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Abstract

Presented in this paper is a fundamental mathemati-
cal basis for determining the lower bounds on power dis-
sipation in digital signal processing (DSP) algorithms.
This basis is derived from information-theoretic argu-
ments. In particular, a digital signal processing algo-
rithm s viewed as a process of information transfer with
an inherent information transfer rate requirement of R
bits/sec. Different archilectures implementing a given
algorithm are equivalent to different communication net-
works each with a certain capacity C' (also in bits/sec).
The absolute lower bound on the power dissipation for
any given architecture is then obtained by minimizing
the signal power such that its channel capacity C is equal
to the desired information transfer rate R. The proposed
framework is employed to determine the lower-bounds
for simple digital filters. Furthermore, lower bounds on
the power dissipation achievable via adiabatic logic 1s
also presented thus demonstrating the versatility of the
proposed approach.

1 Introduction

In recent years, the need for implementing highly
complex algorithms within a limited power budget has
forced researchers to explore various methods for power-
reduction [1]. These methods are applicable at vari-
ous levels of the VLSI design methodology including
architectural, logic and circuit level. However, the in-
teraction between these techniques is highly complex
and there exists a need for a unifying basis for power-
reduction. A desirable characteristic of such a basis is
that it should be applicable at all levels of the design
methodology including the algorithmic level.

Most of the work done in the area of low-power de-
sign can be placed into the following two broad cate-
gories: 1.) Development of power reduction techniques
and 2.) investigating the lower bounds on power dis-
sipation. Work done in Category 1 can be viewed as
a collection of techniques to reduce power at all possi-
ble levels of the VLSI design methodology. These tech-
niques include pipelining and parallel processing [1-2]
(architectural level),
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logic minimization [3], adiabatic computation [4-5],
optimal coding [6] and device threshold voltage (V4) re-
duction (device level) [7].

Some related work includes determining the lower
bounds on the achievable power dissipation [8-9]. In [8],
the lower bound on power dissipation per pole for analog
circuits was presented. This bound is based upon the
desired signal-to-noise ratio (SNR). Empirical lower
bound estimates for digital circuits were also presented
in [8], which was based upon a desired SN R, estimates
of gate complexity and energy per operation. The the-
ory presented in this paper can provide the desired SN R
for a given algorithm. Employing thermodynamic argu-
ments [9], the thermal noise power spectrum was deter-
mined to be &7 and the minimum energy required for
a logic change was shown to be lower bounded by ap-
proximately 4k7". The lower bounds calculated via the
proposed theory is also a function of the noise power
spectrum of the implementation media.

In this paper, we employ an information-theoretic ap-
proach to develop a mathematical basis for determining
the lower-bounds on power-dissipation for DSP algo-
rithms. Information-theoretic measures have been em-
ployed in the past to define a measure of computational
work of a boolean transformation [10-11]. This measure
of computational work is closely related to the area [12]
occupied by an implementation of the boolean function.
Elegant approaches to power estimation at the register-
transfer level (RTL) have been proposed [13-14], which
incorporate concepts such as entropy.

Our work differs significantly in that we begin with
an tmplementation-independent view of an algorithm
and then proceed to determine the lower-bounds on
power dissipation for a given architecture. This is done
via the introduction of the information transfer rate
R (an implementation-independent quantity) and the
channel capacity C' (an architecture and technology-
dependent quantity). The proposed basis has two ad-
vantages: 1.) it allows us to derive lower bounds on the
power dissipation in DSP algorithms and 2.) it enables
us to unify existing power-reduction techniques under
a common framework. We will illustrate 1.) via exam-
ples of simple digital filters and 2.), by determining the
lower bounds on power dissipation for adiabatic logic
[4-5]. However, it must be mentioned that with respect
to 2.), the proposed theory has been employed to pro-
vide a common basis for architectural techniques such
as pipelining and parallel processing [15].



2 Preliminaries

In order to provide the necessary background, we will
review some basic information theoretic concepts in this
section.

2.1 Entropy and Mutual Information

Consider a discrete source generating symbols from
the set Sx = Xg, X1,...Xr_1 according to a proba-
bility distribution Pr(X). A measure of the informa-
tion content of this source is given by its entropy H(X),
which is defined as follows

H(X) = —Z_:Pz’Ing(Pi), (2.1)

where P, € Pr(X = X;)fori=0,...,L—1and H(X)
is in bits. The mutual information I(X;Y) between the
input X and the output ¥ (of a channel) is defined as

I(X;Y)=H(X)-H(X|Y)= H(Y)—H(Y|X), (2.2)

where H(X|Y) is the conditional entropy of X condi-
tioned on Y. The mutual information I(X;Y") can be

viewed as the reduction in uncertainty in X due to the
knowledge of V.

