Board-Level Multi-Terminal Net Routing for FPGA-based Logic
Emulation*

Wai-Kei Mak and D. F. Wong
Department of Computer Sciences
University of Texas at Austin

Austin, TX 78712

Abstract— We consider a board-level routing problem
applicable to FPGA-based logic emulation systems such as
the Realizer System [3] and the Enterprise Emulation Sys-
tem [5] manufactured by Quickturn Systems. Optimal al-
gorithms have been proposed for the case where all nets
are two-terminal nets [10,11]. In this paper, we show how
multi-terminal nets can be handled by decomposition into
two-terminal nets. We show that the multi-terminal net
decomposition problem can be modelled as a bounded-degree
hypergraph-to-graph transformation problem where hyper-
edges are transformed to spanning trees. A network flow-
based algorithm that solves both problems is proposed. It
determines if there is a feasible decomposition and gives

one whenever such a decomposition exists.

1 Introduction

Logic simulation is indispensable for the verifica-
tion of digital system designs. Recently severval logic
emulation systems [3-7] that consist of a set of inter-
connected Field-Programmable Gate Arrays (FPGAs)
[1,2] to prototype large digital logic designs have been
developed. These systems can emulate complex digi-
tal system designs several orders of magnitude faster
than software simulators. As a result, FPGA-based
logic emulators can verify large designs that otherwise
are not possible by software simulators.

For logic emulation, we first partition a large de-
sign into parts each of which can fit inside a single
FPGA on the logic emulator [8,9]. And then board-
level routing is performed to connect signals between
the FPGA chips. We call this the board-level routing
problem (BLRP).

In logic emulators such as the Realizer system [3]
and the Enterprise Emulation system [5], the set of
FPGAs for implementing the logics are interconnected
by a set of FPICs where each FPIC is a small full cross-
bar. In this paper, we address the problem of board-
level routing applicable to the logic emulation systems
that use small full crossbars for interconnection.
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The interconnection crossbars only connect to the
FPGAs but not to each other. The I/O-pins of each
FPGA are evenly divided into proper subsets, using
the same division on each one. The pins of each cross-
bar are connected to the same subset of pins from each
FPGA. Thus crossbar « is connected to subset = of
each FPGA’s pins (Figure 1). As many crossbars are
used as subsets, and each crossbar has as many pins as
the number of pins in the subset times the number of
FPGA chips. An inter-chip net can be connected via
crossbar  if its net-pins in different FPGA chips are
all assigned to I/O-pins of subset #. And the FPGAs
allow the use of any of their I/O-pins for any given
net. In the rest of the paper, all “net(s)” mentioned
should be understood as “inter-chip net(s)” since only
inter-chip nets have to be routed.
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‘ ‘ D pins ‘Crossbars

Figure 1: Interconnect Architecture.

Optimal algorithms for board-level routing when
all nets are two-terminal nets and the I/O-pin subset
size is even were proposed in [10,11]. The algorithms
assign both net-pins of each two-terminal net to I/O-
pins of the same subset type to connect each net via
a crossbar, and guarantees 100% routing completion.
However, we also showed in [11] that the problem of
assigning net-pins to I/O-pins such that all net-pins
of the same net have to be assigned to I/O-pins of
the same subset type is NP-complete in the presence
of multi-terminal nets. So in this paper, we propose
a way to relax the constraint so that net-pins of the
same multi-terminal net can be assigned to I/O-pins of
different subset types but will still allow us to connect
the net by connecting some net-pins to more than one
I/O-pin on a FPGA.

In section 3, we present a network flow-based al-
gorithm to decompose multi-terminal nets into sets of



two-terminal nets when there are some extra 1/O-pins
so that the two-terminal net BLRP algorithm can be
applied. (When the number of inter-chip nets in a
FPGA chip is less than the number of I/O-pins on the
chip, there are some extra I/O-pins.)

First, in section 2 we introduce a hypergraph-to-
graph transformation problem closely related to our
multi-terminal net decomposition problem.

