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Abstract

GP (for Graph Programs) is an experimental programming language which
allows one to manipulate graphs at a very high level of abstraction. There
are numerous applications for graph programs: from solving graph problems
without the need to consider low level data structures, to specifying the
operational behaviour of systems, to simulating the behaviour of pointers.
To reason about the correctness of such programs however, one would need
to construct an ad hoc proof on a case-by-case basis.

We are hoping to address this situation by developing verification tech-
niques for graph programs. This poses a number of challenges given the dif-
ferences between GP and traditional programming languages. GP’s global
program states are simply graphs — how do we precisely describe and reason
about their properties? Furthermore, these states (i.e. graphs) are changed
by the nondeterministic application of graph transformation rules — how do
we guarantee that any graph resulting exhibits some desired property?

In this report, we begin to address the challenges involved in verifying
graph programs. We do so by reviewing literature relevant to our task, and
then by presenting some preliminary results in the form of a Hoare logic
proof system for graph programs.
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Chapter 1

Introduction

Rule-based graph transformation has been studied since the 1970s, motivated
by its many applications to programming and specification (see the handbook
[Roz97, HER99a, HER99b]). Graphs are a natural visualisation of many
things, from pointer structures to class diagrams, and it is desirable to have
a way of manipulating them, particularly when the things we are visualising
are dynamic. Recent years have seen increased interest in graph computation
models that facilitate such manipulations.

GP (for Graph Programs) [Plu09] is a graph-based programming lan-
guage, which allows one to write graph manipulation programs at a very
high level of abstraction. Graph programs comprise a set of rule schemata
(descriptions of single step graph transformations), and a command sequence
directing their nondeterministic application to a graph by some simple con-
trol constructs. Despite its simplicity, GP is rather powerful in that it can
implement every computable function on graphs [HP01]. The language is
not just theoretical — a prototype implementation exists, that faithfully
matches its semantics.

Many of the applications of graph programs — for example, visualising a
system’s state as a graph and using graph programs to model its operational
behaviour — would benefit from techniques for proving correctness. Suppose
that we have a graph program that specifies, at a high level, the operation
of logging a user out of a session-based system. Can we prove that the
design of the operation deletes session nodes properly? Suppose we have a
program that implements a graph algorithm, such as one that computes a
graph colouring. Can we prove that the resulting graphs are always properly
coloured?

Up to now, research has tended to focus on proving the correctness of
graph grammars and sets of graph transformation rules (see, for example,
[RSV04, BCK08, KK08, BHE09, HP09]). A first step towards verifying
graph programs was taken by Habel et al. [HPR06], who followed Dijkstra’s
weakest preconditions approach. However, much work remains to be done.
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This report begins to address the challenge of graph program verification.
We review the fundamentals of graph transformation and graph program-
ming, before turning our attention to a number of verification techniques for
imperative programming languages, describing how we might adapt them to
the domain of graphs. We go on to describe a number of graph specification
formalisms for facilitating reasoning on the states of graph programs (which
are simply graphs), before describing some of the research already under-
taken in the area of graph transformation and graph program verification.
The report also presents some preliminary results, in the form of a Hoare lo-
gic proof system for graph programs, and finishes with a proposal for future
research.

1.1 Structure of the Report

The rest of the report is structured into three parts, as follows:

Literature Review: Here, we present a survey of the literature in our area
of research. We begin in Chapter 2 by reviewing some fundamentals of
graph transformation, before turning out attention to graph program-
ming in Chapter 3 (primarily in GP, but we also discuss some other
graph transformation languages). In Chapter 4, we consider some tech-
niques for verifying programs in imperative programming languages,
and discuss the challenges involved in adapting them to the domain of
graphs. In Chapter 5, we look at specification formalisms and logics
for describing graph properties, to help us to reason about the states
of graph programs (which are graphs). Finally, in Chapter 6, we re-
view some previous work for verifying graph transformation systems
and graph programs.

Preliminary Results: In this part of the report, we present a sound Hoare
logic proof system for showing the partial correctness of graph pro-
grams.

Research Proposal: Here, we suggest a number of lines of research, and
discuss how the rest of the research programme might be scheduled.

The reader is assumed to be familiar with a little graph theory, in partic-
ular, basic graph properties like connectivity. Many introductory texts are
available; two suitable examples are [Har69, Wil85].

1.2 Declaration

Section 3 and Chapter 7 of this report are largely based upon (and in parts
follow word for word) the accepted publications [PP10a, PP10c], and a long
version of the first paper [PP10b].
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Chapter 2

Fundamentals of Graph

Transformation

We aim here to introduce some fundamentals of graph transformation, which
are required in the later chapters of this report. In Section 2.1 we first
define graphs, before defining the structure preserving graph morphisms we
frequently use to relate them. We then proceed to introduce our chosen
framework for graph transformation — the double-pushout approach — in
Section 2.2, before describing a variant of it that facilitates node relabelling.

We refer the reader who is interested in studying the theory in more
depth to the monograph by Ehrig et al. [EEPT06].

2.1 Graphs and Graph Morphisms

We use a definition of graphs in which edges are directed, nodes and edges
are labelled, and parallel edges are allowed to exist. In general, we consider
graphs that are totally labelled1. However, the framework for rule applic-
ation in GP requires the node labelling function to be partial (this will be
explained in Section 2.2.3).

Definition 1 (Label alphabet) A label alphabet L = 〈LV ,LE〉 is a pair
comprising a set LV of node labels and a set LE of edge labels.

Definition 2 (Graph) A graph over a label alphabet L is a system G =
〈VG, EG, sG, tG, lG, mG〉 comprising a finite set VG of nodes, a finite set EG of
edges, source and target functions sG, tG : EG → VG, a partial node labelling
function lG : VG → LV , and a total edge labelling function mG : EG → LE .
If VG = ∅, then G is the empty graph, which we denote by ∅.

Given a node v ∈ VG, we write lG(v) = ⊥ to express that lG(v) is
undefined. Graph G is totally labelled if lG is a total function.

1If we are working in a problem domain where labels play no role, we can label all
nodes and edges with the blank label ¤, which is usually not drawn.
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The reader might be more familiar with graphs defined as an ordered pair,
G = 〈V, E〉, where E ⊆ V × V . The reason we deviate from this traditional
definition is to allow parallel edges to exist in graphs.

Example 1 Consider the graph G = 〈{1, 2, 3}, {a, b, c}, (a 7→ 2, b 7→ 2, c 7→
2), (a 7→ 1, b 7→ 3, c 7→ 3), (1 7→ α, 2 7→ α, 3 7→ γ), (a 7→ ¤, b 7→ ¤, c 7→ ¤)〉
over the label alphabet L = 〈{α, β, γ}, {¤}〉. Figure 2.1 is a picture of G,
and represents its isomorphism class. We follow the convention of drawing
circles for nodes and arrows for edges. Node labels are written inside the
circles, and edge labels next to the arrows. Node and edge identifiers from
VG and EG are not written, and neither is the blank label ¤.

α

α

γ

Figure 2.1: A graph

We often need to be able to relate graphs in a formal way. For this
purpose, we use graph morphisms, which are structure preserving mappings
from the nodes and edges of one graph to another. Graph morphisms are
ubiquitous in the theory of graph transformation, from their role in the
construction of rules (Section 2.2), to their appearance in the underlying
theory of the nested condition specification formalism (Section 5.1).

Definition 3 (Graph morphism) Given graphs G, H over L, a graph mor-
phism f : G → H is a pair of mappings 〈fV : VG → VH , fE : EG → EH〉 that
preserve the source, target, and labelling functions. That is, sH◦fE = fV ◦sG,
tH ◦ fE = fV ◦ tG, mH ◦ fE = mG, and lH(fV (v)) = lG(v) for all nodes v for
which lG(v) is defined.

As usual, ◦ denotes function composition. Given graph morphisms f :
F → G and g : G → H, the composition g ◦ f : F → H is defined g ◦ f =
〈gV ◦ fV , gE ◦ fE〉.

A graph morphism f is injective (surjective) if both fV and fE are inject-
ive (surjective); injective morphisms are usually denoted by a hooked arrow,
→֒. A graph morphism f : A → B is an isomorphism if it is both injective
and surjective (i.e. a bijection); in this case, graphs A and B are said to
be isomorphic, denoted by A ∼= B. A graph morphism f : A → B is an
inclusion if f(x) = x for every node and edge x ∈ A.
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Example 2 Consider Figure 2.2, which shows the two possible morphisms
from the graph on the left to the graph on the right (one injective, and one
not). The small numbers next to the nodes identify the mappings of the
morphism (in the non-injective morphism, nodes 1 and 2 are merged).

α

α

α

α

γ

α

α

γ

→֒

→
2

1

1 = 2

2

1

Figure 2.2: An injective and a non-injective graph morphism

2.2 Double-Pushout Approach

Fundamentally, in graph transformation we want to be able to write rules (or
productions) of the form L Ã R, where L is some graph to be matched and R
is some graph to replace the match. One can view this as a generalisation of
rules in Chomsky string grammars, which take the form α → β with strings
α, β. Applied to some string w, the rule would replace some substring of w
matching α with β. Applying a rule L Ã R to a graph G is not quite as
trivial. What is a “match” of L in G? What happens when a rule deletes
nodes but not all of the edges to which they are incident? How is R connected,
or glued, to the graph G being transformed?

