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Abstract— Multi-dimensional computing applications,
such asimage processing and fluid dynamics, usually con-
tain repetitive groups of operations represented by nested
loops. The optimization of such loops, considering pro-
cessing resource constraints, is required to improve their
computational time. This study presents a new technique,
called push-up scheduling, ableto achieve the shortest pos-
sible schedule length in polynomial time. Such technique
transforms a multi-dimensional data flow graph represent-
ing the problem, while assigning the loop operationsto a
schedule table in such a way to occupy, legally, any empty
spot. The algorithmrunsin O(n|E|) time, where n isthe
number of dimensions of the problem, and | £ is the num+
ber of edges in the graph.

1 Introduction

In the study of implementing a solution for simulating
partial differential equations, our research group was chal-
lenged by the need of obtaining an optimized execution
time for each simulation point, under the restriction of the
number of computational resources available. The group
decision was to improve the total execution time by reduc-
ing the time spent in the computation of each point to its
shortest possible value. The creation of a new schedul-
ing algorithm was required to achieve such a goa, since
most of the existing scheduling methodsdo not consider the
multi-dimensional (MD) characteristics of the problem and
are not able to achieve an optimal schedule.

Some recent research hasbeen conducted in the schedul -
ing of MD applications, such as the affine-by-statement
technique [1] and the index shift method [3]. However,
these methods do not consider resource constrained de-
signs. The MD rotation “heuristic” technique, proposed in
[4], can possibly obtain a shorter schedulelength at eachit-
eration of the algorithm. However, the optimality of there-
sultsdepends upon an user input parameter that determines
the number of iterationsto be executed.

Considering that the most time-consuming sections of
MD applications consist of loops of repetitive operations,
we focus in their optimization. The loops are modeled by
cyclicdataflow graphs, usually called MD data flow graphs
(MDFGS). In our algorithm, the loop body, is restructured
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Fig. 1: (a) MDFG representing asection of awavedigital filter (b)
MDFG after retiming A and D

by transformations applied to the MDFG equivalent to that
loop. The schedule length is associated with the number of
control steps, i.e., the clock cycles of the circuit design, re-
quired to execute al operationsin theloop body. Our ago-
rithm achieves the minimum possible schedule length in a
resource constrai ned environment by applyingaMD retim-
ing technique, named push-up scheduling. At every new
control step, nodes are sel ected to be assigned to functional
units, and pushed-up to earlier control stepsif the required
functional unitisavailable. The push-up operation will ac-
tivate an implicit MD retiming if necessary in order to do
the earliest assignment.

Let's examine a simple problem represented by the
MDFG in Figure1(a). Nodes B and C' are multiplications,
while A and D are additions. Let’s assume our target hard-
ware system has only one multiplier and one adder, both
able to execute in one time unit. The application of atra-
ditional list scheduling method produces a schedule table
of length four, as shown in figure 2(a). By applyingaMD
retiming »(A) = »(D) = (1,0) to the graph, we obtain a
new one, showninfigure1(b). It isclear that, in thistrans-
formed graph, nodes A and D still need to be executed se-
quentially, while B and C' are part of a different iteration
and can be scheduled in parallel with A, D.

2 Background

An MD data flow graph (MDFG) G consists of atuple
(V,E,d,t), where V is the set of computation nodes, £
represents the set of dependence edges, d isafunction rep-
resenting the M D del aysbetween two nodes, and ¢ isafunc-
tion representing the computation time of each node. An
iteration is equivaent to the execution of each nodein V
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Fig. 2: (a) Initial schedule (b) Optimized schedule

exactly once. Aniterationisassociated with astatic sched-
ule, that is repeatedly executed for the loop. The earliest
startingtimefor the execution of node u, £S(u), isthefirst
control step following the end of the execution of all nodes
predecessors of u by a zero-delay edge. This can be rep-
resented as. £S(u) = max{l, ES(v;) + t(v;)} foral v;
preceding « by an edge e; such that d(e;) = (0,0,...,0)

A functional unit fu isavailable at control step ¢s if no
node has been assigned to fu at such control step. Such
data is recorded by the availability function AV AIL(fu)
that returnsthefirst control step where fu isavailable.

