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Abstract

Low-power and high-speed algorithms and architec-
tures for complex adaptive �lters are presented in this
paper. These architectures have been derived via the
application of algebraic and algorithm transformations.
The strength reduction transformation when applied at
the algorithmic level results in a power reduction by 21%
as compared to the traditional cross-coupled structure.
A �ne-grain pipelined architecture is then developed via
the relaxed look-ahead transformation. The pipelined
architecture allows high-speed operation with minimum
overhead and when combined with power-supply reduc-
tion enables additional power-savings of 40-69%. Thus,
an overall power-saving of 60-90% over the traditional
cross-coupled architecture is achieved.

1 Introduction
Power-reduction techniques [2, 3, 4] have been pro-

posed at all levels of design hierarchy begining with al-
gorithms and architectures and ending with circuits and
technological innovations. It is now well recognized that
an astute algorithmic and architectural design can have
a large impact on the �nal power dissipation charac-
teristics of the fabricated VLSI solution. In this paper,
we will investigate algorithms and architectures for low-
power and high-speed adaptive �lters.

Algorithm transformation techniques [3] such as look-
ahead [6], relaxed look-ahead [8], block-processing, as-
sociativity [7] have been employed to design high-speed
algorithms and architectures. Low-power operation is
then achieved by trading o� excess speed with power. Of
particular interest is a class of transformations known as
algebraic transformations [7]. Strength reduction [2] is
an algebraic transformation, which has been applied at
the architectural level to trade-o� expensive multipliers
with adders. This results in an overall savings in area
and power. A key contribution of this paper is the appli-
cation of the strength reduction transformation at the
algorithmic level (instead of architectural level) to ob-
tain low-power adaptive �lter algorithms. An algorith-
mic level application of strength reduction is shown to
be more e�ective in achieving power reduction as com-
pared to an architectural level application.

The application of strength reduction increases the
critical path computation time. This results in a
throughput limitation, which is undesirable in high- bit
rate applications. We address this problem with relaxed
look-ahead [8] transformation. This transformation re-
sults in a �ne-grain pipelined architecture, which is an
approximation of the architecture obtained by look-
ahead technique. The relaxed look-ahead technique

maintains the functionality of the algorithm rather
than the input-output behaviour. Furthermore, it is
possible to trade o� some of the increased throughput
for reduced power dissipation via power supply reduc-
tion as indicated in [3].

2 Preliminaries
In this section, we will review some of the basics of

strength reduction and relaxed look-ahead pipelining.

2.1 Algebraic Transformation
Algebraic transformations are an important class of

architectural level transformations, which have been
proposed for low-power [2] and high-speed [7] DSP
algorithms. The strength reduction transformation
trades o� high-complexitymultiply operations with low-
complexity add operations thus achieving low-power.

Consider the problem of computing the product of
two complex numbers (a + jb) and (c + jd) as shown
below

(a+ jb)(c+ jd) = (ac � bd) + j(ad+ bc) (2:1)

We observe that a total of four real multiplications and
two real additions are needed for computing a complex
product. However, it is possible to reduce this complex-
ity via strength reduction [1, 2]. This requires reformu-
lating (2.1) as follows

(a� b)d+ a(c� d) = ac� bd (2 . 2)

(a� b)d+ b(c+ d) = ad+ bc (2 . 3)

As can be seen from (2.2)-(2.3), the number of real mul-
tiplications is three and the number of additions is �ve.
Therefore, this form of strength reduction transforma-
tion reduces the number of multipliers by one at the
expense of three additional adders.

If we assume that the e�ective capacitance of a two-
operand multiplier is KC times that of a two-operand
adder, it can be seen that strength reduction results in
a power savings factor PS given by

PS =
PD;o � PD;sr

PD;o
=

KC � 3

2(2KC + 1)
(2:4)

where PD;o and PD;sr are the dynamic power dissipation
of the original and strength-reduced algorithms. From
(2.4), it is clear that for KC > 3, we will achieve power
savings. Asymptotically, the power savings approach
25% as KC increases.

It can be easily seen that the strength reduction
transformation increases the critical path computation
time, which can be a limitation in the high speed appli-
cations. This problem is solved by throughput enhance-
ment techniques such as pipelining as described next.

2.2 Relaxed Look-ahead Pipelining
In this sub-section, we describe relaxed look-ahead [8]

technique, which is an approximation to the look-ahead
[6] technique. Consider an LMS adaptive �lter with a
�rst-order weight-update recursion given by



W(n) = W(n� 1) + �e(n)X(n) (2 . 5)

e(n) = d(n)�WT (n � 1)X(n) (2 . 6)

where W(n) is a N � 1 vector of �lter coe�cients, �
is the adaptation step-size, e(n) is the estimation error,
X(n) is the N � 1 input vector, and d(n) is the desired
signal.

A pipelined LMS algorithm can be obtained via re-
laxed look-ahead transformations described in [8]. The
transformed equations are

W(n) = W(n �D2) + �

LA�1X

i=0

e(n �D1 � i) �

X(n �D1 � i) (2 . 7)

e(n) = d(n) �WT (n�D2)X(n) (2 . 8)
where LA is the look-ahead factor and D1 and D2 are
delays introduced via the delay relaxation and sum-
relaxation. These delays can be employed to pipeline
the hardware operators in an actual implementation.