2 Bounded-Degree Hypergraph-to-
Graph Transformation

We are interested in the problem of transforming a
hypergraph to a graph by modelling each hyperedge
as a spanning tree so that the degree of each vertex
v 1n the resultant graph does not exceed some given
bound o,. We call this the bounded-degree hypergraph-
to-graph transformation problem. Figure 2 shows a
transformation of a hypergraph to a graph where the
degrees of all vertices are bounded by 3. Each hyper-
edge is transformed to a spanning tree that connects
all the vertices in the hyperedge. In general, the de-
gree bound o, can be different for different vertex v.

Figure 2: hypergraph-to-graph transformation. (a) A hy-
pergraph with three hyperedges: el, €2, and e€3. (b) A
graph formed by combining three spanning trees corre-
sponding to the three hyperedges in (a).

To model a hyperedge of p(> 2) vertices as a span-
ning tree that connects the p vertices, clearly the sum
of the degrees of the vertices in the spanning tree
must be 2(p — 1) and the degree of each vertex must
be at least one. On the other hand, we will prove
that given any vector d = (di,...,d,) € NF such that

P di=2(p—1)and di,...,d, > 1, we always can
construct a spanning tree of p vertices whose degrees
are equal to the p elements of d.

Definition 1 A vector d = (di1,ds,...,dp,) € NP is
said to be a wvalid degree specification vector if there
erists a spanning tree of p vertices whose degrees are
equal to the p elements of d.

Lemma 1 A necessary and sufficient condition for
d = (di,ds,...,d,) € NP to be a valid degree speci-
fication vector when p > 2 is

(i) iy di =2(p— 1), and
(iyd;y > 1 fori=1,2,...,p.

Proof: It is obvious that the condition is a necessary
one. We will prove that it is sufficient by induction on
the vector size p.

Base case: When p = 2, by conditions (i) and (ii) both
d; and d» must be equal to 1. Clearly, a spanning tree
with a single edge can be constructed which satisfies
the degree specification vector d = (1, 1).

Induction step: Assume the lemma holds for p = »
where r > 2. Let d = (dy,ds,...,dry1) € Nt be a
vector that satisfies conditions (i) and (ii). We want
to prove that d is a valid degree specification vector.
Without loss of generality, we may assume d; < d;41
fori=1,...,r. Since r+1 > 3, conditions (i) and (ii)
imply that there exist d;,dy (1 <j <k <7+ 1)such
that d; = 1 and dj, > 2. Define a degree specification
vector d' = (dy,db,...,d.) € N” by

d;, for1<i<j—1
di =< diy1, forj<i<randi#£k-—1
dp—1, fore=k—-1

Then S_, d} = S0 E di—d;j—1 = Y71 d; —2 which
is equal to 2(r — 1) since d satisfies (i). As d satisfies
(i) and d > 2, we have d; > 1 for i = 1,...,r. Hence
d" € N satisfies (i) and (ii), and is a valid degree
specification vector by the assumption. So there ex-
ists a spanning tree T” of r vertices whose degrees are
specified by d’. Let u be the vertex in T whose degree
isd,_; (=dy—1). If we add a new vertex to 7" and
connect it to u, we will get a spanning tree of » + 1
vertices whose degrees are exactly the » + 1 elements
of d. Hence d is a valid degree specification vector. O

We can easily turn the sufficiency proof into an effi-
cient algorithm for constructing a spanning tree given
any valid degree specification vector.

Now we describe the algorithm for the bounded-
degree hypergraph-to-graph transformation problem.