AnMD retiming r redistributesMD delaysinan MDFG
G, cregting anew MDFG G, = (V, E,d,,t). A retiming
vector r(u) applied toanode u € G represents the offset
between the original iteration containing u, and the one &f -
ter retiming. Such vector represents MD delays pushed into
the edges u — v, and subtracted from the edges w — u,
where u, v, w € (. The chained MD retiming technique
[5] is one of the possible methods able to compute a lega
MD retiming for some MDFG. It ischaracterized by impor-
tant propertiesrevisited below:
1. Alegal MD retiming r of anodein an MDFG G, with
all itsincoming edges having non-zero delays, is any vec-
tor orthogonal to a schedule vector s that realizes 5.
2. If r isaMD retiming function orthogonal to a schedule
vector s that redlizes ¢ = (V, E,d,t), and u € V, then
(k x T)ﬁfll) isaso alegd MD retiming.
3. Thechained MD retiming a gorithmtransformsG' to G,
such that G, isrealizable and fully paralldl.

Theal gorithmresponsibleto computethe chained retim-
ing isableto produce afully parallel MDFG.

3 ThePush-Up Scheduling Technique

Let us begin the discussion on thistechnique by tracing
the scheduling process of the operations in the MDFG of
figurel. Consider atarget processor that has only two func-
tional units, one multiplier and one adder, able to execute
in asame amount of time, hereafter designated one control
step. Let us start assigning the operationsto the functional
units. At thefirst control step of our schedule, only the ad-
dition represented by node D is ready for execution. We
then say that D is a schedulable node if it satisfies one of
the conditions below:

1. u has no incoming edges

2. dl incoming edges of « have a non-zero MD delay

3. al the predecessors of «, connected to « by a zero-delay
edge, have been scheduled to earlier control steps.

The existence of MD delays in theincoming edges of a
nodeimpliesthat therequired input data has been produced
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Fig. 3: Push-up scheduling sequence

insome previousiteration and are availablefrom some stor-
age mechanism. In our example, D isthen assigned to the
adder at control step 1, as shown in figure 3. Node A is
assigned to the adder at control step 2. B and C' become
schedulable nodes at control step 3, according to schedul-
ing condition 3. However, both nodesrequirethemultiplier
that is also available at control steps 1 and 2. In order to
schedule these nodes to those control steps, it is necessary
to change the graph in such a way that both nodes, B and
C', can satisfy scheduling conditions 1 or 2.

The technique used to do such transformationistheMD
retiming. It impliesin pushing MD delaysfrom theincom-
ing edges of A toitsoutgoing edges. However, theincom-
ingedgesof A havezerodelays. Inorder to bypassthisnew
problem, we need to propagate the retiming to node D in
a similar fashion as done in the chained MD retiming. In
this simple example, node D isretimed by (1, 0) and sub-
sequently, the same retiming is applied to node A, leaving
the number of delaysin edge D — A unchanged. The re-
sulting graph, however, will allow to schedule nodes B and
C' at control steps 1 and 2, respectively. Wemay expressthe
need for a MD retiming by the lemma bel ow:

Lemma3.1 Given an MDFG G = (V, E,d,t) and an
edgee = u — v, such that v can be scheduled to £.5(v)
and d(e) = (0,0,...,0), thena MD retiming of v isre-
quired if ES(v) > AV AIL(fu,) where fu, isany func-
tional unit able to execute the operation represented by v.

We need to be sure that all nodes in the graph are cor-
rectly retimed such that delays are placed in the required
edges. In order to develop an efficient way to accomplish
such atask, we definea MD delay counting function M C'.

Definition 3.1 LetG = (V, F, d, t) bean MDFG, v anode
inV,and X aset of edgesin F that require an extraMD
delay. The function M C(v) gives the upper bound on the
number of extranon-zero delays required by X aong any

eq €9 €k—1 €k .
pahp =ag — a1 — ... — aj_1 — v,k > 1 with
d(e;) =(0,...,0),1 <i<k.