The fact that these questions, and others, do not have obvious answers,
has led years of research into frameworks for applying rules to graphs. The
framework we focus on is the double-pushout (DPO) approach, first described
by Ehrig, Pfender, and Schneider in [EPS73], and more recently treated in
[CMR+97, HMP01, EEPT06]. The DPO approach finds widespread use in
graph transformation, from graph grammars to graph programs; GP uses a
variation of the approach to allow relabelling of nodes, described in Section
2.2.3.
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The DPO approach is an algebraic approach to graph transformation,
treating graphs as algebras, and defining direct derivations by an algeb-
raic construction modelled as two pushouts [CMR+97]. These pushouts
are formed in the category Graphs of graphs and graph morphisms, the
idea being, that general results from category theory can be applied to this
approach to graph transformation.

We introduce the DPO approach first by defining rules and matches, then
by defining pushouts and using them to construct direct derivations.

2.2.1 Rules and Matches

A rule r : 〈L ←֓ K →֒ R〉 over L comprises totally labelled graphs L, K, R,
and inclusions K →֒ L, K →֒ R. We call L the left-hand side, R the right-
hand side, and K the interface of rule r. For brevity, we will often write
r : 〈L ⇒ R〉.

L describes what is to be matched, and R describes what it should be
replaced with. The interface graph K describes a graph part which is re-
quired to exist for the rule to be applicable, but is not actually changed by
the application of the rule. L − K describes the graph part to be deleted,
and R − K describes the graph part to be added.

Given rule r and a totally labelled graph G, an injective graph morphism
g : L →֒ G is a match for r if it satisfies the dangling condition.

Definition 4 (Dangling condition) Given a rule r : 〈L ←֓ K →֒ R〉,
graph G, and injective graph morphism g : L →֒ G, the dangling condition
states that no edge in G − g(L) is incident to any node in g(L − K).

In other words, we forbid g to be a match for r if there are nodes in
its image, designated by r for deletion, that are incident to edges not also
designated for deletion.

Remark 2.2.1 The requirement that the graphs in rules are all totally la-
belled makes it difficult to relabel nodes. One solution is to delete a node
and recreate it with a new label. However, such a rule will not always be
applicable due to the dangling condition. Section 2.2.3 presents a modific-
ation to the DPO approach to allow relabelling in an arbitrary context, in
part by allowing the nodes in K to be partially labelled. Fortunately, edges
need not be relabelled in either approach, as they can always be deleted and
recreated in an arbitrary context.

2.2.2 Pushouts and Direct Derivations

We first review pushouts in this section, the gluing construction for graphs
in the DPO approach. We follow this by reviewing direct derivations, a
construction comprising two pushouts, for generating a graph from another
via a rule.
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Definition 5 (Pushout) Given graph morphisms A → B and A → C,
the pushout (1) of these morphisms is formed by the graph D and graph
morphisms B → D and C → D as in Figure 2.3 if the following properties
are satisfied:

Commutativity. A → B → D = A → C → D.

Universal Property. For all graph morphisms B → D′ and C → D′ such
that A → B → D′ = A → C → D′, there is a unique graph morphism
D → D′ such that B → D → D′ = B → D′ and C → D → D′ = C →
D′.

A B

C D

(1)

A B

C D

D
′

=

=

=

Figure 2.3: A pushout, and the universal property of pushouts

Definition 5 leads to pushouts having a number of properties. First, every
item in D has a preimage in B or C (that is, every node and edge in D
can be found in either B or C; or both, if they are also in A). Secondly, if
A → B is injective (surjective), then C → D is also injective (surjective). A
final property of interest is the uniqueness of D, following from the universal
property of pushouts. A graph D′ together with morphisms B → D′ and
C → D′ is a pushout of A → B and A → C iff there is an isomorphism
D → D′ such that B → D → D′ = B → D′ and C → D → D′ = C → D′.

Example 3 Figure 2.4 depicts a simple pushout, in which all the morphisms
are injective. All nodes and edges are labelled with the blank symbol.

• •

• •• •

• •

•
•

→֒

→֒

→֒ →֒

1 1

1 1

2 2

22

3 3

Figure 2.4: A pushout
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Pushouts are used as a gluing construction for graphs. The technique
allows us to glue graphs together along a common subgraph [EEPT06]. In-
tuitively, A is the common subgraph; all of the other nodes and edges in B
and C are added to this to form the graph D.

Definition 6 (Direct derivation) Given a rule r : 〈L ←֓ K →֒ R〉, graph
G, and an injective graph morphism g : L →֒ G that satisfies the dangling
condition, a direct derivation G ⇒r,g H from graph G to graph H is given
by the double-pushout diagram in Figure 2.5 with pushouts (1) and (2).

(1)

D H

K R

(2)

L

G

Figure 2.5: A direct derivation

The pushouts (1) and (2) only exist if g satisfies the dangling condition.
Since pushouts are unique only up to isomorphism, it follows that direct
derivations G ⇒r,g H are also unique only up to isomorphism.

We will often write G ⇒r H or G ⇒ H in place of G ⇒r,g H when no
ambiguity arises. We write G ⇒R H when r is a member of the set R.

Given graphs G and H, and a set of rules R, G derives H by R if G ∼= H
or there is a sequence of direct derivations

G ⇒r1
G′ ⇒r2

. . . ⇒rn
H

with r1 . . . rn ∈ R. We write G ⇒∗
R H, or G ⇒∗ H, denoting that H is

derived from G in zero or more direct derivations.

Example 4 Consider the direct derivation in Figure 2.6. The rule being
applied comprises the top three graphs; it identifies a pair of adjacent α-
labelled nodes, removes one of the nodes and the edge, and replaces them
with a looping edge. The graph to which the rule is applied is the one at the
bottom left. The graph resulting from this particular rule application is the
one at the bottom right.

2.2.3 Double-Pushout Approach with Relabelling

The traditional DPO approach is not ideal for writing rules that relabel
nodes, due to the requirement that L, K, and R are totally labelled graphs.
While an edge can effectively be relabelled in an arbitrary context by deleting
and replacing it with a new label, the same is not true for nodes; the dangling

14



α

α

α

α

γ

1

1

2

2

α

2

α γ
2

←֓

←֓

→֒

α

2

←֓

α γ
2

→֒ →֒

←֓

Figure 2.6: A direct derivation (rule application)

condition means that a node can only be deleted if all edges incident to it
are also deleted.

Habel and Plump proposed in [HP02] a modification to the traditional
approach, specifically to facilitate the relabelling of nodes, while preserving
the uniqueness of direct derivations. Their approach relaxes the requirement
that the graphs of rules are totally labelled, allowing partially labelled graphs
in their place (subject to conditions). Steinert [Ste07] tailored the approach
to GP by insisting that L and R are totally labelled, but allowing the nodes
of K to be partially labelled (we need not allow partially labelled edges in
K since rules can delete and replace edges in an arbitrary context), and
disallowing rules that merge nodes together.

Before we define direct derivations with relabelling, it is necessary to
review the definition of pullbacks.

Definition 7 (Pullback) Given graph morphisms B → D and C → D,
the pullback (1) of these morphisms is formed by the graph A and graph
morphisms A → B and A → C as in Figure 2.7 if the following properties
are satisfied:

Commutativity. A → B → D = A → C → D.

Universal Property. For all graph morphisms A′ → B and A′ → C such
that A′ → B → D = A′ → C → D, there is a unique graph morphism
A′ → A such that A′ → A → B = A′ → B and A′ → A → C = A′ →
C.

Definition 8 (Direct derivation (with relabelling)) Given a graph trans-
formation rule r : 〈L ←֓ K →֒ R〉 with L and R totally labelled, and an

15



A B

C D

(1)

A B

C D

=

=
=

A
′

Figure 2.7: A pullback, and the universal property of pullbacks

injective graph morphism g : L →֒ G that satisfies the dangling condition, a
direct derivation (with relabelling) G ⇒r,g H from graph G to graph H is
given in Figure 2.8, where (1) and (2) are “natural” pushouts, that is, both
pushouts and pullbacks.

(1)

D H

K R

(2)

L

G

Figure 2.8: A direct derivation with relabelling

The graph H is unique up to isomorphism, and is totally labelled if G is
totally labelled [HP02].

[HP02] give a characterisation of natural pushouts. Consider the pushout
diagram (1):

A B

C D

(1)

(1) is a natural pushout if and only if, for every node v in A that is unlabelled,
the image of v in B or C is unlabelled.

Example 5 Consider the pushout diagrams in Figure 2.9. The diagram
on the left comprises natural pushouts; the diagram on the right comprises
non-natural pushouts (example from [Plu09]).

