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Abstract. This paper explores how inductive machine learning can
guide the breeding process of evolutionary algorithms for black-box func-
tion optimization. In particular, decision trees are used to identify the
underlying characteristics of good and bad individuals, using the mined
knowledge for wise breeding purposes. Inductive learning is comple-
mented with statistical learning in order to define the breeding pro-
cess. The proposed evolutionary process optimizes the fitness function
in a dual manner, both maximizing and minimizing it. The paper also
summarize some tuning and population sizing issues, as well as some
preliminary results obtained using the proposed algorithm.

1 Introduction

Recently, a new interest in the genetic algorithms (GA) community has been
growing. The work published by Baluja [1,2], Juels & Wattenberg [3], and
Mühlenbein & Paaß [4]—among others—sparked a new way to approach to GA.
Instead of recombining genes, as in a traditional GA, this new approach proposes
the usage of explicit statistics as the main breeding force. These kind of GA are
known as probabilistic model building GA (PMBGA), or estimation of distri-
bution algorithms (EDAs) [5]. Instead of using crossover or mutation operators,
these GA breed a new population of individuals sampling a learned probabilistic
model that describes the good individuals in the population.

Some early efforts done in PMBGA assume that the probability distribu-
tion of each gene can be computed independently. This assumption, not true in
many real-world problems, leads to some well-know algorithms. Some examples
of algorithms that assume gene independence are: PBIL (Population Based In-
cremental Learning) [1], UMDA (Univariate Marginal Distribution Algorithms)
[6], and the cGA (compact Genetic Algorithm) [7]. Dependences among genes,
and what that implies to the distributions to be learned, have also been stud-
ied by several authors. Relevant work deals with gene dependence modeling and
linkage learning. For an overview of these approaches please see [5,8]. An example
of this kind of algorithms is BOA (Bayesian Optimization Algorithm) [9]. BOA
bases its probability distribution on a Bayesian network. This network describes
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the probability distribution of the good individuals in the population, as well as
the dependences among genes.

There are other non-statistical approaches to model building GA for breeding
purposes. Some of them are provided by inductive machine learning techniques.
An example of this kind of approach is LEM (Learnable Evolution Model) pro-
posed by Michalski [10,11]. LEM combines two different learning paradigms,
evolutionary learning and inductive rule learning. On the one hand, the evolu-
tionary learning uses a simple GA for function optimization. On the other hand,
LEM1 and LEM2 uses AQ15 [12] and AQ18 [13] for rule learning. However, LEM
is a hybrid approach that still relies on traditional GA mechanisms, although
they can be turned off, moving it away from the ideas that inspired PMBGA
and EDAs.

This paper presents an alternative approach. The work combines statistical
models and inductive machine learning for guiding the breeding process. The
goal is to create an algorithm that exploits the knowledge that can be inferred
from the current population. In order to mine the population looking for useful
breeding knowledge, we combine two different machine learning methods under
a supervised learning paradigm. This is achieved casting the optimization task
into a problem that can be solved using machine learning techniques. The goal
is boosting the evolutionary search process using the mined knowledge. This
population based learning algorithm, SI3E (statistical and inductive tree based
evolution), is applied to some optimization problems, showing its competence, as
well as some interesting evolutionary dynamics, optimizing the fitness function
in a dual manner, both maximizing and minimizing it. Moreover, casting the
optimization into an inductive learning problem provides an elegant way for
population sizing of the proposed algorithm.

The paper is structured as follows. Section 2 reviews some background,
needed for understanding SI3E. Then, section 3 describes the evolutionary model
proposed by SI3E. This section also discusses the parameter tuning and popu-
lation sizing for a competent usage of the algorithm. Section 4 summarizes the
preliminary results obtained using the algorithm on two different well-known
black-box optimization functions. Finally, section 5 presents some conclusions
about the work presented in this paper.

2 Background

The goal of the work presented in this paper is to combine the ideas that inspired
PMBGA, EDAs, and inductive machine learning. SI3E (statistical and inductive
tree based evolution) is the result of mixing a PMBGA and inductive decision
trees. Properly speaking, SI3E defines a common framework based on PBIL [1]
and ID3 [14,15]. This section describes both algorithms briefly, PBIL and ID3, in
order to explain how SI3E integrates both for obtaining a model-based breeding
GA in the next section.