Figure 4 shows an example of how the function M C'
works. Assume that the graph in figure 4(a) is to be trans-
formed to the one shown in figure 4(b). Let usaso assume
that nodes C', D and F' require their incoming edges to be-
come non-zero delay edges. In this situation, the value of
thefunction M C for nodes A, B and £ iszero. For nodes
Cand F, MC(C) = MC(F) = 1, which implies that
thepaths A — B — C' and £ — F need one non-zero
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Fig. 4: Exampleshowingthe function MC with avalueMC(D)=2

delay. Node D isassociated with the value M C'(D) = 2
due to the number of additional non-zero delays on path
A—B—C—D.

For now we assume that the values of M/ C' are given.
It is important for us to know how many times to retime
each nodeinthe MDFG in order to placetheextradelaysin
theright edges. The theorem bel ow shows how to compute
an MD retiming function such that we can accomplish that
goal.

Theorem 3.2 Givenan MDFG G = (V, F,d, 1), alegal

MD retiming », a set of extra delays X and the function

M C computed for the nodes in G with respect to X, if

the MD retiming »(u) = (maxy{MC} — MC(u)) * r

is applied to every v € V creating an MDFG G, =

(V,E,d.,t),thenX C {e € E | d() 0,...,0) A
and d, (e

dr(e) # (0,...,0)} ) # (0,...,0) if d(e)
(0,...,0).

Let us re-examine our initial example in figure 1. If
we traverse the graph starting from theinitial schedulable
nodes, we must begin by scheduling node D. Node A is
assigned to the adder at control step 2. When trying to
schedule nodes B and C', we are already at control step 3,
i.e, ES(B) = ES(C) = 3. However, the multiplier
isavailable at earlier control steps, i.e., AVAIL(fug) =
AV AIL(fuc) = 1. Seecting to schedule B at control
step 1, implies ES(B) > AV AIL( fug) and according to
lemma 3.1, A must be retimed. This implies an extra de-
lay ontheedge A — B, changing M C'(B) to 1. Similarly,
when C' is scheduled, we obtain M C'(C') = 1.

In order to obtain a transformed graph equivalent to the
new schedule, we select the schedule vector s = (0, 1) and
consequently, the MD retiming vector » = (1, 0). The ap-
plication of aMD retiming according to theorem 3.2, con-
sidering that the maximum value for M C is 1, will result
r(4) = (1 — MC(A4)) % (1,0) = (1,0),and »(D) =

11— MC(D))=*(1,0) = (1,0), whiler(C) = r(D) =
0, 0), producing the retimed graph shown in figure 1(b).
Thealgorithm OPTIMUS, for OPTimal MUIti-dimensional
Scheduling, combining MD retiming techniques and the
MD delay counting procedure is described bel ow.

Algorithm OPTIMUS(G =
Chooses = (s1,52,...,
Chooser suchthatr L s
ES(VueV)—0

(V,E,d 1))
sp)suchthats - d(e) > Oforanye € £/

(1,0)

(1,0
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Fig. 5: (a) Wave Digital Filter MDFG (b) Final MDFG

MC(VueV)«—0
MCmaz «— 0
QueueV — ¢
/* remove original edgeswith non-zero delays*/
Ve€ E,E — E — {e,s.t.d(e) # (0,...,0)}
/* queue schedulable nodes*/
QueueV — QueueV U{u € V, s.t.INDEGREE(u) = 0}
while QueueV # ¢
GET(u, QueueV)
[* check if « needsan extranon-zero delay */
if AVAIL(fu) < ES(u)
[* adjust the M C(u) value*/
MC(u) — MC(u) +1
MCmaz — max{MC(uv), MCmaz}
endif
* adjust ES(w) and schedule on the first possible control step*/
ES(u) — AVAIL(fu)
ASSIGN(u) to fu at control step ES(u)
[* propagatethe valuesto successor nodes of « */
Vv suchthat v — v
INDEGREE(v) < INDEGREE(v) — 1
ES(v) — maz{ES(v), ES(u) + t(u)}
[* assume this edge does not require anew delay */
MC(v) — maz{MC(v), MC(u)}
/* check for new schedulablenodes*/
if INDEGREE(v) = 0
QueueV — QueueV U {v}
endif
endwhile
[* computethe MD retiming */
Yu € V,r(u) = (MCmaz — MC(u)) 7