2.3 Summary

We conclude this chapter on the fundamentals of graph transformation the-
ory, having:

16



α ←֓

→֒

α←֓

→֒ →֒

α ←֓ α←֓

α ←֓

→֒

α←֓

→֒ →֒

α ←֓ α←֓α

Figure 2.9: Natural (left) and non-natural (right) double-pushout diagrams

1. Defined graphs and the structure preserving graph morphisms that
relate them.

2. Reviewed a traditional approach to graph transformation based on the
construction of two pushouts, as well as a more recent modification to
facilitate the relabelling of nodes (a necessity later, for graph program-
ming).

3. Explored a number of examples in order to make the theory clearer.
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Chapter 3

Graph Programs

This chapter is largely based upon parts of [PP10a], as well as the long version
of the same paper [PP10b].

This chapter introduces GP (for Graph Programs) [Plu09, PS10], the
graph programming language we are interested in developing verification
techniques for. Graph programs are formed from two main components:
first, a set of (conditional) rule schemata. These are graph transformation
rules over expressions and variables (with a condition restricting the possible
values of variables and existence of edges); the application of rule schemata
instantiates the variables and evaluates expressions, giving a graph trans-
formation rule in the usual sense (infact, rule schemata can represent a pos-
sibly infinite number of graph transformation rules). The other component
to graph programs is the command sequence, which directs the application
of the rule schemata to a graph according to a number of simple control
constructs. The syntax of command sequences is very simple, yet GP is
computationally complete, in that every computable function on graphs can
be programmed [HP01].

The programs mainly considered in this report are rule-based implement-
ations of graph algorithms, for example, computing properties of graphs like
colourings. However, there is potential for graph programs to be more widely
applicable. For example, in specifying the operational behaviour of real sys-
tems, where graphs represent states and rules represent a high-level view of
their operations. Verification techniques would facilitate reasoning about the
correctness of the specification. Another example might be the simulation
of pointers, and proving that certain “shapes” will never result.

GP is not the only programming language based on graph transformation.
Others include AGG [Tae04], Fujaba [NNZ00], and GrGen [GBG+06], none
of which have a formal semantics. PROGRES [SWZ99] on the other hand
does, but it consists of more than 300 rules. GP, in contrast, has a structural
operational semantics consisting of only nine inference rules; the designers
of the language hope for this to facilitate verification of graph programs and
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other types of formal reasoning [Plu09].
We begin by fixing our label alphabets in Section 3.1. Next, we intro-

duce conditional rule schemata in Section 3.2, and the syntax of command
sequences in Section 3.3. Then, in Section 3.4, we present a simple graph
program (both its rule schemata and command sequence) that finds a colour-
ing for a provided input graph. Finally, we present a structural operational
semantics for GP in Section 3.5, and briefly discuss the prototype implement-
ation of the programming language in Section 3.6.

We aim to introduce GP as intuitively as possible and avoid unneces-
sary technicalities. We do however provide some technical details for when
they are later required in the report, for example, the structural operational
semantics of GP, which is later used in Chapter 7 for a soundness proof.

3.1 Label Alphabets

GP strictly separates syntax and semantics, and thus makes use of two label
alphabets. The graphs of the rule schemata are syntactic graphs, in that
labels can contain expressions and variables which are later evaluated. We
denote the class of such syntactic graphs by G(Exp). Rule schemata however
are applied to graphs labelled over integers and strings. Let Z be the set of
integers and Char be a finite set of characters. We fix the label alphabet
L = (Z ∪ Char∗)+ of all non-empty sequences over integers and character
strings, and denote by G(L) the set of all graphs over L.

The idea is that graphs from G(Exp) represent a potentially infinite num-
ber of graphs from G(L), depending on how variables are instantiated and
expressions evaluated. We formally describe the syntax of expressions in the
section that follows.

3.2 Conditional Rule Schemata

Conditional rule schemata are the “building blocks” of graph programs: a pro-
gram is essentially a list of declarations of conditional rule schemata together
with a command sequence for controlling the application of the schemata.
Rule schemata generalise graph transformation rules in the double-pushout
approach with relabelling (see Section 2.2.3 and [HP02]), in that labels can
contain expressions over parameters of type integer or string.

The syntax of these expressions is given by the EBNF grammar of Figure
3.1, where VarId is a syntactic class1 of variable identifiers. We write G(Exp)
for the set of all graphs labelled over the syntactic class Exp.

Figure 3.2 shows a conditional rule schema consisting of the identifier
bridge followed by the declaration of formal parameters, the left and right

1For simplicity, we use the non-terminals of our grammars to denote the syntactic
classes of strings that can be derived from them.
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Exp ::= (Term | String) [’_’ Exp]
Term ::= Num | VarId | Term ArithOp Term
ArithOp ::= ’+’ | ’-’ | ’∗’ | ’/’
Num ::= [’-’] Digit {Digit}
String ::= ’ " ’ {Char} ’ " ’

Figure 3.1: Syntax of expressions

graphs of the schema, the node identifiers 1, 2, 3 specifying which nodes
are preserved, and the keyword where followed by a rule schema condition.
Underneath the rule schema is its possible application to a graph; in this case,
the instantiations of variables are: (x 7→ 2, y 7→ 5, z 7→ 4, a 7→ 4, b 7→ 8).

bridge(a, b, x, y, z : int)

x
1

y

2

z
3

a b
⇒ x

1

y

2 3

z
3

a + b

a b

where not edge(1, 3)

2

5

4

7

4 8

65

→
bridge 2

5

4

7

4
12

8

65

Figure 3.2: A conditional rule schema and a possible application

Labels in the left graph comprise only variables and constants (no com-
posite expressions) because their values at execution time are determined
by graph matching. The condition of a rule schema is a Boolean expression
built from arithmetic expressions and the special predicate edge, where all
variables occurring in the condition must also occur in the left graph. The
predicate edge demands the (non-)existence of an edge between two nodes
in the graph to which the rule schema is applied. For example, the expres-
sion not edge(1, 3) in the condition of Figure 3.2 forbids an edge from node
1 to node 3 when the left graph is matched. The grammar of Figure 3.3
defines the syntax of rule schema conditions, where Term is the syntactic
class defined in Figure 3.1.

Conditional rule schemata represent possibly infinite sets of conditional
graph transformation rules over graphs in G(L), and are applied according
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BoolExp ::= edge ’(’ Node ’,’ Node ’)’ | Term RelOp Term

| not BoolExp | BoolExp BoolOp BoolExp

Node ::= Digit {Digit}

RelOp ::= ’=’ | ’\=’ | ’>’ | ’<’ | ’>=’ | ’<=’

BoolOp ::= and | or

Figure 3.3: Syntax of rule schema conditions

to the double-pushout approach with relabelling. A rule schema L ⇒ R with
condition Γ represents conditional rules 〈〈Lα ← K → Rα〉, Γα,g〉, where K
consists of the preserved nodes (which are unlabelled) and Γα,g is a predicate
on graph morphisms g : Lα → G (see [Plu09, PS10]).

3.3 Command Sequences

Rule schemata are applied to graphs according to a number of simple control
constructs. These are summarised below:

Rule schema application. Giving the name of a rule schema (e.g. bridge)
demands the nondeterministic application of it to the graph (with finite
failure resulting if it cannot be applied).

Rule set call. Writing {r1, . . . , rn} demands the nondeterministic applica-
tion of a rule schema from the set.

Sequential composition. P ; Q demands that program Q is executed after
the termination of program P .

If-then-else. A command sequence of the form if C then P else Q de-
mands the execution of program P or Q. The former is executed, if
program C terminates on a copy of the current graph; the latter is
executed otherwise2.

As long as possible iteration. P ! demands that program P is executed
on the graph for as long as it remains applicable to it.

Note that the first two control constructs deal with rule schemata applic-
ation, and the others arbitrary programs (which may simply be (sets of) rule
schemata).

All programs begin with main =, and macros can be used to facilitate
more readable programs. Every program can be transformed into an equi-
valent macro-free program by replacing macro calls with their associated

2Note that we are testing the applicability of an arbitrary program in the guard, not
the truth of some Boolean expression.
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command sequences (recursive macros are not allowed). This allows us to
always consider programs as command sequences.

3.4 Example Graph Program

Here, we discuss an example program3 to familiarise the reader with GP’s
features.

Example 6 A colouring for a graph is an assignment of colours (integers) to
nodes such that the source and target of each non-looping edge have different
colours. The program colouring in Figure 3.4 produces a colouring for
every integer-labelled input graph, recording colours as so-called tags. In
general, a tagged label is a sequence of expressions separated by underscores.

main = init!; inc!

init(x : int)

1

x ⇒

1

x_1

inc(i, k, x, y : int)

x_i y_i

1 2

k
⇒ x_i y_i+1

1
2

k

0

0

0

0

0 0

00

+
→ 0_1

0_2

0_1

0_2

0 0

00

Figure 3.4: The program colouring and one of its executions

The program initially colours each node with 1 by applying the rule
schema init as long as possible, using the iteration operator ’!’. It then
repeatedly increments the target colour of edges with the same colour at
both ends. Note that this process is nondeterministic: Figure 3.4 shows an

3In Section 7.5, we will come back to this program and show its correctness.
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execution producing a colouring with two colours, but a colouring with three
colours could have been produced for the same input graph.