In this paper, we will employ the relaxed look-ahead
pipelined LMS �lter to obtain the pipelined �lter archi-
tectures. Furthermore, the increased throughput due to
pipelining can be employed to achieve high-speed and
low-power (in combination with power-supply scaling).

3 Low-Power Adaptive Filter Architec-

ture
In this section, we will develop a low power adap-

tive �lter via strength reduction transformation. We
will assume that a passband digital communication sys-
tem such as quadrature amplitude modulation (QAM)
or carrierless amplitude/phase (CAP) modulation [5] is
being employed. In this situation, the receiver processes
a two-dimensional signal using a two-dimensional �lter.
This results in the traditional cross-coupled equalizer
structure.

3.1 Traditional Cross-coupled Equalizer
Architecture

Assume the �lter input to be a complex signal ~X(n)
given by

~X(n) = Xr(n) + jXi(n) (3:1)

where Xr(n) andXi(n) are real and imaginary parts, re-
spectively. Furthermore, if the �lter W(n) is also com-

plex ( ~W(n) = c(n) + jd(n)), then its output ~y(n) can
be obtained as follows

~y(n) = ~W
H (n� 1)~X(n)

=
�
c
T (n� 1)Xr(n) + d

T (n� 1)Xi(n)
�
+

j
�
c
T (n � 1)Xi(n)� d

T (n� 1)Xr(n)
�

= yr(n) + jyi(n) (3 . 2)

where ~W
H represents the Hermitian (transpose and

complex conjugate) of the matrix ~W. A direct im-
plementation of (3.2) results in the traditional cross-
coupled structure shown in Fig. 1, which requires 4N�2
adders and 4N multipliers. In the adaptive case, a
WUD-block would be needed to automatically com-
pute the coe�cients of the �lter. This can be done as
follows

~W(n) = ~W(n� 1) + �~e�(n)~X(n) (3:3)
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Figure 1: Traditional cross-coupled F-block implemen-
tation

c 1(n-1)

c 0 (n-1)

c N-1(n-1)

d 1(n-1)

d 0(n-1)

d N-1 (n-1)

D

(n)ix

rx (n)

D

D

D

D

D

D

D

D

D

y (n)ry (n)
i

e i(n) (n)re

+- -+

Figure 2: TraditionalWUD-block implementation

where ~e(n) = er(n) + jei(n), er(n) = Q[yr(n)] � yr(n),
ei(n) = Q[yi(n)]� yi(n), Q[�] is the output of the slicer,
and ~e� is the complex conjugate of ~e. Therefore, to im-
plementWUD-block, we need the following real equa-
tions

c(n) = c(n� 1) + � [er(n)Xr(n) + ei(n)Xi(n)]

(3 . 4)

d(n) = d(n� 1) + � [er(n)Xi(n) � ei(n)Xr(n)]

(3 . 5)
From theWUD-block architecture in Fig. 2, it is clear
that we require 4N + 2 adders and 4N multipliers for
an N -tap complex �lter. In the next subsection, we
will present a low-power adaptive �lter using strength
reduction.

3.2 Low-Power Adaptive Filter Architec-
ture

It can be easily seen that (3.2) involves multiplica-
tion of two complex polynomials. So strength reduction
transformation presented in the previous section can be
applied to (3.2). Applying the transformation, we ob-
tain

~y(n) = [y1(n) + y3(n)] + j[y2(n) + y3(n)] (3:6)

where
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Figure 3: Strength reduced F-block implementation

y1(n) = c
T

1
(n� 1)Xr(n) (3 . 7)

y2(n) = d
T

1
(n� 1)Xi(n) (3 . 8)

y3(n) = �dT (n� 1)X1(n) (3 . 9)

and X1(n) = Xr(n) �Xi(n), c1(n) = c(n) + d(n), and
d1(n) = c(n) � d(n). The proposed architecture (see
Fig. 3) requires three �lters and two output adders
which corresponds to 3N multipliers and 4N adders.
We now consider the adaptive version and speci�cally
analyze the WUD- block. From (3.7)-(3.9) and Fig. 3,
it seems an e�cient architecture would result if c1(n)
and d1(n) are adapted instead of c(n) and d(n).

Applying strength reduction transformation to the
update equations for c1(n) and d1(n), we obtain

c1(n) = c1(n � 1) + �[eX1(n) + eX3(n)]

(3 . 10)

d1(n) = d1(n� 1) + �[eX2(n) + eX3(n)]

(3 . 11)

where eX1(n) = 2er(n)Xi(n) (3 . 12)

eX2(n) = 2ei(n)Xr(n) (3 . 13)

eX3(n) = e1(n)X1(n) (3 . 14)

and e1(n) = er(n) � ei(n), X1(n) = Xr(n) � Xi(n).
It can be seen from the architecture of WUD-block
(Fig. 4) that it requires only 3N multipliers and 4N +3
adders. Combining the architecture for the F-block
(Fig. 3) and WUD-block (Fig. 4), we obtain the pro-
posed strength reduced low-power adaptive �lter archi-
tecture in Fig. 5.