2.2 Information Transfer Rate

The reduction in uncertainty (by an amount I(X;Y))
in X is due to the information transferred from the in-
put of the channel to its output. Thus, the information
transfer rate R is defined as

R=fp,I(X;Y), (2.3)

where f,, is the rate at which the symbols are generated
by the source.

2.3 Channel Capacity

In his seminal work [16], Shannon showed that the
capacity (C') of a channel band-limited to frequency W,
is given by

w
C= / logs[1 + SN R(f)]df, (2.4)

where C is in bps. From (2.4), it is clear that the ca-
pacity C depends upon the SN R and the transmission
bandwidth W

3 A Fundamental Basis for Power-

Reduction

In this section, we will first show that all logic trans-
formations have an inherent information transfer rate
requirements R associated with them. Next, we will
present a theorem which allows one to determine the
lower bounds on the power dissipation for a given ar-
chitectural implementation.

Figure 1: A noisy transformation.
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Figure 2: Input-output mapping for I in Figure 1.

3.1 Logic Transformation

We can represent any noisy logic transformation as
shown in Fig. 1, where noise could have many sources
including the implementation media itself. Without any
loss of generality, we assume that the inputs and the
outputs are latched synchronously.

The definition of T is shown in Fig. 2, where the
input space Sx 1s mapped onto the output space Sy:.
The dark dots in the set Sx represent the discrete values
that the input X can assume, while the ones in the set
Sy denote the values that the output can assume if the
noise power were zero.

Assuming that the noise probability density function
is identical for all possible noiseless outputs Y, then we
can represent the system in Fig. 1 as shown in Fig. 3
with the corresponding mapping for I' as shown in Fig.
4. In this figure, all the noise in I has been referred
to the output and we now have a noiseless transforma-
tion I' mapping the input space Sx to a noiseless out-
put space Sy. In this paper, we will assume that the
Fig. 3 can be employed to represent any noisy trans-
formation I'V. Note that the computation model in Fig.
3 1s quite similar to a generic digital communications
system. The input and output latches can be viewed as
transceivers (transmitter-receiver) and the clock as pro-
viding the correct sampling epoch (output of a timing-
recovery block). In a digital communications system,
the transformation I' is usually an identity transforma-
tion. Thus, the model in Fig. 3 allows us to apply
results from digital communications theory [16] to de-
termine the information transfer rate requirements for
a given DSP algorithm.

Theorem 1: IfT:ZY — ZM s a deterministic map-
ping, where Z is the set of integers, then the information
transfer rate s given by

R= f,H(Y). (3.1)

Theorem 1 can be easily proved by observing that in a
noiseless case I(X;Y') = I(X;Y) = H(Y) and substi-
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Figure 3: Another representation of a noisy transforma-
tion with noise referred to the output.
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Figure 4: Input-output mapping for I' in Figure 3.

tuting the result in (2.3). As an example, for a two-
input AND gate with equiprobable inputs, (2.2) implies
that T(X;Y) = 0.8112 bits. If such a system operates
at 100 Mhz then R = 81.12 Mb/s.

Thus, all digital transformations, in particular linear
finite-precision DSP algorithms have an inherent infor-
mation transfer rate requirement R given by (3.1). This
requirement is an inherent property of the transforma-
tion and is independent of the implementation media or
the architecture.

3.2 Lower Bounds on Power Dissipation

It is well-known that there can be many different dig-
ital architectures which achieve the same functionality.
In the present context, we view each of these architec-
tures as a communication network with a certain capac-
ity C'. The capacity C' for a point-to-point link is given
by (2.4), where it can be seen that C is a function of:
1.) the transmission bandwidth W, 2.) the signal-to-
noise ratio SN R(f). In the context of a digital system,
a connection between two logic gates can be viewed as a
point-to-point link. This connection would have a cer-
tain resistance Ry and capacitance Cp (inductance L
can also be considered if necessary). Hence to a first
order approximation, the transmission bandwidth W is
given by 1/(RrCpr). The signal-to-noise ratio SN R(f)
is a function of the supply-voltage V4 and the predom-
inant sources of noise in the system.