1174 X. Llorà and D.E. Goldberg

2.1 Population Based Incremental Learning (PBIL)

PBIL was introduced by Baluja [1], and was later improved in [2,16]. The goal of
PBIL is to solve a black-box optimization problem. The target function is defined
over a binary space Ω = {0, 1}�. Thus, each individual in the population can be
represented by a binary string. However, PBIL does not maintain the population.
Instead, PBIL models the population using a probability vector p(x) of size �:

p (x) = (pt (x1) , pt (x2) , . . . , pt (x�)) (1)

where pt(xi) refers to the probability of finding a 1 in the ith position of Dt, the
population of individuals in the tth generation. Thus, PBIL models the popula-
tion using the probability vector p(x).

The algorithm samples the distribution defined by p(x) generating m indi-
viduals. These individuals are evaluated using the fitness function. Then, the
best n individuals (n ≤ m) are selected. These individuals can be denoted, as
shown in [5], by:

xt
1:m, . . . , xt

i:m, . . . , xt
n:m (2)

Then, p(x) is updated using these selected individuals. These update is done
using the following rule:

pt+1 (x) = (1 − α) pt (x) + α
1
n

n∑

k=1

xt
k:m (3)

where α is a parameter that controls the learning rate.

2.2 Induction of Decision Trees (ID3)

The induction of decision trees was born in the machine learning community.
The goal is the learning of a concept from a set of illustrative examples, or
supervised learning. The first well-known approach to the induction of decision
trees, ID3, was proposed by Quinlan [14]—improved later as C4.5 [15]. ID3 is a
tree inducer based on a divide and conquer strategy. Given a set of examples of
the target concept, the algorithm picks an attribute for building the root node
of the tree. Once the root node is chosen, the data set is divided according to the
values of the selected attribute. For each of these divided data sets, the process
is repeated recursively creating the branches of the root node. The process stops
when all the examples in the data set belong to the same class of the target
concept.

The selection of the splitting attribute becomes critical for the induced deci-
sion tree. ID3 measures the purity of the split introduced, by picking an attribute,
using an information gain heuristic. The goal is to minimize the impurity that
introduces the split, looking to build a compact decision tree. The information
gain heuristic is based on the entropy measure. The entropy of a given set D [17],
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relative to a classification task of c classes (generalized version of the concept
learning problem from positive and negative examples) is:

Entropy(D) ≡
c∑

i=1

−pi log2 pi (4)

where pi is the proportion of D belonging to class i. Using the entropy measure,
the information gain, Gain(D, A), of an attribute A is the expected reduction
in entropy caused by partitioning the examples according to this attribute. The
information gain is then defined as

Gain(D, A) ≡ Entropy(D) −
∑

v∈V alues(A)

|Dv|
|D| Entropy(Dv) (5)

where V alues(A) is the set of all possible values for attribute A, and Dv is the
subset of D for which attribute A has value v (i.e. Dv = {d ∈ D|(A(d) = v}).

3 Statistical Learning + Inductive Learning = SI3E

The previous section presented some basic background for SI3E. This section
explains how statistical learning and inductive learning can be mixed in order
to provide a breeding model for GA. As explained in the introduction, the goal
is to create an algorithm that exploits the knowledge that can be mined from
the current population. Inductive learning is going to be in charge of this task,
however, as we will show later, it has some limitations if it is to become the core
of a breeding model for GA. Nevertheless, this limitations can be overcome by
combining inductive learning and statistical learning.

3.1 Knowledge Extraction from a Population Using ID3

The work presented in this paper deals with black-box optimization functions
defined on a binary space, Ω = {0, 1}�. Thus, an individual x of the population
is defined by a binary string, x ∈ Ω. The target function is used as a fitness
function, f : Ω �→ �. Using the fitness function f(x), we can sort the individuals
in a population P. Therefore, we know which are the best and worst individuals.
As proposed in LEM [11], we mark the best individuals as positive examples, P⊕.
In the same way, we can mark the worst individuals as negative examples, P�.
These sets contain the best and worst individuals seen so far in the evolutionary
process. This approach differentiates SI3E from PMBGA and EDAs. The main
reason for this two sets is the result of casting the optimization problems into a
supervised learning problem. Using this approach, we artificially create a data
set, D = P⊕ ∪ P�, from which we can extract knowledge using any supervised
learning algorithm from the machine learning literature. All the instances in
the data set D are individuals of the population. Therefore, we deal with a
binary classification task (positive and negative examples) where all � attributes
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are binary. Then, the goal is to find an explicit representation of the differences
between positive and negative instances—individuals of the population. Since the
classification problem to be solved is quite simple, ID3 is suited for inducing a
compact tree, leaving more complex approaches (i.e C4.5 [15]) for further study.

Table 1. Turning the population into a data set D for supervised learning. Using D,
the rules induced by ID3 are: R={0***:�, 10**:�, 11**:⊕}.