It is easy to see that whenever colouring terminates, the resulting
graph is a correctly coloured version of the input graph. This is because the
output graph cannot contain an edge with identically coloured nodes at each
end, as then inc would have been applied at least one more time. Also, it
can be shown that every execution of the program terminates after at most
a quadratic number of rule schema applications [Plu09].

3.5 Semantics of Graph Programs

The meaning of graph programs are precisely defined in [PS10, Plu09] by a
structural operational semantics (as in [NN07]). The inference rules of the
semantics define a small-step transition relation → on so-called configura-
tions, which are either a command sequence together with a graph, just a
graph, or the special element fail. More formally:

→ ⊆ (ComSeq × G(L)) × ((ComSeq × G(L)) ∪ G(L) ∪ {fail})

where ComSeq denotes the syntactic class of command sequences. A com-
mand sequence together with a graph, e.g. 〈P, G〉, denotes an unfinished
computation — in this case, that the command sequence P remains to be
executed on graph G. A configuration comprising only a graph G denotes a
“successful termination” (i.e. the program terminates and returns a graph);
this is in contrast to the configuration fail, which denotes termination with
failure (i.e. the program terminates but does not return a graph). Note
that there is another possible outcome of executing a graph program: that
it does not terminate at all (for example, as long as possible iteration on a
rule schema whose left-hand side is the empty graph ∅).

The inference rules of the semantics are given in Figure 3.5 [PS10]. We
let R range over finite sets of rule schemata, C, P, P ′, Q over command
sequences, and G, H over graphs in G(L). The domain of ⇒R, written
Dom(⇒R), is the set of all graphs G in G(L) for which at least one rule
schema in R is applicable, i.e. Dom(⇒R) = {G | G ⇒R H for some H}.
The transitive closure of a transition → is denoted by →+.

In addition to these core commands, GP supports a number of other
commands that can be derived from the semantics of the core commands (see
Figure 3.6. This includes the special element fail, which has the semantics
of an empty rule set call.

Graph programs are summarised by a semantic function, J_K : ComSeq →
(G(L) → 2G(L)∪{⊥}). For every command sequence P , there is a function JP K
which maps a graph G in G(L) to the set of all possible results of executing
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[Call1]SOS
G ⇒R H

〈R, G〉 → H
[Call2]SOS

G 6∈ Dom(⇒R)
〈R, G〉 → fail

[Seq1]SOS
〈P, G〉 → 〈P ′, H〉

〈P ; Q, G〉 → 〈P ′; Q, H〉
[Seq2]SOS

〈P, G〉 → H
〈P ; Q, G〉 → 〈Q, H〉

[Seq3]SOS
〈P, G〉 → fail

〈P ; Q, G〉 → fail

[Alap1]SOS
〈P, G〉 →+ H

〈P !, G〉 → 〈P !, H〉
[Alap2]SOS

P finitely fails on G
〈P !, G〉 → G

[If1]SOS
〈C, G〉 →+ H

〈if C then P else Q, G〉 → 〈P, G〉

[If2]SOS
C finitely fails on G

〈if C then P else Q, G〉 → 〈Q, G〉

Figure 3.5: Inference rules for core commands [Plu09]

[Skip]SOS 〈skip, G〉 → 〈∅ ⇒ ∅, G〉

[Fail]SOS 〈fail, G〉 → 〈{}, G〉

[If3]SOS 〈if C then P, G〉 → 〈if C then P else skip, G〉

Figure 3.6: Inference rules for derived commands [Plu09]

P on G. More formally, where JP KG denotes the application of the function
to a graph G in G(L),

JP KG = {H ∈ G(L) | 〈P, G〉
+
→H}∪{⊥ | P can diverge or get stuck from G}

Intuitively, a program can diverge if there is an infinite sequence of trans-
itions; it can get stuck if it can reach a configuration in which a command
sequence remains to be executed, yet there are no further transitions that
can be made for that command sequence and graph.

The semantic function plays an important part in the soundness proof of
the Hoare calculus presented in Chapter 7.
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3.6 Prototype Implementation

A prototype implementation of GP by Manning [MP08b, MP08a] is available
to local users at York4. It consists of a graphical editor, a compiler, and
the York Abstract Machine (YAM). The interaction of these components is
summarised in Figure 3.7, where GXL is the Graph eXchange Language, and
YAMG is an internal graph format of the abstract machine.

Figure 3.7: Interaction of the components implementing GP [Plu09]

The graphical editor for GP is a Java application which supports the
creation of graphs and graph programs. Figure 3.8 is a screenshot of the
program editing environment.

Figure 3.8: The GP graphical editor

The YAM is written in C. It executes low-level operations on graphs for
graph matching and transformation, faithfully matching the semantics of the

4A guide to the system and a tutorial are provided in [Pos10].
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language. It takes as input YAM bytecode and graph files, and returns sets of
graphs to the graphical editor. The YAM is stack based, allows backtracking,
and maintains a current graph.

To implement the nondeterminism of graph programs, the YAM provides
a backtracking mechanism which can be enabled or disabled according to a
setting in the graphical editor. Backtracking exists so that when a path of
computation fails, other paths are then attempted (similarly to Prolog).

The YAM bytecode is generated by the GP to YAM bytecode compiler,
written in Haskell. It generates search plans for rules, the code implementing
the effects of rules, and the code for backtracking.

3.7 Summary

We conclude this chapter on graph programs, having:

1. Separated syntax and semantics by defining two classes of graphs,
G(Exp) and G(L) respectively.

2. Introduced the conditional rule schemata of GP, which generalise graph
transformation rules in the double-pushout approach with relabelling,
with expressions over labels, and conditions restricting applicability.

3. Informally introduced the syntax of command sequences (graph pro-
grams).

4. Defined the meaning of graph programs with a structural operational
semantics.

5. Discussed the prototype implementation of GP.
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Chapter 4

Proving the Correctness of

Imperative Programs

In this chapter, we consider a number of verification techniques for imperat-
ive programming languages, and discuss whether they could be successfully
adapted to the domain of graphs for verifying programming languages like
GP (see Section 3). To accomplish this for any verification technique is
non-trivial. Traditional programs are deterministic (there is at most one in-
struction to be executed “next”); graph programs are nondeterministic. Tra-
ditional programs have as their states the values of their variables; the states
of graph programs are simply graphs.

The chapter begins with a review of Hoare logic in Section 4.1 (we pay
particular attention to this, since we are later able to present a Hoare calcu-
lus for verifying graph programs). Next, in Section 4.2, we discuss predicate
transformers (e.g. weakest precondition) and their role in program verifica-
tion. This, again, we give special attention, since a weakest preconditions
approach to verifying graph programs has been proposed by Habel, Pen-
nemann, and Rensink (see Section 6.3). Finally, we consider the verification
of programs by model checking in Section 4.3.

4.1 Hoare Logic

The idea of Hoare logic1 is to provide a formal system for reasoning about
program correctness in a syntax-directed manner [AdO09]. Seeded by Floyd’s
similar work for flowcharts [Flo67], Hoare proposed the approach for program
text in his seminal paper [Hoa69]. Numerous researchers in the decades since
have seen the ideas developed.

The essence of Hoare logic is the Hoare triple, {p} S {q}, where S is
some program text, and p and q are assertions (predicates) representing the

1Also known as Floyd-Hoare logic.
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preconditions and postconditions, respectively, of the triple. If {p} S {q}
is true in the sense of partial correctness, written |= {p} S {q}, then if the
program S is executed in a state satisfying predicate p, and that execution
terminates (the termination of S is not guaranteed), it will do so in a state
satisfying q. If {p} S {q} is true in the sense of total correctness, written
|=tot {p} S {q}, then if the program S is executed in a state satisfying p, the
program S is guaranteed to terminate in a state satisfying q. Note that total
correctness implies partial correctness.

4.1.1 Axiom Schemata and Inference Rules

For the control constructs of an imperative programming language, Hoare
logic provides axiom schemata and inference rules, allowing us to prove cor-
rectness of programs by induction on the program syntax [AdO09]. We write
⊢ {p} S {q} if {p} S {q} can be proven in a system of axiom schemata and
inference rules.

Axiom schemata2 represent a possibly infinite number of axioms; they
range over arbitrary predicates and program text, which can be instantiated
to derive axioms for proofs. We write ⊢ {p} S {q} if {p} S {q} is an instance
of an axiom schema. For example, consider the axiom schemata for the “skip”
and “assignment” control constructs (with the usual semantics):

[skip]
{p} skip {p}

[ass]
{p[x 7→ a]} x := a {p}

The [skip] axiom schema is obviously plausible: if skip is executed in a
program state satisfying predicate p, then after the execution of skip (which,
by definition, does not alter the program state), the resulting program state
will clearly still satisfy p. The [ass] axiom schema encourages backwards
reasoning. It states that the truth of p after the assignment operation is
equal to the truth of p before the assignment but with every x replaced by
a (we write p[x 7→ a] to denote such a substitution)3.

