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Abstract

We describe algorithms and data structures for accurate

and e�cient computation of path delay fault coverage. Our

method uses an interval-based representation of consecu-

tively numbered path delay faults. We describe a modi�ed

2-3 tree data structure to store and manipulate these in-

tervals to keep track of tested faults. Some results obtained

using non-robust simulation of benchmark circuits suggest

the viability of this approach.

I. Introduction

The maximum allowable path delay in a synchronous

computer is determined by its clock rate. If the delay on

a path of a manufactured circuit exceeds the time period
between clocks, incorrect outputs may be latched. The ob-

jective of delay testing is the ensure that the manufactured

network operates correctly at the functional clock rate.

Two models have been proposed for delay faults: the

gate delay fault [2] and the path delay fault [15]. Accord-
ing to gate delay fault model, any input to a gate can be

subjected to a delay fault that may cause the response of
the gate to be slow compared to its speci�cation. The path

delay fault model focuses on the aggregate delay along the

path and not on the individual delays of the gates com-

prising the paths.

The path delay fault model is capable modeling dis-
tributed failures resulting due to statistical variation in

the manufacturing process. As a result, it is of particular

importance for circuits designed using statistical timing
analyzers. This model has been researched extensively for

the tasks of test generation [4, 8, 9, 10, 13], fault simula-

tion [3, 7, 11, 14, 15], and synthesis for testability [5, 6, 16].

One problem associated with path delay fault model is
that there can be an exponential number of path delay

faults in a circuit. This makes it practically impossible to

enumerate all paths for the purpose of test generation and
fault simulation. The problem of path delay fault simula-

tion was investigated in [15]. In order to compute the exact

path delay fault coverage by a given test set, this methods
have a worst case exponential complexity because com-

plete set of paths is used for the purpose of fault coverage

computation. In [14], all delay tested paths are stored, re-

sulting in same complexity as that of the previous method.

A non-enumerative method to compute the path delay
fault coverage is presented in [11]. A polynomial com-

plexity algorithm is presented, however, it may compute

a pessimistic estimate for the coverage. As the degree of
the polynomial is increased, better estimates are obtained.

Only when the degree of the polynomial is allowed to be of

the order of the number of lines in the circuit, thus result-
ing in exponential complexity, the exact path delay fault

coverage is obtained.

Symbolic representation of path delay-faults can
achieve high degree of compaction [7] relative to more ex-

plicit forms. Large number of path delay-faults exist in

common digital circuits. Ordered binary decision diagrams
(OBDDs) provide a convenient data structure to represent

these large number of path delay-faults during the process

of fault simulation computing the path delay-fault cover-
age for a given delay test-set. The complexity in this case

dependent upon the size of the OBDD constructed during

the course of simulation.
In this paper, an e�cient algorithm to compute exact

path delay fault coverage has been described. It is based

on the following key observations: (1) The number of paths
in the circuit can be computed in time which is linear in

the number of lines in the circuit, by making one pass over

the circuit. (2) A set of consecutively numbered path delay
faults can be represented as a closed interval over a pair of

integers. A tree-based data structure can be used then to

store and manipulate these intervals [12]. In addition to

estimating exact path delay fault coverage, this technique

also provides the ability to e�ciently �nd out whether a

given path delay fault has been tested. This can be used to

guide a delay test generator to use its resources on untested

path delay faults only.

The paper is organized as follows: After the prelimi-
naries of Section 2, the paper presents algorithms and data

structures in Section 3. Section 4 contains some discussion

on the experimental results. We conclude the paper with
a summary.



II. Preliminaries

A combinational circuit is represented as a directed

acyclic graph (DAG), G(V; E), where gates correspond to

nodes and the wires correspond to edges in the graph. Fig.
1(a) shows a combinational circuit which is modeled as a

directed acyclic graph in Fig. 1(b).
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Figure 1: DAG representation of path delay faults

The fault simulator described here incorporates models

for robust [15] and non-robust [8, 10] tests. A two-pattern
test < V1; V2 > is called a robust test for a fault on a path

P , if it detects that fault independently of all other delays

in the circuit. A two-pattern test < V1; V2 > is called
non-robust test for a fault on path P , if it detects fault

under the assumption that the o�-path sensitizing inputs

of all gates on the structural path corresponding to the P
stabilize at their �nal values prior to the time at which the

transition along P arrives at them.