Artificially created data set D
Rank Genotype f(x) Class Rank Genotype f(x) Class Rank Genotype f(x) Class

0 1111 4 ⊕ 4 1101 3 not used 8 0101 2 �
1 1110 3 ⊕ 5 1110 3 not used 9 1010 2 �
2 1110 3 ⊕ 6 0111 3 not used 10 0001 1 �
3 1110 3 ⊕ 7 1100 2 not used 11 0001 1 �

Table 1 shows how a randomly generated population P can be turned into a
data set D for supervised learning. In this example, the size of the individuals
in the population is � = 4, whereas the population size |P| = 12. The fitness
f(x) is computed using the OneMax function [18]. After sorting the population
according to f(x), we split the population into three subsets: the best individuals,
the worst individuals, and the mediocre ones. We will discuss more about how
this split is performed later on. Once we have built D, we used ID3 for inducing a
decision tree, extracting the set of equivalent rules. For further details, please see
[14,15,17]. In the condition part of the rules, 0 or 1 denotes the allele to be used at
the given gene, whereas * indicates that the gene can take any value (i.e. 0 or 1).
The class part of the rules identifies whether the rule describes a characteristic of
a good individual (⊕) or a bad one (	). We can take the interpretation of these
rules one step further. They can be seen as a kind of notation of the underlying
schemas [19] for good and bad individuals. This point can be assumed if we agree
that the knowledge mined by ID3 is actually the building blocks of good and bad
individuals.

The rules produced by ID3 are the base of the breeding model used by SI3E.
However, there is a question that must be answered before using such a thing.
The rules produced by ID3 split the binary space of the genotype in a non-
overlapping and recursive way. This means that rules cannot be combined in
any useful way. Moreover, there are a large number of genes marked as * in the
rule. This means that if we pick a rule in order to generate a new good individual,
the genotype will be under-specified, because the rule is giving no clue about
the value to be substituted in place of the *. This is where PMBGA can help
solve this problem.

3.2 Can PBIL Ideas Help?

The rules obtained using ID3 show the underlying patterns of good and bad
individuals. Nevertheless, there are several approaches to fill the empty genes
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described by the rules. PBIL provides a simple one using the positive examples
(P⊕) and the negative examples (P�) sets. Using both data sets we can compute
the appearance probability of the alleles, 0 and 1, for each gene. Then, given a
rule produced by ID3, we can fill the unspecified positions probabilistically.

For choosing an allele for the empty genes we compute two probability vec-
tors, p(x|P⊕) and p(x|P�), using the positive and negative examples data sets.
Given an example data set S, the probability vector p(x|S) of size � is

p (x|S) = (p (x1|S) , p (x2|S) , . . . , p (x�|S)) (6)

where p(xi|S) refers to the probability of finding a 1 in the ith variable of S.
Thus, combining the rules with the statistical information, we can generate

new good and bad individuals. However, there are still two issues to solve before
we can use this approach for breeding new individuals. They are explained in
the next subsection.

3.3 Fixed Loci and Example Set Formation

Before showing the algorithmic description of SI3E, we present the last two
remaining issues to solve. The first one arises from the appearance of genes with
fixed values across P⊕ and P�. The second is the formation of the data sets,
P⊕ and P�, using the current population P.

A fixed locus happens when for all the instances of a data set S, the same
allele appears on a given gene. This property can be expressed as

fixed(xi,S) ⇔ Sj
xi

= Sj+1
xi

,∀j = 1, 2, . . . , |S| − 1 (7)

where xi is the ith gene, S the available data set, and Sj the jth instance of the
S data set. The set of fixed locus can be defined as

φ(X, P⊕,P�) = {xi ∈ X|fixed(xi,P⊕) ∧ fixed(xi,P�) ∧ P⊕
xi

= P�
xi

} (8)

where P⊕
xi

is allele of the fixed position xi in the P⊕ data set, as well as P�
xi

is
the allele of the fixed position xi in the P� data set.

Fixed loci mislead ID3 and the information gain heuristic. The problem arises
when the same gene appears as a fixed locus on both P⊕ and P� sets, but the
fixed locus represent different alleles. An example of a data set D with a fixed
locus is: R={ 110 0:	, 000 1:	, 011 0:⊕, 111 1:⊕ } The gene x3 contains the
allele 0 for all the instances in P�, whereas the allele 1 is fixed in the P⊕ data
set. If we compute the gain using the data set D = P� ∪P⊕ with the fixed gene
x3, we obtain Gain(D, x3) ≡ 1. Gain(D, x3) is the maximum gain using the four
genes available. Moreover, if we select x3 and split the data set D, we obtain a
perfect description of good and bad individuals in data set D. Therefore, ID3
would stop there and produce two different rules, **0*:	 and **1*:⊕.