[ass] is better understood with an example. Consider the program frag-
ment y := x + 3, and the postcondition y > 5. By substitution, we get the
precondition x+3 > 5 and thus the Hoare triple {x+3 > 5} y := x + 3 {y >
5}. Because this triple can be derived from the instantiation of an axiom
schema, we write ⊢ {x + 3 > 5} y := x + 3 {y > 5}. We can also write
|=tot {x+3 > 5} y := x + 3 {y > 5}, since it is true in the sense of total cor-
rectness (this is because the [ass] axiom schema is sound for total correctness
— see Section 4.1.2).

2For brevity, the literature often refers to axiom schemata as axioms [AdO09, NN07].
3For simplicity, we have been sloppy in our separation of syntax (the program text)

and semantics. A better substitution would be p[x 7→ AJaK], where A denotes a semantic
function for simple arithmetical expressions.
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Inference rules facilitate the syntactic deduction of Hoare triples from
one or more others. In a standard proof system, an inference rule comprises
at least one premise, and a conclusion. In a considered interpretation, if the
premises are found to be true (and the inference rule is sound), then the
conclusion is also true [Gal03]. The idea of the inference rules in a Hoare
logic system is the same. For example, consider the sequential composition
and if-then-else control constructs (with the usual semantics):

{p} S1 {r} {r} S2 {q}
[comp]

{p} S1; S2 {q}

{p ∧ B} S1 {q} {p ∧ ¬B} S2 {q}
[if]

{p} if B then S1 else S2 {q}

In both [comp] and [if], the triples above the line are the premises, and the
triple below the line is the conclusion. We write ⊢ {p} S {q} if {p} S {q} is
the conclusion of an inference rule for which all the premises can be obtained.
The conclusion of an inference rule, {p} S {q}, is true in the sense of partial
(total) correctness, written |= {p} S {q} (|=tot {p} S {q}), if all of the
premises of the rule are true in the sense of partial (total) correctness.

The inference rule for [comp], where S1, S2 are arbitrary statements and
“;” denotes sequential composition, is fairly intuitive, requiring one to find a
suitable intermediate assertion r. The inference rule for [if] formalises two
cases in its premises, one for each of the two possible Boolean interpretations
of B [AdO09].

Another standard example of an inference rule is the one for a while
loop, which allows us to reason about loop invariants (predicates that hold
before and after any number of executions of a program). A consequence
rule is often used in proofs, which allows us to strengthen preconditions and
weaken postconditions (or replace an assertion with an equivalent one); it
can be applied regardless of the program text, existing explicitly to allow us
to manipulate the logical formulae that form the assertions. See [AdO09] for
more information.

4.1.2 Soundness and Completeness

Soundness and completeness are very desirable properties of any proof sys-
tem. We introduce the properties informally before giving more formal defin-
itions.

An axiom schema is said to be sound for partial (total) correctness if it
only derives axioms that are true in the sense of partial (total) correctness
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according to the semantics of the program text. An inference rule is said to
be sound for partial (total) correctness if the truth of its premises implies
the truth of its conclusion in the sense of partial (total) correctness. A proof
system is said to be sound if all the axiom schemata and inference rules that
comprise it are sound. More formally, for partial correctness,

⊢ {p} S {q} implies |= {p} S {q}

and for total correctness,

⊢ {p} S {q} implies |=tot {p} S {q}

A proof system is said to be complete for partial (total) correctness if
every Hoare triple that is true in the sense of partial (total) correctness can
be deduced from the axiom schemata and inference rules of the proof system.
More formally, for partial correctness,

|= {p} S {q} implies ⊢ {p} S {q}

and for total correctness,

|=tot {p} S {q} implies ⊢ {p} S {q}

4.1.3 Proof Trees

One method of showing ⊢ {p} S {q} for a Hoare triple {p} S {q} is to
construct a proof tree4 using the axiom schemata and inference rules of
the proof system [NN07]. The root of the tree is the Hoare triple we are
attempting to prove, and the leaves are instances of axiom schemata. The
rest of the tree is constructed by applying inference rules.

Once we have constructed the proof tree and shown ⊢ {p} S {q}, if the
axiom schemata and inference rules used are known to be sound for partial
(total) correctness, then we also have |= {p} S {q} (or |=tot {p} S {q}).

Example 7 Consider the program z := x; x := y; y := z, which swaps the
values of variables x and y via a temporary variable z. We show that ⊢ {y =
3∧x = 5} z := x; x := y; y := z {x = 3∧y = 5}5 by the proof tree in Figure
4.1.

4Unlike other trees in computer science, these proof trees are the “right way round”.
That is, the root appears at the bottom, and the leaves appear at the top!

5We could prove a more general property, that whatever the initial values of x and y,
the program swaps them. This could be done using logical variables in place of 3 and 5.
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[ass]
{y = 3 ∧ x = 5} z := x {y = 3 ∧ z = 5}

[ass]
{y = 3 ∧ z = 5} x := y {x = 3 ∧ z = 5}

[comp]
{y = 3 ∧ x = 5} z := x; x := y {x = 3 ∧ z = 5}

[ass]
{x = 3 ∧ z = 5} y := z {x = 3 ∧ y = 5}

[comp]
{y = 3 ∧ x = 5} z := x; x := y; y := z {x = 3 ∧ y = 5}

Figure 4.1: A proof tree
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4.1.4 Adaptation to Graph Programs

We show in Chapter 7 that Hoare logic can be adapted to the domain of
graphs. Rather than use predicates in the assertions, we use a graph specific-
ation formalism (see Chapter 5) and reason about the changing properties
of the graph on which the program is executing. Many of GP’s control con-
structs fit naturally with what we have shown, i.e. sequential composition
of graph programs and the inference rule [comp]. The main challenge is
defining an axiom schema for the application of a rule schema.

4.2 Predicate Transformers

Predicate transformers are, in general, total functions that map a predicate
and some program text to a predicate. They were introduced by Dijkstra
in 1975, who defined the wp (for weakest precondition) transformer for his
Guarded Command Language [Dij75, Dij76]. Intuitively, wp takes as ar-
guments a piece of program text S and a postcondition q; it returns the
weakest possible precondition necessary for the execution of the program
S to terminate in a state satisfying q [NN07]. More formally, we have
|=tot {wp(S, q)} S {q} and:

if |=tot {p} S {q} then p =⇒ wp(S, q)

Because of this fact, the problem of verifying a Hoare triple reduces to the
validity problem for p =⇒ wp(S, q). wp is not the only predicate transformer.
Another common example is wlp (for weakest liberal precondition), which
corresponds to partial correctness in Hoare logic. Intuitively, it generates the
weakest possible precondition such that a program either finishes execution
in a state satisfying a given postcondition, or does not finish execution at all.
More formally, we have |= {wlp(S, q)} S {q} and:

if |= {p} S {q} then p =⇒ wlp(S, q)

Another common predicate transformer is sp (for strongest postcondition).
We have |=tot {p} S {sp(S, p)} and:

if |= {p} S {q} then sp(S, p) =⇒ q

In other words, we can verify a Hoare triple by applying sp to the program
text and precondition, and checking whether the resulting predicate implies
the postcondition.

4.2.1 Defining a Predicate Transformer Semantics

For a particular predicate transformer, it is necessary to define transform-
ations for each of the control constructs in the programming language con-
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sidered, in order to allow the predicate transformer to take an arbitrary
program as input. The transformations are entirely symbolic, and need to
be proven sound according to the semantics of the programming language.

To illustrate, we define a wp-based semantics for the skip, assignment,
sequential composition, and if-then-else control constructs of Section 4.1.

wp(skip, q) = q

wp(x := a, q) = q[x 7→ a]

wp(S1; S2, q) = wp(S1, wp(S2, q))

wp(if B then S1 else S2, q) = (B ∧ wp(S1, q)) ∨ (¬B ∧ wp(S2, q))

Example 8 Consider again the program z := x; x := y; y := z from Ex-
ample 7, and the requirement to show ⊢ {y = 3∧x = 5} z := x; x := y; y := z {x =
3∧y = 5}. This time we prove the Hoare triple using our wp-based semantics.
Let S = z := x; x := y; y := z, p = y = 3 ∧ x = 5, and q = x = 3 ∧ y = 5.
Then:

wp(S, q) = wp(z := x, wp(x := y; y := z, q))

= wp(z := x, wp(x := y, wp(y := z, q)))

= wp(z := x, wp(x := y, q[y 7→ z]))

= wp(z := x, q[y 7→ z][x 7→ y])

= q[y 7→ z][x 7→ y][z 7→ x]

= (x = 3 ∧ y = 5)[y 7→ z][x 7→ y][z 7→ x]

= (x = 3 ∧ z = 5)[x 7→ y][z 7→ x]

= (y = 3 ∧ z = 5)[z 7→ x]

= (y = 3 ∧ x = 5)

Trivially, we have that p =⇒ wp(S, q) since p = wp(S, q), and thus we
have ⊢ {y = 3∧x = 5} z := x; x := y; y := z {x = 3∧y = 5}. This example
was chosen for simplicity; of course, it is often the case that it is challenging
to show the implication to be valid.