Suppose we are to transform a hypergraph H =
(V,E) to a graph G given the degree bound o,
of each vertex v in V. We construct a flow net-

work W = (N, A) as follows. The node set N

is {e1,e9,. .., €|E| U V2 Yy s,1} where node ¢;
corresponds to hyperedge ¢; in E (i = 1,...,|E|), node
v; corresponds to vertex v; in V (j = 1,...,|V]), node

s 1s the source and node t is the sink. For every hyper-
edge e;, if it connects p vertices, then there is an arc
from node s to node e; with capacity ¢(s,e;) = p— 2,
and for every vertex v; connected by hyperedge e;,



there is an arc from node ¢; to node v; with ca-
pacity c(e;,v;) = p — 2. For every vertex v; in V|
there is an arc from node v; to node ¢ with capacity
c(vj,t) = 0y, —degm (v;) where degg (vj) is the degree
of vertex v; in H. For example, to transform the hy-
pergraph in Figure 2(a) to a graph where the degree of
each vertex is bounded by 3, we construct the network
shown in Figure 3.

Figure 3: Flow network W.

To model each hyperedge as a spanning tree so that
the total degree of each vertex v in the resultant graph
is bounded by o,, we have to find an integral maxi-
mum flow from s to ¢ in the constructed network [12].
It is well-known that if the capacities of all arcs in
a network are integers, then there exists an integral
maximum flow (i.e., the flow in each arc is an in-
teger). And in this case, maximum flow algorithms
such as the Ford-Fulkerson method [13] always pro-
duce an integral maximum flow. In the following the-
orem, we show how a feasible transformation can be
derived from an integral maximum flow solution.

Theorem 1 A bounded-degree hypergraph-to-graph
transformation problem 1s feasible iff in a mazimum
flow of the constructed network W, the flow in arcs
(s,e1), (s,e2),..., (s, 6|E|) are all at their capacities. !

Proof: Due to space limitation, we only prove the
“if” part. Assume we have an integral maximum flow
f such that the flow in arcs (s,e;) are all at their
capacities for i = 1,... |E|, we show how to find a
feasible transformation of the hypergraph H.

Let f(u,v) denote the flow from node u to node
v. For every hyperedge e;, if e; connects p vertices:
Uiy, Uiy, o Uiy, then (fles, v ) + 1, fles,vi,)+1, ..,
Jlei,v;,) + 1) is a valid degree specification vector by

1By the construction of W, if one maximum flow saturates
arcs (s,e1),..., (s, 6|E|)7 then any other maximum flow will also

saturate arcs (s,e1),..., (s, 6|E|).

Lemma 1. Since Y &, (f(es,vi)+1) = f(s,6;) +p =
2(p—1) (as f(s,e;) = p— 2, the capacity of arc (s, ¢;)
by assumption) and f(e;,v;, )+ 1 > 1 for all k. Hence
a spanning tree can be constructed for hyperedge e;
where the degrees of v;,, vi,,...,v;, in the spanning
tree are f(e;,vi,) + 1, fles,vi,) +1,..., fles,vi,) + 1,
respectively.

This can be done for all hyperedge e; and the to-
tal degree of any vertex v; in the resultant graph is
YeitewnealS(evj) + 1) = fluj,t) + degr(vj). But
f(vj,t) is limited by the capacity of arc (v;,t) which
is 0y; — degp(vj). 1t follows that the degree of v; in
the resultant graph is bounded by oy, . a

3  Multi-Terminal Net Decomposition

We introduce a decomposition scheme for multi-
terminal nets where a multi-terminal net is decom-
posed into a set of two-terminal nets based on the
bounded-degree hypergraph-to-graph transformation.

We want to decompose each p-terminal net n (a
hyperedge) into a set of p — 1 two-terminal nets (a
spanning tree), which we call the subnets of n. We
use a simple example to illustrate the idea. Consider
the BLRP shown in Figure 4(a) where net 1 and net 2
are four-terminal nets, and there are extra I/O-pins on
FPGA chips 2, 3, and 4 (one on each of chip 2 and chip
3, and two on chip 4). We can transform this multi-
terminal net BLRP to a two-terminal net BLRP as
shown in Figure 4(b). Net 1 is decomposed into three
two-terminal nets, namely, subnets 1’, 1”7, and 17’
Similarly, net 2 is decomposed into three two-terminal
nets, namely, subnets 2’ 2”7 and 2”’. The underlying
spanning trees of this decomposition of net 1 and net
2 are shown in Figure 8.
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Figure 4: Decomposition of multi-terminal nets into two-
terminal subnets.