For circuit with large number of paths, an explicit fault
representation is not practical. E�cient path manipula-

tion algorithms are necessary for execution speed as well

as to maintain manageable memory requirement. An e�-
cient path representation scheme has been presented in [3].

This scheme allows for sequential numbering of the paths

in a circuit. This is achieved through a combination of a
linear algorithm for path counting and structural ordering

of paths through each node. For the work presented here,

the two path faults, rising and falling, associated with path
i are numbered 2i� 1 and 2i, respectively.

III. Algorithms and Data Structures

The method described in this paper simply uses the
fact that a set of consecutively numbered path delay faults

i1, i1 + 1, : : : ,i2 can be represented as a closed interval

[i1; i2], with i1 � i2. The closed interval [i1; i2] represents

a set of i2 � i1 + 1 path delay faults. During the course of

path delay fault simulation, newly tested path delay faults,

represented as intervals, are merged into existing intervals.

This allows for a memory e�cient representation of path

delay faults.

3.1 Interval-Based 2-3 Tree

We represent an interval [i1; i2] as an object x, with

�elds low[x] = i1 and high[x] = i2. We say that intervals

x and y overlap if x \ y 6= �, that is, if low[x] � high[y]
and low[y] � high[x]. We say that two intervals x and

y are adjacent if either low[x] = high[y] + 1 or low[y] =

high[x] + 1. An interval tree maintains a dynamic set of
elements, with each element containing an interval x. We

have used the 2-3 tree data structure [1] to store intervals.

We now de�ne the interval-based 2-3 tree data struc-

ture. It has the following properties:

(1) Each interior node has two or three children.
(2) Each path from root to leaf has the same length.

(3) Each leaf contains an interval.

(4) The elements in the tree are ordered by a linear or-
der. The linear ordering � is de�ned as follows: If there

exist two intervals x and y then x � y if and only if

low[x]< low[y].
(5) At each interior node we record two intervals. First in-

terval, denoted by R, contains the smallest and the largest

numbers stored in the tree rooted at that node. The sec-
ond interval, denoted by S, consists of the smallest number

descending from the second child and, if there is a third

child, we also record the smallest number descending from
the third child. At each node, we also record the total

number of tested faults, Nv, stored in the tree rooted at

that node.

The interval-based 2-3 tree data structure requires at

least 1 + log3n levels and no more than 1 + log2n levels.
Thus, the path lengths in the tree are O(logn). An exam-

ple of such a tree is shown in Fig. 2. Each leaf is a set of

path delay faults represented as an interval. Each interior
node contains the information about the sub-tree rooted

at that node.
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Figure 2: An interval-based 2-3 tree

Our interval tree supports the following operations:

INTERVAL-INSERT (T , x) adds the interval x to the inter-

val tree T .
INTERVAL-DELETE (T , x) removes the interval x from in-

terval tree T .

INTERVAL-SEARCH (T , x) returns an element y in the inter-
val tree such that y either overlaps or is adjacent to interval

x. If there is no such interval then it returns a NIL.



We de�ne a merge operation over intervals as follows:
INTERVAL-MERGE (x, y) returns an interval z such

that low[z] = min(low[x]; low[y]) and high[z] =
max(high[x]; high[y]).

INTERVAL-INSERT and INTERVAL-DELETE are similar to

the insert and delete operations over 2-3 trees. The key
for an interval x is the low endpoint, low[x]. An inorder

tree walk of the data structure lists the intervals in sorted

order by low endpoint. Some examples of insertion in the
interval tree are as follows:

Consider insertion of an interval x = [4,4] in the inter-
val tree shown in Fig. 2. Since low[x] < low[S], we move

to the �rst child of the root node. At this node also, we

�nd that low[x] < low[S]. Since the current node is just
one level above the leafs and contains only two children,

interval x is inserted as the second child of the node. The

R, S, and Nv �elds of the intermediate nodes on the path
between the newly inserted leaf and the root node are mod-

i�ed appropriately. The resulting interval tree is shown in

Fig. 3.
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Figure 3: Insertion of [4,4] in the tree of Fig. 3

It is quite possible that the interval being inserted �nds

its place as a child of a node v which already contains three
children. In this case, the node v is split into two nodes

v and v̂. The two intervals with smaller keys stay with v,
while the two intervals with larger keys become children of

v̂. Now, v̂ is inserted among the children of p, the parent

of node v. If p had two children, we make v̂ the third
and place it immediately to the right of v. If p had three

children before v̂ was created, we split p into p and p̂, and

so on.