3.3 Power Savings
Using the de�nition of PS in (2.4), it can be easily

seen that the power savings PS due to the proposed
�lter architecture is given by

PS =
(2NKC � 3)

4(2NKC + 3N )
(3:15)

where KC is the ratio of the e�ective capacitance of a
two-operand multiplier to that of a two-operand F-block
adder. It can be seen from (3.15) that for the large
values of N and KC , the power savings approach 25%.
Even for the typical values of N = 32 and KC = 8, the
power savings are 21%. It is worth mentioning here that
the same strength reduction transformation applied at
the architectural level would result in power savings of
9.2% for KC = 8.
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Figure 4: Strength reduced WUD-block implementa-
tion
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Figure 5: Low-power strength reduced adaptive �lter
architecture

4 Relaxed Look-ahead Pipelined Equal-

izer Architecture
In the adaptive case, both cross-coupled and strength

reduced architectures have throughput limitation due to
the error feedback path. The dotted line in Fig. 5 indi-
cates the critical path. By calculating the computation
time for the F-blocks from Fig. 3 and forWUD-blocks
from Fig. 4, we get the lower limit on the clock time for
serial strength reduced equalizer architecture (SEA)

T
SEA

� 2Tm + (N + 7)Ta (4:1)

where Tm and Ta are two-operand multiply and sin-
gle precision add times, respectively. For application
that require large values of N , the lower bounds on Tc
may prevent a feasible implementation. In this section,
we propose a solution to the problem by pipelining the
SEA and therefore achieving high-speed. Some of the
speed will be traded-o� with power and thus achieving
additional power savings.

4.1 Pipelined Equalizer Architecture
(PEA)

In order to derive the PEA, we start with SEA equa-
tions (3.6-3.9, 3.10-3.14) and then apply realxed look-
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Figure 6: Pipelined strength reduced adaptive �lter ar-
chitecture

ahead. Observe that the equations are similar to the
that of the traditional LMS described by (2.5-2.6). By
inspection of the relaxed look-ahead pipelined LMS al-
gorithm given by (2.7-2.8), we get the following equa-
tions which describe the PEA,

~y(n) = [y1(n) + y3(n)] + j[y2(n) + y3(n)] (4:2)

where y1(n) = c
T

1
(n �D2)Xr(n) (4 . 3)

y2(n) = d
T

1
(n�D2)Xi(n) (4 . 4)

y3(n) = �dT (n�D2)X1(n) (4 . 5)

c1(n) = c1(n�D2) + �

LA�1X

i=0

[eX1(n�D1 � i) +

eX3(n�D1 � i)] (4 . 6)

d1(n) = d1(n �D2) + �

LA�1X

i=0

[eX2(n �D1 � i) +

eX3(n�D1 � i)] (4 . 7)

where eX1(n), eX2(n) and eX3(n) are de�ned in (3.12-
3.14), The block-diagram of PEA is shown in Fig. 6. In
a practical implementation, D1 and D2 delays will be
employed to pipeline the F and WUD-blocks. Thus,
all the operations in the PEA can be pipelined at a
�ne-grain level.

Assuming that the algorithmic delays have been re-
timed in a uniform fashion (i.e., all stages have the same
delay), the lower bound on the input sample period
TPEA is given by

TPEA �
2Tm + (N + 2LA+ 5)Ta

D1 +D2

(4:8)

Higher values of D1 and D2 imply higher speed-ups.
Practical maximum values of D1 and D2 are a func-
tion of the desired algorithmic performance (i.e. BER
and/or SNR at the slicer).

4.2 Power Savings
As mentioned before, the pipelining along with

power-supply reduction [2] has been proposed as a tech-
nique for reducing the power dissipation. As previously

done, we get the power saving PS with respect to the
cross-coupled architecture as shown below

PS =
2NKC(4K

2 � 3) + 2N (6K2 � 2LA � 4)� 3

4K2(2NKC + 3N )
(4:9)

where K > 1 is the factor by which power supply
is scaled down. Employing typical values of K =
5V=3:3V , KC = 8, N = 32 and LA = 3, we obtain
a total power savings of approximately 61% over the
traditional cross-coupled architecture.

Based upon the transistor threshold voltages, it has
been shown [2] that value of K = 3 are possible with
present CMOS technology. With this value of K, (4.9)
predicts a power savings of 90%, which is a signi�cant
reduction.

5 Conclusions
Application of strength reduction transformation [1,

2] at the algorithmic level (as opposed to the architec-
tural level) has resulted in a low-power complex adap-
tive �lter architecture. Power savings of approximately
21%was shown to be achievable. Relaxed look-ahead [8]
pipelined architectures were then developed for achiev-
ing high-speed operation. An additional 40-69% power
savings was achieved by scaling down the power-supply.
Performance evaluation of the proposed architectures
for 51.84 Mb/s [5] and 155 Mb/s ATM-LAN is currently
underway.
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