To see why this decomposition is useful, we first ap-
ply an optimal algorithm for two-terminal net BLRP
[10,11] to determine a feasible assignment of the sub-
nets and the original two-terminal nets to the I/O-pins
on the FPGA chips. A solution is shown in Figure 5.
Note that it is not necessary to have all subnets of
the same multi-terminal net assigned to the same pin



subset type. In Figure 5, subnets 1’ and 17’ are as-
signed to pin subset A while subnet 1”7 is assigned to
pin subset B. To connect net 1, we connect its net-
pin in chip 1 to the I/O pin assigned to subnet 1’
connect its net-pin in chip 2 to the I/O-pins assigned
to subnets 1’ and 1”7 connect its net-pin in chip 3 to
the 1/O-pins assigned to subnets 17 and 1”7, and con-
nect its net-pin in chip 4 to the I/O-pin assigned to
subnet 17°. In a similar way, we can connect net 2.
Thus when connecting a multi-terminal net, we take
advantage of the fact that a net-pin inside a chip can
be connected to more than one I/O-pin on the chip.

Chip 1 Chip 2 Chip 3 Chip 4
‘1’ 3. 2 4‘ ‘ 1 31 2,,‘ ‘1,,,2,,,3 1 4‘ ‘1,,,2,,,3 > 2,,‘
T T T T T T T T T T T T T T T T
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Figure 5: A feasible assignment of two-terminal nets to
I/O-pins.

If we view the set of FPGA chips in a BLRP as a
set of vertices and each net as a hyperedge connecting
the vertices (see Figure 6), then the decomposition of
multi-terminal nets into two-terminal subnets is equiv-
alent to a bounded-degree hypergraph-to-graph trans-
formation. Since subnets of the same multi-terminal
net in the same chip (vertex) are assigned to distinct
I/O-pins, the degree bound of each vertex in the re-
sultant graph should be set to the number of T/O pins
on the chip.

Multi-Terminal Net Decomposition Algorithm

1. Model the BLRP instance as a hypergraph H by represent-
ing the FPGA chips as vertices and the nets as hyperedges.

2. Transform hypergraph H to a graph where the degree of
each vertex does not exceed the number of I/O-pins per
chip:

(a) Construct network W.
(b) Find a maximum flow in W.

(c) Get a valid degree specification vector for each hy-
peredge from the maximum flow solution.

(d) Transform each hyperedge into a spanning tree ac-
cording to its degree specification vector.

3. Decompose each multi-terminal net into subnets according
to the corresponding hyperedge to spanning tree transfor-
mation.

For example, to decompose the multi-terminal nets
in the BLRP shown in Figure 4(a). We first model
it as the hypergraph in Figure 6 where hyperedge e;
represents net ¢ and vertex v; represents chip j. Then
we construct the network in Figure 7(a). A maximum
flow f of the network is found in Figure 7(b). Using
flow f, the degree specification vector for hyperedge e;

Figure 6: Viewing a BLRP instance as a hypergraph.

is (f(e1,v1)+1,f(er,v2)+1,f(er,v3)+1,f(er,va)+1)
= (1,2,2,1) and the degree specification vector for
hyperedge eq is (f(e2,v1)+ 1, flez,va) +1,f(e2, v3) +
1,f(ez,v4) + 1) = (1,1,1,3). So we model hyperedge
e1 as a spanning tree 7] where the degrees of vertices
vy, V2, V3, and vq in T} are 1, 2, 2, and 1, respectively.
And model hyperedge e as a spanning tree 75 where
the degrees of vertices vy, vs, vs, and vy in T5 are 1, 1,
1, and 3, respectively. See Figure 8. According to the
way 17 1s connected, net 1 is decomposed into subnets
1’, 17, and 177 where subnet 1’ 1s shared by chip 1
and chip 2, subnet 1”7 is shared by chip 2 and chip 3,
subnet 177 1s shared by chip 3 and chip 4. And net 2
i1s decomposed into subnets 2’; 2”7, and 27’ according
to T5. Finally, we get the BLRP in Figure 4(b).