Fixed loci turn the breeding process into a PBIL equivalent. Nevertheless,
fixed loci do not provide much breeding information, since they stop ID3 from
exploring linkages among genes. This situation can be avoided by removing the
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fixed loci from the set of available genes to explore. This fact does not imply that
these fixed genes are ignored, on the contrary, p(x|P⊕) and p(x|P�) contains
enough breeding information for their correct usage.

Another critical point in SI3E is the formation of p(x|P⊕) and p(x|P�) data
sets. In this paper we use a simple approach suggested by LEM [11]. As shown in
table 1, we split the current population P, ordered by fitness, into three equally
sized disjoint subsets. The best individuals form P⊕, the worst ones form P�,
and the rest are not used. This process looks for obtaining opposite instances of
the concept to be learned (good or bad individuals), removing the regular ones
in order to avoid adding extra noise.

However, if we use this splitting policy strictly, we may be introducing some
noise. We can see in table 1, that the last best individual of P⊕ has a fitness
value of 3. There are three more individuals that also have this fitness value
that were not chosen. The same happens with the last worst individual that
form P� having a fitness value of 2, leaving 1 individuals with the same fitness
out of the set. These random choices introduce noise in the learning process of
ID3. We softened this splitting policy, adding these equivalent fitness individuals.
However, we still maintain that the fitness of the worst individual in P⊕ should
be better than the fitness of the best individual in P�.

3.4 Everything in Place: SI3E Algorithms and Their Tuning

The algorithms that implement the evolutionary process of SI3E are presented
in figures 1 and 2. Inspecting the algorithms, it can be seen that there are two
parameters for tuning SI3E. These parameters are α, the learning rate, and the
population size. In this paper we tune these parameters using previous work.
The first one, α, is usually set between [0.1,0.2]. These values are common in the
reinforcement learning community. Please refer to [17,20] for more information.

The other parameter to tune is the population size. Our population sizing
model is based on guarantee successful breeding. That is, we size the population
in terms of P⊕ and P�. Moreover, if we assume the policy presented in section
3.3, the population size |P| is approximated by |P| ≈ 3|P⊕|. Thus, the sizing
model for P is obtained determining the sizing model of |P⊕|. The size of P⊕,
relies on the capabilities of the learning algorithms, ID3 and PBIL. In this paper,
we will only focus on the worst case provided by ID3, trying to estimate the lower
bound of |P⊕|. In other words, we need to estimate the minimum size of P⊕ that
leads ID3 to learn a competent description of the target concept (characteristics
of good and bad individuals).

Our population sizing problem can be translated into a well-known problem
in the machine learning community. This problem is to determine the number of
instances (samples of the hypotheses space) that a learning algorithm requires
for learning the target concept. Haussler [21] compute this lower bound using
the theoretical framework proposed by Valiant [22]. This computation relies on
the probably approximately correct (PAC) model. PAC learners, like ID3, learn
target concepts from some concept class C, using training examples drawn at
random according to an unknown, but fixed, probability distribution. It requires
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SI3E(P)
t ← 0
initialize P(t), p(x|P⊕)(t), and p(x|P�)(t)
evaluate and sort P(t)
WHILE ¬ end-criteria-satisfied
DO

split P(t) into P⊕ and P�

compute p(x|P⊕)(t+1) and p(x|P�)(t+1)
identify fixed locus φ(X,P⊕,P�) using

p(x|P⊕)(t+1) and p(x|P�)(t+1)
obtain the rule set R using ID3, φ(X,P⊕,P�), P⊕, and P�

p(x|P�)(t+1) ← (1− α) · p(x|P�)(t)+α · p(x|P�)(t+1)
p(x|P⊕)(t+1) ← (1− α) · p(x|P⊕)(t)+α · p(x|P⊕)(t+1)
breed a new population P(t+1) using

R, p(x|P⊕)(t+1), p(x|P�)(t+1), P⊕, and P�,t
t ← t+1
evaluate and sort P(t)

DONE
RETURN P

Fig. 1. Algorithm implemented by SI3E.

that the learner (with probability at least [1-δ]) learns an hypothesis that is
approximately (within error ε) correct.

Within the setting of the PAC learning model, any consistent learner using
a finite hypothesis space H where C ⊆ H (where |H| = 2� in SI3E), with a
probability (1-δ), output a hypothesis within error ε of the target concept after
observing m randomly drawn training examples, as long as sufficient examples
are provided. This bound is computed [21] as

m ≥ 1
ε

(
ln

1
δ

+ � ln 2
)

(9)

Equation 9 suggest an interesting result for SI3E, when analyzed from an
asymptotically: m must grow at O(�). Therefore, the number of new individuals
generated, MAX (see figure 2), should grow linearly to the length � of the
individuals in the population; that is, logarithmically to the size of the search
space. For further detail about the PAC model, please refer to [22,21,17].