For example, consider insertion of x = [16,17] into tree

of Fig. 3. The intended parent node of x already has

three children. We split the parent node into two nodes.

However, once the node is split, the root of the tree now

contains four children. We further split the root into two

nodes, adding an extra level in the tree. The �elds of

the a�ected nodes is modi�ed accordingly. The resulting

interval tree is shown in Fig. 4.

Just as INTERVAL-INSERT works in a fashion similar

to the insert operation over 2-3 trees, INTERVAL-DELETE

is analogous to the delete operation over 2-3 trees.
INTERVAL-SEARCH looks for an overlapping interval with

the smallest low endpoint. If such an interval does not ex-
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Figure 4: Insertion of [16,17] in the tree of Fig. 3

ist then it looks for an adjacent interval. If it cannot �nd

any such interval then the function returns a NIL value,
indicating a failure.

So far we have assumed that the interval being inserted

does not overlap with any of the intervals already stored
in the interval tree. When an interval x either overlaps

with or is adjacent to some existing intervals, we will like

to collapse these intervals into a single interval. This can
be achieved using the following steps:

(1) We �nd all the overlapping and adjacent intervals

using INTERVAL-SEARCH. As we �nd each such interval, it
is stored in a list L and deleted from the tree T .

(2) The interval x and the intervals in the list L are

merged to create a single interval y.
(3) The interval y is then inserted into the tree T .

Note that in the worst case, k deletions may be per-

formed, where k is the number of overlapping and adjacent
intervals. This gives an overall complexity of O(k:logn),

where n is the number of stored intervals in the tree.

So far, we have discussed the data structure and algo-
rithms to maintain a set of closed intervals without telling

how to compute these intervals during the course of path

delay fault simulation. This is discussed next.

3.2 Computing Tested Faults as Intervals

We will like to to compute the set of tested path de-

lay faults in terms of intervals. Once represented as a set

of intervals, these intervals can be inserted in the inter-
val tree. The root of the tree contains information about

the total number of tested path delay faults at any stage

of fault simulation. The task of representing newly tested
path delay faults as a set intervals is accomplished by an

algorithm as depicted in the following steps:

(1) We mark the edges of the tested path delay faults.
Each primary input node is assigned an interval [1,1].

(2) The edges and nodes of the marked DAG are topolog-

ically sorted. The computation of intervals through each
edge and node is carried out in the topologically sorted

order.

(4) The set of intervals through a node is simply the union
of intervals through the edges directed into that node. For

example, if [p; q] and [m;n], with p � m, are the intervals



through the edges directed into node ni then the the set of
intervals through the node ni is ([p; n]) if [p; q] and [m;n] ei-

ther overlap or are adjacent. Otherwise, it is ([p; q]; [m;n]).
(5) The set of intervals through an edge is propagated

as follows: Let ([p1; q1]; [p2; q2]; :::; [pn; qn]) be the set of

path sequences through node ni. Let node nj be a par-
ent node of ni such that edge eij connects nodes nj and

ni. Let us assume that node nj has m edges directed

into it, numbered 1 through m, and eij be the kth edge.
Then the set of intervals through the edge eij is given by

([p1 +N; q1 +N ]; [p2 +N; q2 + N ]; :::; [pn +N; qn +N ]),

where N is the total number of path delay faults through
�rst k � 1 edges directed into node nj.
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Figure 5: Computing tested faults as intervals

For example, consider the example shown in Fig. 5(a).