Figure 7: (a) Flow network. The number besides each arc
is the capacity of the arc. (b) An integral maximum flow.
The number besides each arc is the flow in the arc.

Figure 8: Spanning trees to model hyperedges e; and e».

The counterpart of Theorem 1 is given below.

Theorem 2 Given any BLRP instance, all multi-
terminal nets can be successfully decomposed iff a maz-
tmum flow of the constructed network W saturates arc

(s,e;) for alli.



Corollary 1 The network flow-based algorithm can
successfully decompose all the nets if the num-
ber of I/O-pins on each chip is no less than

Zp>2 {%—‘ where A, s the maztmum number

of p-terminal nets in a chip.

The details of the proof are omitted. It involves the
construction of a new network W’ from W, which has
a maximum flow value no larger than that of W. And
proving that the capacity of any cut of the network
W' is at least equal to the sum of the capacities of all
outgoing arcs from s in W. Then the result follows
from the max-flow min-cut theorem and Theorem 2.

For example, if no more than 15% and 5% of the
inter-chip nets in each chip are three-terminal and
four-terminal nets, and the rest are two-terminal nets,
then the network flow-based algorithm is guaranteed
to find a feasible decomposition whenever all chips are
less than 93.02% full (i.e., the number of inter-chip
nets in a chip is less than 93.02% of the number of
I/O-pins on the chip).

We note that our network flow-based algorithm can
be used for any combination of multi-terminal nets
and it allows some chips to be full or almost full.
Corollary 1 suggests that the algorithm should also
be very useful in general.

4 Postprocessing

If in the maximum flow solution, the flow in some
arc (s, e;) is less than the arc capacity, it means there
are not enough extra I/O-pins left on the chips sharing
net n; to be used for the decomposition of net 7 as a
spanning tree of subnets. But it is possible that there
are still extra I/O-pins left on other chips not used for
the decomposition of any net.

For example, in the BLRP shown in Figure 9(a),
both net 1 and net 2 are shared by chips 1, 2, and
3. Among chips 1, 2, and 3, there is only one extra
I/O-pin which is in chip 3. So we can only use it for
the decomposition of either net 1 or net 2. And we get
the BLRP shown in Figure 9(b) where net 2 remains
not decomposed after applying the network flow-based
decomposition algorithm.

However, we may take advantage of the extra I1/0-
pins on chip 4. In Figure 9(c), we show a way to use
the extra I/O-pins on chip 4 to decompose net 2 into
a set of two-terminal nets. Then any two-terminal
net BLRP algorithm can be applied to determine a
feasible assignment of two-terminal nets 17, 17, 27, 27|
2773, 4, and 5 to the I/O-pins on the chips. After
that, to connect all the signals of net 2, we simply
connect its net-pin in chip 1 to the I/O-pin assigned

Chip 1 Chip 2 Chip 3 Chip4
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Figure 9: Decomposition of multi-terminal nets into two-
terminal subnets.

to subnet 2’, connect its net-pin in chip 2 to the 1/0-
pin assigned to subnet 2”7, connect its net-pin in chip
3 to the I/O-pin assigned to subnet 27’ and finally
interconnect the 1/O-pins assigned to subnets 27, 27
and 2”7’ in chip 4 internally.

This gives us the motivation to propose a postpro-
cessing step to handle the multi-terminal nets left over
after the application of the network flow-based decom-
position algorithm (i.e., those net ¢ for which the flow
in arc (s,e;) is below capacity in the maximum flow
solution) using any extra I/O-pins left.

