 3.03/ 3.06/ 2.88/ (-14%,-6%)
(a-opt.) 2919 2472 1365 (-53%,-40%)
hier 2 4.18/ 3.18/ 2.45/ (-41%,-23%)
(t-opt.) 3993 3907 3632 (-9%,-7%)
hier 2 4.18/ 3.58/ 3.60/ (-14%,same)
(a-opt.) 3993 3255 2390 (-40%,-27%)
iir design 6.57/ 5.93/ 4.94/ (-25%,-17%)
(t-opt.) 13362 12073 11444 (-14%,-5%)
iir design 6.57/ 6.49/ 6.17/ (-8%,-5%)
(a-opt.) 13362 9172 9202 (-30%,+1%)

Table2: Resultsfor expressionsin Figure4
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Figure4: Expressionsin multipledesigns

5 Conclusions
We presentedanoptimal-timingCSAallocationalgorithm
for arithmeticexpressionscontainedin singledesigns.The
algorithmwasthenextendedto solve the CSA optimiza-
tion problemfor expressionscontainedin multipledesigns
by introducinganew concept,auxiliary ports. Experimen-
tal resultsindicatethat our work can be usedeffectively
asa solutionto thearithmeticoptimizationproblemusing
CSAsto overcomethecycle time limit of thecircuits.
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