A general digital network consists of numerous point-
to-point links each connecting either combinational
logic gates or synchronously clocked latches. We will
not attempt to compute the capacity of such a gen-
eral network as this is currently an open problem in
information-theoretic literature. However, employing
the abstraction indicated in Fig. 3, we can obtain an

equivalent noise source, and an equivalent resistance R
and Cp, which are lumped at the output of the digital
system. For example, the equivalent Cp could be the
sum of the capacitances of the critical path of the ar-
chitecture. Therefore, the transmission bandwidth W,
SNR(f) and therefore the capacity C' can be deter-
mined.

Clearly, from [16], the capacity C should be greater
than or equal to R for a meaningful computation to
take place. We exploit this result to formally present
the following theorem.

Theorem 2: For a given channel with the following
properties

e bandlimited to W Hz.
o with a noise power spectral density of Snn(f).

e a desired information transfer rate R bps.

o power dissipation at frequency f (Pp(f)) being re-
lated 1o the signal power spectrum Sxx(f) as

Pp(f) = FlSxx ()], (3.2)

where F() is a linear monotonically increasing
function of its argument.

The lower bound on the power dissipation for such a
channel is given by

W
Pp > F / (Vmin — Svx (P, (33)

where (arg)t denotes the positive part of arg and vy
15 a unique constant which can be obtained as a solution
to the following equation

W . —
R= /0 10g2[1+(”mZ”SNiJ(V}V)(f))+]df. (3.4)

The proof of this Theorem 2 follows along similar lines
as that of [16] and is omitted here for the sake of brevity.

Thus, for a given DSP transformation I', Theorem
1 allows us to calculate the information transfer rate
R and Theorem 2 enables us to determine the lower
bound on the power dissipation of a particular archi-
tectural implementation of I'. In particular, Theorem 2
relates an algorithm level parameter R to a circuit level
parameter SN R. This enables us to view the problem
of power-reduction in a unified manner. It should be
clear that the results obtained from the application of
Theorem 1 and Theorem 2 would be a function of the
algorithm (T'), the technology (Syn(f) and F(.)) and
the architecture (C').

Note that Theorem 2 does not provide us with the
technique to achieve the lower bound. This is not sur-
prising given the fact that Theorem 2 is derived from
Shannon’s joint source-channel coding theorem [16],
which in turn provides a proof of achievability but not
the method.

4 Lower Bound Calculations

In this section, we present four examples of the ap-
plication of Theorem 1 and Theorem 2. The noise
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Figure 5: A degenerate case.

source in Fig. 3 needs to be determined for the sys-
tem. However, for conventional digital systems the noise
is mainly due to the phenomenon of ground bounce.
Just for the sake of demonstration, and without any
loss of generality, we assume that the implementation
technology 18 CMOS with a flat noise spectrum with
average power 0% = 1072 VZ over a usable bandwidth
of W = 100 MHz. This is consistent with the value
of ground bounce in a typical sub-micron CMOS tech-
nology. Furthermore, we can approximate the transmit
pulse as a square-wave with an amplitude of +Vj,/2
volts for transmitting a 1’ and ’0’, respectively. The
signal power ¢% (or the variance) is therefore equal to

VZ /4. The function F for static CMOS is defined as
follows

F=CLVi2w, (4.1)

where we assume a maximum of 2W channel uses per
second. It can be shown that for a given value of R, a
maximum of 2W channel uses would result in the lowest
power dissipation.

4.1 Degenerate Case

Consider an ideal low-pass filter with a cutoff fre-
quency f. lower than the lower edge of the input signal
spectrum (see Fig. 5). From Theorem 1 and (3.1), we
get H(Y) = 0 and R = 0. Next, employing Theorem
2, we find that the lower bound on power dissipation
PD,min is equal to zero. Clearly, the output of the low-
pass filter is equal to zero. One particular implemen-
tation of such a system is an output line connected to
ground. Other than non-idealities, such a system will
not consume any power.