4.2.2 Deciding the Validity of Formulae

Using predicate transformers reduces the task of showing ⊢ {p} S {q} to the
validity problem for a logical implication, for example, p =⇒ wp(S, q). Such
a formula is said to be valid (or a tautology) if it is true in all models; the
validity problem is the problem of deciding whether a given formula is valid

33



or not. Church’s theorem states that if we are given an arbitrary formula of
first-order logic, the validity problem is undecidable [Gal03]. However, it is a
semidecidable problem; that is, there are search algorithms which can confirm
whether a valid formula is valid, but may run forever on invalid formulae.
We begin with a discussion of two of the search algorithms more suited to
automatically proving the validity of a formula — semantic tableaux and
resolution — before briefly discussing a selection of implemented theorem
provers.

Semantic Tableaux and Resolution

Semantic tableaux and resolution are refutation methods ; that is, rather
than prove the validity of a formula r, the idea is to prove that ¬r cannot
be satisfied. We introduce both of these refutation methods, but refer the
reader to [Fit96] for the full details.

First, we consider the semantic tableaux method, invented by Evert
Willem Beth. The idea of this method is to break down a complex for-
mula into its constituent parts, and search among them for complementary
formulae, that is, r and ¬r. The method involves the construction of a tree.
We begin by negating the formula we wish to show valid, and place it at the
root of the tree. The tree is then grown by the repeated application of rules,
some of which introduce branching (for example, the “or” and “implication”
rules). The formula at the root is then proven to be unsatisfiable (and thus
the original formula valid) if every branch of the tree is closed ; that is, every
branch contains complementary formulae, some r and ¬r.

For formulae written in propositional logic, we can construct a tableau
from three rules. Whenever a branch of a tableau:

1. Contains the formula A∧B, connect to its leaf a new child labelled A,
and connect to that a new child labelled B.

2. Contains the formula A ∨ B, connect to its leaf two new children, one
labelled A, and one labelled B.

3. Contains the formula ¬¬A, connect to its leaf a new child labelled A.

For formulae written in first-order logic, two further rules are required
to handle existential and universal quantifiers. These rules are not quite so
trivial, and employ a form of Skolemization; we refer the reader to [Fit96]
for further details.

The resolution method was introduced in 1965 by John Alan Robinson
[Rob65]. For propositional logic, the resolution method rests on this equival-
ence: [Gal03]

(A ∨ P ) ∧ (B ∨ ¬P ) ≡ (A ∨ P ) ∧ (B ∨ ¬P ) ∧ (A ∨ B)
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The clause (A ∨ B) is said to be the resolvent of (A ∨ P ) and (B ∨ ¬P ).
This process of adding a resolvent is captured by a single, sound inference
rule:

(α1 ∨ P ) ∧ (α2 ∨ ¬P )
[resolution]

(α1 ∨ α2)

where α1, α2 are disjunctions of proposition symbols. Resolution is again
a refutation method, so to prove the validity of a formula, we prove the
negation of it to be unsatisfiable. Using this inference rule, a formula is
proven to be unsatisfiable if we can obtain the empty clause ¤, which is the
resolvent of the clauses P and ¬P . Quite remarkably, the resolution method
is complete despite comprising only one rule — however, it requires formulae
to first be transformed into conjunctive normal form.

For first-order logic, Robinson [Rob65] showed that again only one infer-
ence rule was needed for the method to be complete. Formulae are required
to be in conjunctive normal form; each clause is in prenex normal form (a
string of quantifiers followed by a quantifier-free part), and existential quan-
tifiers are removed by Skolemization. Quantifiers are usually omitted in
resolution proofs, with the understanding that every variable in a formula
is universally quantified. With a formula in this form, the resolution infer-
ence rule involves identifying pairs of clauses containing a predicate in one
and its negation in the other, and performing unification on the predicates.
The unified predicates are discarded, and a new clause is formed from the
remaining predicates of the two clauses.

The resolution method has become popular in automated first-order the-
orem provers (see below), since its sole inference rule makes it easy to imple-
ment [Gal03]. This is despite the requirement for formulae to be transformed
into conjunctive, prenex, and Skolem normal form.

Theorem Provers

By Church’s theorem, there is no hope of purely mechanical refutation of
first-order formulae; there is no algorithm for deciding the unsatisfiability
(validity) of a formula. On the other hand, the problem is semidecidable for
classical first-order logic. If a first-order formula is valid (or unsatisfiable),
then we can prove it by implementing complete proof systems like those we
have discussed. But if our formula is invalid, since the problem is semidecid-
able, the algorithms we implement are not guaranteed to terminate with a
“no” answer.

Despite such theoretical results, in practice, theorem provers — com-
puter programs that prove mathematical theorems — are now able to solve
many difficult problems [Gal03]. Popular first-order theorem provers include
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Vampire [RV02] and Prover96 [McC09], both implementing variations of
Robinson’s resolution method.

For higher-order logics which are not even semidecidable, interactive the-
orem provers like Coq and Isabelle are often used. These involve a man-
machine collaboration, with humans guiding the proof assistants to find
solutions.

4.2.3 Adaptation to Graph Programs

A weakest preconditions approach for verifying graph programs was suc-
cessfully investigated by Habel, Pennemann, and Rensink (see Section 6.3).
They describe preconditions and postconditions of graph programs using
the nested conditions specification formalism (see Chapter 5), and define a
weakest preconditions transformation over each of the control constructs in
their variation of graph programs. As there is a transformation from nested
conditions to first-order logic on graphs, they were able to automate some
validity proofs by feeding the generated sentences of logic into off-the-shelf
first-order theorem provers. However, because of the restriction to finite
graphs (i.e. finite models), the validity problem is no longer even semidecid-
able (by Trakhtenbrot’s theorem from finite model theory [Tra50, BEE+07]);
that is, we can search for proofs using methods like those we have discussed,
but for finite graphs, we are not guaranteed to find solutions. As part of
Pennemann’s research, a resolution-like theorem prover tailored to proving
the validity of nested conditions was also developed. This was demonstrated
to perform well, despite the fact that the problem is not even semidecidable.

4.3 Model Checking

Model checking [EMCP99, Cla08] as a verification technique has been studied
for over 25 years. It allows us to show the correctness of programs in a rather
different way to the likes of Hoare logic and predicate transformers. Rather
than tasking ourselves (or a theorem prover) with building a correctness proof
for some program together with pre- and postconditions, model checking
involves an algorithmic traversal of the possible system states we might reach
from an execution, and checking that some safety properties hold in all states.

Models of systems are transition systems or annotated graphs known as
Kripke structures (a type of nondeterministic finite state machine), where
nodes represent the reachable states of the system and the edges represent
the state transitions. Safety properties are usually expressed in temporal
logics, such as linear temporal logic (LTL). These allow one to express prop-
erties quantified in terms of time without introducing time explicitly (i.e.

6
Prover9 is the successor to Otter [McC03].
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express properties about the future of execution paths) [Cla08]. For a pro-
position p expressing some property a state can exhibit, one can write in LTL,
for example, formulae like ¤p (property p always holds) or ♦p (property p
eventually holds). A model checking tool is given a model and formulae of
temporal logic (as in Figure 4.2), and exhaustively searches the state space.
If a state is found which does not satisfy the safety properties (a counter-
example), it is reported by the model checker. SPIN is a well-known example
of a model checker; it expects models to be described in the Promela model-
ling language, and safety properties to be expressed by linear temporal logic
(LTL) formulae.

•

•

• •

•

•

Model

Checker
temporal formula ϕ

Valid

Counterexample Found

Figure 4.2: Model checking process

Model checking has a number of advantages, but also a number of chal-
lenging disadvantages to overcome [Cla08]. On the positive side, once a
counterexample is found, the model checker can provide an execution trace
by looking at the provided model — invaluable for debugging. Additionally,
it allows us to avoid the need to construct proofs; the checking process is
automatic. On the other hand, model checkers face challenges like the state
explosion problem (a combinatorial blow up of the state space), and the fact
that Kripke structures for many real systems are infinite (indeed, this would
be the case for GP).

4.3.1 Adaptation to Graph Programs

To model check a system, we need to be able to represent its states as the
nodes of a graph, and its state transitions as the graph’s edges. For a graph
program, the program states are simply graphs, and the transitions between
states (i.e. graphs) are applications of rule schemata. This implies that
the nodes of a model should encode graphs, and that the model should have
transitions for all possible rule applications (and all possible matches). Safety
properties would need to express (un)desired graph properties, perhaps by
using logics on graphs or graph specification formalisms (see Chapter 5).
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Some work has already been undertaken on the topic of model checking
graph transformation systems. See the discussion in Section 6.1 for further
details.

4.4 Summary

We conclude this chapter on proving the correctness of imperative program-
ming languages, having:

1. Reviewed Hoare logic, which in Chapter 7 we adapt to the domain of
graphs.

2. Reviewed predicate transformers, which play a major role in some of
the most significant existing research on proving the correctness of
graph programs (see Section 6.3).

3. Discussed model checking for program verification. Explained how one
might model a graph program, and suggested the need to have a graph
specification formalism for expressing safety properties.