4 Experiments

In this section we present some preliminary results obtained using SI3E. The
conducted experiments involved SI3E and two different functions (OneMax, in-
troduced in section 3, and the concatenation of 4-bit deceptive traps, see [18].)
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Breed(P,R,p(x|P⊕),p(x|P�),P⊕,P�,t)
P(t+1) ← P⊕ ∪ P�

i ← 0
WHILE (i<MAX)
DO

draw a rule r from R at random
IF (r ∈ ⊕)
THEN

x ← fill the unspecified possitions of r using p(x|P⊕)
ELSE

x ← fill the unspecified possitions of r using p(x|P�)
FI
P(t+1) ← P(t+1)∪{x}
i ← i+1

DONE
RETURN P

Fig. 2. Breeding algorithm used by SI3E.

These experiments were designed for showing the viability of the approach sug-
gested by SI3E, as well as, for studying its scalability. SI3E was tuned as follows.
α was set to 0.2 (please refer to [17,20]). The population size was set using the
results presented in the previous section. The population was parameterized as
follows: MAX=4�, |P⊕| = �, and |P�| = 3�, biasing the population towards the
negative instances. The reason for this bias is that negative usually outnumber
the positive ones (i.e 4-bit deceptive traps).

Figures 3(a) and 3(c) shows the distribution of the population evolved by
SI3E solving OneMax and the concatenation of 4-bit deceptive traps. As ex-
plained in section 3, SI3E is optimizing the fitness function in a dual manner
(both maximizing and minimizing it). Thus, the evolved population collapses on
two different regions. On the right-hand size, the best ones (highest fitness set
P⊕), whereas on the left-hand size the worst evolved individuals (lowest fitness
set P�) can be found. The amount of individuals on each set is the result of the
ratio of good and bad individuals (1:3).

We also conducted some preliminary analysis about the scalability of SI3E.
Figures 3(b) and 3(d) summarizes the obtained results using SI3E solving the
OneMax and the concatenation of 4-bit deceptive traps functions. Each result is
the average of 50 independent runs. SI3E scales linearly in the OneMax problem
as shown in figure 3(b). These results was not unexpected. PBIL performs in O(�)
in the OneMax problem. Hence, the building block identification introduced by
ID3 do not degrade the overall performance.

The building block identification, performed by ID3 in SI3E, proves its use-
fulness when solving the concatenation of 4-bit deceptive traps. As mentioned
before, this deceptive function has a clear underlying patterns. Thus, SI3E can
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Fig. 3. Results obtained using SI3E. Figures show the results solving two different
optimization functions.

learn these underlying patterns, being later exploited in the breeding phase of
the algorithm. Theoretical studies show that simple GA scales exponentially
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with the length of individuals when solving deceptive trap functions, while com-
petent GA, like BOA [8], achieve this goal in subquadratic time [18]. Figure 3(d)
summarizes the results obtained. Results suggested polynomial scalability of the
number of evaluations related to the problem size. Empirical results suggested,
at most, O(�3) scalability. Although this boundary is one order of magnitude
bigger than well-known competent GA, these preliminary results need a deeper
analysis. In particular, the population sizing criteria adopted and the artificial
D data set formation criteria should be studied more deeply.

5 Conclusions

This paper has explored the usage of inductive and statistical learning for im-
proving the breeding process of GA. The paper relies on the existence of learnable
patterns in the population. These patterns are usually the result of the existing
regularities introduced by the fitness function. Thus, using the fitness function,
the individuals can be ranked and split in two different subsets. The first one
contains the best individuals seen so far in the evolution. Similarly, the second
one is formed by the worst individuals seen so far. As a result of this kind of split-
ting of the population, it can be mined using inductive and statistical learning,
looking for the underlying patterns that describe both sets.

SI3E implements these ideas. Using a sorted population, where the best and
worst individuals have been identified, SI3E uses ID3, as well as some PBIL ideas,
obtaining the underlying existing schemas in the population. These schemes are
used later to produce a new population of good and bad individuals. Thus, the
breeding phases is wisely guided by these mined patterns. Preliminary results
obtained using SI3E suggest the competence of this machine learning based GA
for function optimization. This fact is also suggested by the empirical analysis
of the scalability of the algorithm, although it should be studied deeply, as
summarized in section 4.
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