4.2 Filter 1

Let us consider an FIR filter with following transfer-
function

HY=2"1405272 (4.2)

Further, assume that the sampling rate f; = 100M H z
and that the input z(n) to the filter is a 1-bit word,
which 1s equally likely to be a ’1” or a ’0’. From
(4.2), the output y(n) depends upon the input vector
X(n) = [#(n — 1),z(n — 2)], which can take the val-
ues [0,0], [0,1], [1,0] and [1,1]. The state sequence of
shift-register is a Markov process and hence we can de-
termine the steady-state value of the state probabilities
P(X(n)). Assuming the initial state to be equally likely
in any of the four possible values, we can show that the
state probabilities are equal to 0.25 for all four states.
This implies that the input entropy H(X) = 2 bits.
From (4.2), we can see that every input state results in
a unique output and hence the output entropy is also

equal to 2 bits. Hence, the information transfer rate
R =200 Mb/s. A direct-form implementation of (4.2)
would require one multiplier, one adder and two latches.
Furthermore, we assume that the critical path delay for
the multiply-add combination allows a 100 MHz oper-
ation (i.e., W = 100 Mhz). For such an architecture,
Theorem 2 can be employed to determine the lower-
bound on the Vy; as follows

C=R
V2

Wlogs[l + ddli’;nm] =R
4oy

Vadi,min = [(2% - 1)40%]%,
Va1, min = 0.3464V, (4.3)
where R = 200 Mb/s, W = 100 MHz, and ¢% = 1072
V2. Note that the value of Vadi,min obtained via the
proposed theory is in the same range as the 20 MHz
encoder-decoder circuit in [7], where Vg = 0.2 V was
employed.
Substituting the value of (4.3) into (4.1) and with
Cr = 0.5pF, we obtain the corresponding lower bounds
on the power-dissipation as follows

Ppomin = 12uW. (4.4)
4.3 Filter 2

In this example, we consider the following transfer
function

H(z"') =051 - 05272 (4.5)

Assume all the other parameters to be the same as in
Filter 1. Hence, the input entropy is H(X) = 2 bits.
However, (4.5) is no longer a one-to-one mapping. It
can be seen that the states [0,0] and [1,1] result in the
same output y(n) = 0, while the other two states re-
sult in a unique output. This implies that the output
entropy is H(Y) = 1.5 bits and from (3.1), the infor-
mation transfer rate is R = 150 Mb/s. Proceeding in
a manner similar to that for Filter 1, we find that the
lower bound on the supply voltage for a direct-form im-
plementation is given by

Viaaz,min = 0.2704V. (4.6)

Comparing (4.3) and (4.6), we find that the lower-bound
on the supply voltage for Filter 2 i1s lower than that
of Filter 1. This is due to the fact that Filter 1 has
an information transfer rate requirements that is higher
than that of Filter 2. The lower bound on the power
dissipation is given by

Pp min = T.32uW. (4.7)

A comparison of (4.4) and (4.7) shows that Filter 2 has
a smaller lower bound than that of Filter 1. Note that
this is a counter-intuitive result given the fact that there
are two non-zero coefficients in a direct-form implemen-
tation of (4.5) as compared to one non-zero coefficient in
the corresponding direct-form implementation of (4.2).
However, by applying the associativity transformation
[17], (4.5) can be implemented with one multiplier and
one adder. The addition would be done first followed
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Figure 6: Adiabatic computation.

by one multiplication. Hence, the number of hardware
units for a direct-form implementation of both filters
would be identical. This example shows that the pro-
posed theory does indicate the possibility of finding an
architecture that would dissipate lesser power than the
existing one. Hence it can be employed to compare the
power dissipation characteristics of two algorithms un-
der similar implementation constraints.

4.4 Adiabatic Logic

Adiabatic computation [4-5] and pulsed power-
supply CMOS logic [18] work in a unique fashion. In
particular, these techniques are based upon the fact that
power dissipation can be minimized by ensuring that
the voltage across any resistor is kept as small as pos-
sible. This is shown in Fig. 6, where the capacitor Cp
is charged up by applying a voltage source V (), whose
rise time 7. >> RpC'p. Under this condition, the power
dissipation can approach zero. A lower bound on the en-
ergy dissipation for adiabatic logic has been calculated
in [4-5] for a given value of T,. In this subsection, we
show that T, itself is a function of the supply-voltage
Viq and the information transfer rate R. Hence, there
is an upper limit for 7, and therefore a lower bound
on the power dissipation. In practice, Ry is the source
to drain resistance of a MOSFET, which is a function
of the current. However, for the sake of simplicity and
without any loss of generality, we will assume that Rp
is a constant.