By no means have we exhaustively surveyed verification techniques for
imperative programs. Rather, we have focused on techniques that look prom-
ising for graph programs (see Chapters 6 and 7).
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Chapter 5

Specification Formalisms and

Logics for Graphs

When executing a graph program, the program states are simply graphs.
This implies that, to be able to adapt classical program verification tech-
niques to the domain of graphs, we need to be able to express things about
graphs. Specifically, we want to be able to express properties of graphs,
ranging from general graph theoretic properties like “the graph is connec-
ted” and “the graph is cycle-free”, to properties specific to a problem domain,
such as “every node labelled student is adjacent to at least one node labelled
module”.

This chapter investigates three particular specification formalisms for
graphs: nested conditions in Section 5.1, hyperedge replacement conditions
in Section 5.3, and graph reduction specifications in Section 5.4. We relate
the expressive power and decidability properties of these formalisms to logics
on graphs, one of which — monadic second-order logic — is given particular
attention (Section 5.2), since it is able to express non-local graph properties,
and has been extensively researched [Cou90, Cou97, Cou10].

We give a full, formal definition of nested conditions, since the formalism
is later extended in Chapter 7; for the others, we choose to omit some of the
technicalities, and rather introduce them intuitively and by examples.

5.1 Nested Conditions

Nested conditions are a simple, intuitive, but mathematically precise specific-
ation formalism for graphs and other high-level structures. The expressive
power of nested conditions for graphs is equivalent to that of first-order logic
for graphs, yet from our experience, nested conditions are generally more
concise and readable than their equivalent sentences in first-order logic.

The formalism has developed over a number of years, from the graph con-
straints and application conditions for rules of [HW95], to the more general
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definition we consider from [HP09, Pen09]. Important contributions were
made along the way. Rensink, for example, generalised graph constraints
and application conditions to nested conditions for edge-labelled graphs in
[Ren04]. Habel and Pennemann then lifted this work to so-called high-level
structures1.

For brevity, we will often refer to nested conditions as simply conditions.

5.1.1 Definition and Examples

Here, we formally define nested conditions for graphs (following [HP09]) and
the satisfaction of nested conditions, before discussing a number of simple
examples.

Definition 9 (Nested condition) A (nested) condition c over a graph P
is of the form true or ∃(a, c′), where a : P → C is a graph morphism, and c′

is a condition over C. Moreover, Boolean formulae over conditions over P
yield conditions over P , that is, ¬c and c1 ∧ c2 are conditions over P , where
c1 and c2 are conditions over P .

For brevity, we write false for ¬true, ∃(a) for ∃(a, true), and ∀(a, c′) for
¬∃(a,¬c′). In examples, when the domain of morphism a : P → C can
unambiguously be inferred, we write only the codomain C. For instance, a
condition ∃(∅ → C,∃(C → C ′)) can be written as ∃(C,∃(C ′)), where the
domain of the outermost morphism is the empty graph, and the domain
of the nested morphism is the codomain of the encapsulating condition’s
morphism. A condition over a graph morphism whose domain is the empty
graph is referred to as a graph constraint. Conditions over the left- and
right-hand sides of graph transformation rules are referred to as application
conditions.

Definition 10 (Satisfaction of conditions) The satisfaction of conditions
by graph morphisms is defined inductively. Every morphism satisfies the con-
dition true. A graph morphism p : P →֒ G satisfies the condition c = ∃(a :
P → C, c′), denoted p |= c, if there exists an injective graph morphism
q : C →֒ G with q ◦ a = p, and q |= c′.

G

−
→

←
֓

a

p q

|=

∃(P −→ C, c′)
=

A graph G satisfies a condition c, denoted G |= c, iff the morphism ∅ → G
satisfies c.

1For simplicity, we consider no structure other than graphs.
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A simple example of a condition is c = ∃( 2 2 ), which is read “there
exists adjacent nodes labelled with 2, such that the mutually incident edge
is unlabelled”. Without abbreviations, we have c = ∃(∅ → 2 2 , true). A
graph G would satisfy this condition, denoted G |= c, if there is a subgraph
in G isomorphic to the codomain of the morphism.

An example of a condition with Boolean expressions is d = ∃( id ) ∧
¬∃( id ), which is read “there exists a node labelled id incident to exactly
one looping edge”. Without abbreviations, we have d = ∃(∅ → id , true) ∧
¬∃(∅ → id , true).

An example of a condition with nesting is:

e = ∀( child

1

,∃( child parent

1

))

The condition e is read “every node labelled child is adjacent to a node
labelled parent”. The small 1 is used to identify nodes as being the same.
Informally, the outermost part of the condition can be viewed as identifying
nodes labelled child, and the innermost part can be viewed as describing
the required context of these nodes. Without abbreviations, we have:

e = ∀(∅ → child

1

,∃( child

1

→ child parent

1

, true))

5.1.2 Expressiveness and Decidability

Graph conditions are equivalently expressive to the first-order graph formulae
(first-order logic on graphs) of Courcelle [Cou90]. Habel and Pennemann
prove this in [HP09], by showing that graph conditions can be transformed
into equivalent first-order graph formulae and vice versa. The result means
that graph conditions inherit various properties of first-order graph formulae
related to expressiveness and decidability.

Expressiveness

It might be surprising that there are many basic graph properties that first-
order graph formulae (and thus, graph conditions) cannot express. For ex-
ample, it is not possible to finitely describe the existence of an arbitrary-
length path between nodes. This instantly rules out the possibility of de-
scribing properties like “the graph is connected”, “the graph is a tree”, or
indeed more complex properties like “the graph is Hamiltonian”. Specifically,
graph conditions can only describe local graph properties [Cou90].

Despite this weakness, Habel and Pennemann have shown graph condi-
tions to be adequate in a number of case studies where graph transformations
are used to model the specifications of systems, including that of a railroad
and access control system [HP05, HP09, Pen09]. This is because in these
particular case studies, local properties like “no user is assigned more than
one session” might be of the most interest.
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Graph conditions are not ideal for graph transformation systems over an
infinite label alphabet (such as the set of natural numbers, N). Suppose that
we are considering graphs labelled over N. Since the graphs in conditions
are totally labelled, to express the property that “the graph contains a node”
(i.e. is non-empty), we would require an infinite disjunction of conditions:

∃( 0 ) ∨ ∃( 1 ) ∨ ∃( 2 ) ∨ . . .

Decidability

We are interested in three particular decision problems for graph conditions:
the model checking problem, the satisfiability problem, and the validity prob-
lem. These are briefly discussed below. The (un-)decidability of the problems
follow from results for first-order logic and finite model theory (see [Lib04]),
since every nested condition can be transformed into a sentence of first-order
logic and since the models we are considering are finite graphs.

Model checking problem. Instance. A graph G and a condition c. Ques-
tion. Does G |= c? Decidability. The model checking problem for
graph conditions is decidable.

Satisfiability problem. Instance. A condition c. Question. Does there
exist a graph G that satisfies c? Decidability. The satisfiability problem
for graph conditions is undecidable (but semidecidable).

Validity problem. Instance. A condition c. Question. Does every graph
G satisfy c? Decidability. The validity problem for graph conditions is
undecidable (not even semidecidable).

While for sentences of classical first-order logic the validity problem is semi-
decidable, the same is not true when considering finite models (such as finite
graphs); in these cases, the validity problem is not even semidecidable (by
Trakhtenbrot’s theorem [Tra50, BEE+07]). While we can search for solutions,
we are not guaranteed to find them.

5.2 Monadic Second-Order Logic

Since first-order logic (and equivalently expressive formalisms like graph con-
ditions) is insufficiently powerful to express a number of simple graph prop-
erties, such as the existence of arbitrary length paths, we briefly consider a
more powerful logic — monadic second-order logic.

Monadic second-order logic extends first-order logic by allowing one to
quantify unary relations (subsets of some set), rather than simply the indi-
vidual elements of sets. In the sense of graphs, the extension allows one to
quantify over sets of nodes and edges. As the name suggests, the logic we
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consider is a fragment of full second-order logic, which lifts the restriction
that relations be unary (that is, one can quantify over relations of arbitrary
arity).

Courcelle has extensively studied monadic second-order logic for express-
ing graph properties [Cou90, Cou97, Cou10]. It is his notation we adopt for
our examples.

For brevity, we shall write MSOL in place of monadic second-order logic
throughout the rest of this section.

5.2.1 Definition and Examples

Courcelle represents graphs by relational structures2 in order to express
graph properties by logical formulae [Cou97]. Following Courcelle, we as-
sociate with a directed graph G the relational structure ⌊G⌋ = 〈VG, edgG〉
where VG is the set of nodes of G and edgG ⊆ VG × VG is a binary relation
such that (x, y) ∈ edgG iff there is an edge in G with source x and target y.

We do not provide a formal definition of the syntax and semantics of
MSOL, but rather provide examples, enough to allow the reader to generalise
and derive other expressions of graph properties. However, we will be specific
about some naming and notational conveniences. All relations are unary, and
subsets of VG

3; we refer to them as set variables rather than relations, and
use capital letters in MSOL formulae to distinguish them from set elements
which are written in lower case. Finally, rather than writing X(x) for set
variable X, we follow Courcelle and write x ∈ X to facilitate more readable
formulae.