The portion of the DAG shown using bold lines represents

the tested path delay faults as a result of an application of
a delay test. The computed set of path sequences is shown

in Fig. 5(b). Let S(x) denote the set of path sequence for

the edge or node denoted by x. The computation of tested
path sequences, based on the algorithm described above,

is carried out as follows :

S(v11) = ([1,1]), S(v12) = ([1,1])
S(e18) = ([1 + 0,1 + 0]) = ([1,1])

S(e19) = ([1+ 1,1 + 1]) = ([2,2])

S(v9) = S(e18) [ S(e19) = ([1,2])
S(e15) = ([1 + 1, 2 +1]) = ([2,3]), S(e16) = ([1,2])

S(v7) = ([2,3]), S(v8)= ([1,2])

S(e9) = ([2,3]), S(e10) = ([4,5])

S(v5) = S(e9) [ S(e10) = ([2,5])

S(e4) = ([6,9]), S(e5) = ([2, 5])

S(v2) = S(e4) = ([6,9]), S(v3) = S(e5) = ([2,5])

S(e1) = ([6,9]), S(e2) = ([2 + 10, 5 + 10]) = ([12,15])

S(v1) = S(e1) [ S(e2) = ([6,9],[12,15])

The set S(v1) contains the information that the set of
tested path delay faults are the faults numbered 6, 7, 8,

9, 12, 13, 14, and 15. The complexity of the algorithm is

O(kE) where k is maximum number of intervals generated
and E is the number of edges in the tested portion of the

DAG.

IV. Experimental Results

The proposed algorithms for robust and non-robust de-

tection of path delay faults has been implemented in LISP

running on a SPARCStation 2. The results presented here
are for non-robust path delay fault simulation of several

benchmark circuits.

The simulation has been performed using randomly
generated delay test vector pairs. For a circuit with n

inputs, for each randomly generated n-bit binary vector, a

set of 2n delay tests, corresponding to a rising and falling
transition at each bit, were generated. Each circuit was

simulated using 10,000 such delay test vectors. This does

not put any restriction on the number of path delay faults
to be considered.

In Table I, Column 2 indicates the number of possible

path delay faults in each circuit. Column 3 contains the

number of detected path delay faults as result of fault simu-
lation using randomly generated 10,000 delay test vectors.

The last column indicates the CPU times in seconds.

Column 4 contains the maximum cardinality of the set
of intervals during the course of delay fault simulation.

Typically this number is much smaller than the number

of path delay faults detected. This is a result of merging
consecutively numbered path delay faults into closed in-

tervals. As more and more faults get tested, the number

of intervals does not necessarily increase.

Table I: Results of non-robust fault simulation

Circuit Path Faults jS(x)j CPU
Name Faults Detec. max.

sn54181 914 802 24 12
apex6 2998 1630 126 86

des 199690 12574 843 187

rot 15886 1980 443 79
z4ml 182 182 12 9

c2670 13559768 2484 234 92
c3540 57353342 20172 1086 98

c5315 2682610 6912 1002 112

c6288 1.9788E20 116298 10451 132
c7552 1452988 7332 1345 154

As with all other known algorithm for computing accu-

rate path delay fault coverage, our algorithm has a worst
case performance that is unacceptable for all but the cir-

cuits with reasonable number of paths. It is easy to see this

because a random case of simulation can result in testing
all the odd-numbered or even-numbered path faults, re-

sulting in a scenario that is no better than a direct method.

However, unlike other methods, all of which present un-
acceptable scenario for even the best case, our method pro-

vides hope for very e�cient simulation. In the best sce-

nario, it will require only O(1) memory and time through-
out the fault simulation process. The approach certainly

seems to be e�cient for random delay fault simulation,



evident from results obtained over most of the examples
considered in our experimentation.
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Figure 6: Example circuits with exponential number

of detectable paths

Since the path delay fault testability of the ISCAS-85
and MCNC benchmark examples is relatively low, Pormer-

anz and Reddy [11] have constructed a set of circuits with

large number of detectable path delay faults. The circuits
have the structure shown in Fig. 6. The block in the

dashed box is repeated di�erent number of times, to ob-

tain circuits of di�erent sizes. In circuit Cn, the block is
repeated n number of times. The number of path delay

faults in these circuits is given by 3 � 2n+1� 4. Experimen-

tal results for these circuits are given in Table II.

Table II: Results for Cn Circuits

Circuit Faults Detected CPU

C20 6291452 1.6
C30 6442450940 2.3

C40 6597069766652 2.9

C50 6755399441055740 3.8

V. Summary

We have presented a new algorithm for exact compu-

tation of path delay fault coverage for a given delay-test

set. Our exact algorithm is based on the simple idea of
representing consecutive path delay faults as an interval.

We have described the algorithms and data structures to

manipulate a set of intervals stored in a 2-3 tree. Some
experimental results obtained using non-robust simulation

of benchmark circuits suggest the viability and validity of

our approach.
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