The power reduction property of adiabatic computa-
tion [4-5] and pulsed power-supply CMOS logic [8] can
be explained via the information-theoretic framework
presented in this paper. By applying a time-varying
voltage source V (), adiabatic computation involves re-
ducing the bandwidth of the transmit pulse and hence
the transmission bandwidth W. From (2.4), we see
that reducing W also reduces the capacity C' of the
channel. Furthermore, it can be shown that the power
dissipated in an adiabatic computation is a function
of W. For a desired information transfer rate R and
supply voltage Vyq4, there is a lower limit on W and
hence on the power dissipation. The limit to which the
power dissipation can be reduced is computable from
Theorem 2. First assume a sinusoidal supply waveform
V(t) = Vaa  sin(2xWWt). The power in V() is known
to be V2,/2. Employing (2.4) with a constant SN R(f),
we get

2

v
R < Wlogs[1 + =244 (4.8)
203
R
— < W. (4.9)

loga[l + 2‘2}%]

Next, we assume that W << 1/(RrCr), so that the
voltage across the capacitor Vi(¢) is given by

Ve(t) = Vag  sin(2eWt+tan™'2rWRLCL)). (4.10)
The power dissipation in Fig. 6 is given by
t) — Ve ()]?
pp(t) = LU= VelOl
L

Substituting for V(¢) and Ve(¢) (from (4.10)) into
(4.11), we obtain

(4.11)

Pp(t) = %cos (27Wt)[tan™

Y2aWRLCL)]?, (4.12)

The lower bound on power dissipation for adiabatic

computation is then obtained by averaging Pp(t) over

one period of V(¢) and is given by

Vi 2
[tan~ (QTWRLCL)] ,

Rr

Pp min,ady = (4.13)

where W is the required transmission bandwidth, which
is given by

R

Wmin,adb = (414)

va oo
%)

From (4.14), we see that for a given supply voltage Vyq
and R, there is a lower limit on W. In fact, the rela-
tlonshlp between Vg and Wi,ipn qap 1s in inverse propor-
tion. A lower bound on W 1mphes a lower bound on
Pp, which is given by (4.13). Unlike other methods of
power reduction, the lower bound given by (4.13) is eas-
ily approachable. This is due to the fact that we have
included all implementation constraints in the deriva-
tion of (4.13).

Note that (4.13) is not an absolute lower bound as
it is a function of the supply voltage Vgg. In order to
compute the absolute lower bound, we first substitute
(4.14) into (4.13) to obtain

loga(1

—RLCL)).

Pp min,ady =
dd
20]2\,)

4.15

From (4.15), we notice that Pp min adp 15 a moéoton2
ically decreasing function of Vy; for sufficiently small
Vaa. This is because the function tan™!(zx) attains a
constant value as & approaches infinity. Clearly, the
fundamental lower bound would be obtained if the min-
imum value of Vg could be determined. This minimum
value 1s obtained by recognizing the fact that the chan-
nel is bandlimited to 1/(RrCr) Hz. Hence, the maxi-
mum value of Wiip aap in (4.14) is equal to 1/(RCL).
Substituting Wnin g6 = = 1/(RrCr) in (4.14) and solv-
ing for V4, we obtain the following lower bound on the
supply voltage

Vad,min,adb = —1)20%]4/2. (4.16)

Substituting (4.16) back into (4.15) we obtain the fun-
damental lower bound on Pp as follows

— 1)20%[tan=1(2m))?
Ry, ’

[(QRRLCL

(QRRLCL

Pp min,ady = (4.17)



Clearly, from (4.17) the power dissipation for adiabatic
logic will be zero only if the desired information transfer

rate R = 0.

5 Conclusions

A mathematical basis for power-reduction in digital
VLSI circuits was presented in this paper. The pro-
posed basis was applied to determine the lower-bounds
on power dissipation for DSP filtering algorithms and
also adiabatic logic. This clearly indicates that the pro-
posed approach can traverse a wide range of design ab-
straction from algorithms to circuits. For the sake of
simplicity, we have assumed in this paper that a con-
stant value of ground bounce voltage is the major noise
contributor. Clearly, ground bounce is a function of
signal power and the architecture. Hence, furture work
is being directed towards an accurate characterization
of this and other noise sources in digital circuits. Ap-
proaching the lower bounds presented here requires a co-
hesive application of power-reduction techniques at all
levels of the design hierarchy starting from algorithms,
architectures, logic and circuits. We are currently in the
processes of developing such a strategy employing the
framework proposed in this paper.
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