In the postprocessing step, a p-terminal net is de-
composed into p or more two-terminal subnets making
use of extra I/O-pins from any chips. However, a p-
terminal net successfully decomposed by the network
flow-based algorithm is decomposed into exactly p—1
two-terminal subnets only making use of extra I/0-
pins from the chips sharing the net.

Let C = {e1,¢a,...,¢5} be the set of chips that
have at least three extra I/O-pins left such that the
number of extra I/O-pins left on ¢; is no less than that
one¢jq1 (j=1,...,k—1). (Since the postprocessing
step involves a maximum overhead of two extra I/0O-
pins per chip, we only consider those chips that have
at least three extra I/O-pins left.)

For each p-terminal net, we “reserve” p extra I/O-
pins from one or more chips in C'in order to decompose
the net into a set of p two-terminal subnets (sometimes
more than p). We will use up all the extra I/O pins
on chip ¢; before starting to reserve those on chip ¢; 41
(j =1,...,k—1) except for the following situation.
If after processing a net, there is only one extra I1/0-
pin left on chip ¢;, then we will start reserving extra
I/O-pins on chip ¢j41 for the next net.

Suppose we are to process a p-terminal net n and
are to reserve extra I/O-pins for n from chip ¢;. If
net n has terminals on chips ¢, ¢n,, ..., Cn,, then we
will regard its terminal in chip ¢,, as one of the two
terminals of subnet n' (i = 1,...,p). See Figure 10
and Figure 11. Assume there are ¢ (e > 1) extra I/O-
pins left on chip ¢;. We have two cases.
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Figure 10: Net n has 4 (= p) terminals and chip c; has
no less than 4 (= p) extra 1/O-pins left.

Case 1: If e > p, we simply reserve p extra I/O-pins
on chip ¢; and make a second terminal in chip ¢; for
each subnet n’ for i = 1,...,p. See Figure 10.

Case 2: If e < p, we reserve all e extra I/O-pins on
chip ¢; and make a second terminal in chip ¢; for each
subnet n’ for i = 1,...,e — 1; in addition we make a
terminal in chip ¢; for yet another subnet nf*!. We
also reserve one extra I/O-pin on chip ¢;41 and make
a second terminal in chip ¢;41 for subnet n*!. (The
purpose of subnet nPt! is to “connect” the part of net
n modelled in chip ¢; with the part of net n modelled
in chip ¢;41. Hence there is a maximum overhead of
using two more extra I/O-pins per chip.) Then we
reserve p — e + 1 more extra I/O-pins on chip ¢;41
and make a second terminal in chip ¢;4; for each of
the subnets n' fori = e, e+ 1,...,p. (If there are not
enough extra I/O pins on chip ¢;41, we can repeat the
same technique we just did.) See Figure 11.
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Figure 11: Net n has 4 (= p) terminals but chip c; has
only 3 (< p) extra I/O-pins left.

For example, the result of applying the decompo-
sition algorithm with postprocessing on the BLRP in
Figure 9(a) is shown in Figure 9(c).

Since a multi-terminal net is always transformed to
a set of two-terminal subnets, we can connect a multi-
terminal net by interconnecting its corresponding set
of subnets. And this can be done by first applying
the optimal two-terminal net BLRP algorithm to the
transformed problem to determine a feasible assign-

ment of the subnets to the I/O-pins on the chips to
connect each individual subnet. Then for each multi-
terminal net n, we can interconnect the corresponding
set of subnets as follows. For each chip that contains
one or more subnets of n, we interconnect all those
I/O-pins on the chip which are used by the subnets of
n, and if the chip contains a net-pin of n we also con-
nect the net-pin with these I/O-pins. Hence a multi-
terminal net is connected not only through connec-
tions in the crossbars but also through some internal
connections of I/O-pins on the same FPGA chips.

5 Conclusions

We showed that by using our multi-terminal net
decomposition algorithm to decompose all multi-
terminal nets into two-terminal nets, any optimal two-
terminal net BLRP algorithm can be applied to com-
plete the routing.
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