4 Experiments

Inthissectionwe present results of theapplication of our
method to different problems. Because of the space limit,
only one case is presented in detail, an MDFG representing
awave digita filter, designed to compute a solution for a
Partial Differential Equations problem, atransmission line
problem, based in the Fettweis method [2]. After applying
the Fettwei stransformationswe obtainthe MDFG infigure
5(a). The case of one adder and one multiplier availableis
trivial. Therefore, we assume that there are two two-input
adders and one multiplier available and these devices re-
quire one time unit to compl ete.
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Fig. 6: Sequence of the push-up scheduling

Using the OPTIMUS a gorithm, aschedulevector (0, 1)
is selected with an MD retiming vector (1,0). The initial
sequence of the scheduling algorithm, assigns nodes E' and
F' totheaddersin control step 1. A and (G become schedu-
lable nodes at control step 2. If ¢ gets the chance to be as-
signed first, it must be pushed-up to control step 1, where
the multiplier is still available. That implies that node F
must be retimed, therefore, M C(G) = 1. At theend of the
agorithm, wehave M C(E) = MC(F) = MC(H) =0,

MC(G) = MC(Al) = MC(A2) = MC(B1)
MC(B2) = 1,and MC(C) = MC(D) = MC(A3)
MC(B3) = 2, with amaximum 3 C value of 2. The

resulting retiming functionis »(E) = »(F) = r(H
2,0), r(G) = r(Al) = r(A2) = r(Bl) = r(B2) =
1,0),and r(C) = r(D) = r(A3) = r(B3) = (0,0). Fig-

ure 6 showsthe changes in the schedul e table, whilefigure

5(b) shows the retimed MDFG. The final schedule length

of 4 control steps represents a significant reduction on the

total computation time if compared to the 7 control steps
required by alist scheduling agorithm.

Table 1 summarizes the comparison between our re-
sults and other methods, showing the achieved execution
time and the complexity of the algorithminvolved' 2. The
row list sch. is based on the origina design character-
istics, using a traditional list scheduling method, while
OPTIMUS showsthedatafor our proposed method, the
row rot. shows the requirements imposed by the rotation
scheduling method [4]. The row affine-by-st. presents
results that could be obtained by modifying affine-by-
statement methods devel oped for systolic arrays[1, 3], and
finally, methods focused on fine-grain parallelism that also
depend on the sel ection of anew schedule, such astherein-
dexing technique [6] are presented in row fine-grain. We
notice that when the fully parallel solution was achieved,
the complexity of the algorithms becomes one of the dis-
tingui shing elements on this comparison.

Table 2 showsacomparison of different practical exper-
iments among those methods able to find a solution, with-
out the need of finding a fully parallel graph. In order to
provideafair comparison based on the time complexity of

g

T1LP was used to represent methods with complexity equivalent to an
Integer Linear Programming solution, or eventually to an LP algorithm.

2U was used, in the rotation heuristic, to represent an user input defin-
ing the number of iterations of the algorithm.

Method schedule length complexity
list scheduling 7 O(|E|)
affine-by-st. 4 ILP
fine-grain 4 ILP
rotation 4 (possibly optimal) | O(nU|E])
OPTIMUS 4 (always optimal) O(n|E)|)

Table 1: Summary of results for the wave digital filter

Comparison with other results - final schedule length
Test case listsch. | rot. | OPTIMUS
transmission line 7 6 4
Floyd-Steimberg 5 4 3
Fwd-substitution 5 4 3
Toeplitz Hyp. Cholesky 4 3 2
DFT 5 4 4

Table 2: Summary of results for several problems

the techniques been reported, thevalue /' = 1 was adopted
for the MD rotation scheduling. The problems reported on
table 2 are the transmission line described earlier, and four
other cases, where, for simplification, the target machine
was assumed to be aparallel systemwith 3 general purpose
functional units. Such problems are the Floyd-Steimberg,
and the forward substitution algorithms, the Toeplitz Hy-
perbolic Cholesky solver, and a discrete Fourier transform
(DFT).

Our experiments always achieved optimal results. From
the tables, we notice that fully-parallel solutions are aso
able to produce such results, however, using non-efficient
solutions such as ILP algorithms or introducing excessive
number of delays. These results demonstrate the high effi-
ciency of the push-up scheduling technique as well as the
optimality of itsresults.
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