The following MSOL formula expresses the property that a graph G is
undirected, non-empty, and not connected: [Cou10]

ϕ1 = ∀x, y(edgG(x, y) ⇐⇒ edgG(y, x))

∧∃X(∃x(x ∈ X) ∧ ∃y(y /∈ X)

∧∀x, y(edgG(x, y) =⇒ (x ∈ X ⇐⇒ y ∈ X)))

This example requires quantification over a single set variable, X ⊂ VG. It
is a strict subset since the formula requires that at least one node from VG

is not a member of the set (otherwise the formula would be satisfied by
graphs consisting of only a single node, which are by definition connected).
A relational structure denoting a connected graph cannot satisfy ϕ1, since
the node not in X must be connected by a path to a node in X. But if

2These are logical structures with relations only, i.e. no functions.
3The relational structure associated with G can be changed to have the set of edges

as its domain. Some properties can only be expressed in MSOL with quantification over
edges.
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an edge has a node in X as its source, its target must also be a node in X.
Likewise, if an edge has a node in X as its target and some node v as its
source, the first conjunct of ϕ1 states that there must be an edge with the
node in X as its source and v as its target, hence v is also in X.

While first-order logic and nested conditions can express that a graph is
undirected and non-empty, they are unable to express that a graph is not
connected, since this requires a way of expressing that there exists at least
one pair of nodes not connected by an arbitrary length path. MSOL can
capture numerous other properties based on connectivity.

The following MSOL formula expresses that a graph G is undirected and
3-colourable: [Cou10]

ϕ2 = ∀x, y(edgG(x, y) ⇐⇒ edgG(y, x))

∧∃X, Y, Z(Part(X, Y, Z) ∧ ∀x, y(edgG(x, y) ∧ x 6= y

=⇒ ¬(x ∈ X ∧ y ∈ X) ∧ ¬(x ∈ Y ∧ y ∈ Y )

∧¬(x ∈ Z ∧ y ∈ Z)))

where Part(X, Y, Z) is a formula of MSOL expressing that every node is
partitioned into exactly one of the sets X, Y , or Z. That is:

Part(X, Y, Z) = ∀x((x ∈ X ∨ x ∈ Y ∨ x ∈ Z)

∧(¬(x ∈ X ∧ x ∈ Y ) ∧ ¬(x ∈ Y ∧ x ∈ Z)

∧¬(x ∈ X ∧ x ∈ Z)))

Intuitively, ϕ2 states that there is a partitioning of the nodes into three sets
(i.e. three colours) such that every non-looping edge is incident to nodes in
distinct partitions (i.e. nodes with distinct colourings).

5.2.2 Expressiveness and Decidability

Expressiveness

MSOL can express numerous non-local graph properties that first-order logic
and nested conditions cannot, including [Cou90]: the graph is connected,
planar, k-colourable (for fixed k ∈ N), Hamiltonian, a tree. Difficulties arise
when one wants to express a property that require “counting”. For example,
the graph has as many a’s as b’s4, or the graph has an even number of nodes.
Full second-order logic is able to express these particular properties, using,
for example, quantification over binary relations.

4One particular instance of this property might be: the graph has as many edges
labelled with a as it has edges labelled with b.
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Decidability

We consider again the model checking, satisfiability, and validity problems
for MSOL formulae. The undecidability of the latter two problems follows
from the undecidability of the corresponding problems for finite graphs and
first-order formulae.

Model checking problem. Instance. A relational structure ⌊G⌋ and a
formula of MSOL ϕ. Question. Does ⌊G⌋ satisfy ϕ? Decidability.
Decidable.

Satisfiability problem. Instance. A formula of MSOL ϕ. Question. Does
there exist a relational structure ⌊G⌋ that satisfies ϕ? Decidability.
Undecidable (but semidecidable for recursively enumerable classes of
graphs).

Validity problem. Instance. A formula of MSOL ϕ. Question. Does every
relational structure ⌊G⌋ satisfy ϕ? Decidability. Undecidable (and not
even semidecidable).

5.3 Hyperedge Replacement Conditions

While monadic second-order logic can capture many of the non-local graph
properties that first-order logic and nested conditions are unable to, it is
not always easy for non-experts to interpret (or indeed write) a sentence of
the logic; the graphical presentation and intuitiveness of nested conditions
is missing.

Recent research by Habel and Radke [HR10] has however developed a
graph specification formalism — hyperedge replacement conditions (HR con-
ditions) — which quite remarkably is more expressive than monadic second-
order logic. The formalism is a generalisation of graph conditions (Section
5.1). The graphs of HR conditions can contain variables, which act as place-
holders for graphs generated by a corresponding hyperedge replacement sys-
tem (see [DHK97]). HR conditions can express many non-local graph prop-
erties in a very compact and intuitive way.

This section briefly introduces HR conditions and discusses the express-
iveness and decidability of the formalism.

5.3.1 Definition and Examples

HR conditions are generalisations of nested conditions, and are defined and
satisfied similarly (Section 5.1.1). We omit a full formal definition of the
formalism (see [HR10]) because of this fact, and also because this would re-
quire formal treatment of the notions of graphs with variables, and hyperedge
replacement systems. Rather, we introduce HR conditions intuitively and
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by example, assuming that the reader has a basic understanding of nested
conditions.

Graphs with variables contain nodes and edges, as usual, but also hy-
peredges. These are edges attached to an arbitrary number of nodes (whereas
edges are attached to one or two), and for our purposes are labelled with a
variable. Consider the condition c = ∃(∅ → x• •

1 2 ). The codomain of the
morphism contains two nodes5 and a hyperedge, labelled with a variable x
(we follow [DHK97] and write variables in boxes). This particular hyperedge
is attached to two nodes by its two “tentacles”, which are identified by num-
bers. The i-th tentacle is identified by the number i, and is attached to
the i-th attachment node. It is a placeholder for a possibly infinite num-
ber of graphs that can be generated by the hyperedge replacement system
corresponding to the variable x.

One possible hyperedge replacement system R that could correspond to
hyperedges labelled with variable x is given below, with rules in Backurs-
Naur form:

x ::= ••

1 2
| x• •

1 2
•

1 2

Here, the nodes labelled 1 and 2 are attachment points. The application of
a rule for x to a graph containing a hyperedge labelled x first removes the
hyperedge from the graph, then replaces it with the graph in the right-hand
side of the rule, fusing the i-th attachment node with the i-th attachment
point in the rule.

HR conditions are simply graph conditions with variables together with
a hyperedge replacement system, i.e., 〈c,R〉. HR conditions can finitely
represent potentially infinite graph conditions, for example:

〈∃(∅ → x• •
1 2 ),R〉 and ( •• ) ∨ ∃( •• • ) ∨ ∃( • •• • ) ∨ . . .

are satisfied by the same class of graphs, in this case, graphs which contain
at least one path (of arbitrary length) between two distinct nodes.

We now present a number of simple HR conditions from [HR10] that
express properties beyond what finite nested conditions are able to. For
these examples, assume that R is defined as before, and that we are dealing
with graphs where all nodes and edges are labelled with the blank label.
Consider:

〈∃( • •

1 2
,¬∃( x• •

1 2

1 2
)),R〉

The HR condition can be read “the graph is non-empty and not connected”
(compare the simplicity of the HR condition with the sentence of monadic

5Labelled with the blank label.
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second-order logic in Section 5.2 for the same property on undirected graphs).
Now, consider the HR condition:

〈¬∃( x•

1

2
1

),R〉

This expresses the property that “the graph is cycle-free”. Note that here,
the attachment node is the same for both tentacles of the hyperedge. Now
consider:

〈∃( x ,¬∃( x • )),S〉

where S comprises the rules:

x ::= ∅ | x••

The HR condition expresses that “the graph contains an even number of
nodes”, which is strictly in the class of properties expressible by full second-
order logic, i.e. this cannot be expressed by monadic second-order logic on
graphs. Note that this hyperedge has no tentacles and no attachment nodes.

5.3.2 Expressiveness and Decidability

Expressiveness

It is shown in [HR10] that monadic second-order graph formulae (in the
sense of [Cou90, Cou97]) can be transformed into HR conditions, but that
there is no transformation in the opposite direction. That is, there are HR
conditions which express properties that monadic second-order logic is too
weak to express. The relationship between HR conditions and full second-
order logic is not yet fully clear.

HR conditions can express a large number of non-local graph properties,
including (but not limited to): the graph is connected, planar, k-colourable
(for fixed k ∈ N), Hamiltonian. The formalism can also express a number of
“counting” properties, the following of which are strictly in the class of prop-
erties expressible in full second-order logic: the graph has an even number
of nodes, the same number of a’s and b’s, two paths of equal length.

Decidability

We consider again the model checking, satisfiability, and validity problems
for HR conditions.

Model checking problem. Instance. A graph G and an HR condition
〈c,R〉. Question. Does G satisfy 〈c,R〉? Decidability. Decidable
[HR10].
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Satisfiability problem. Instance. An HR condition 〈c,R〉. Question. Does
there exist a graph that satisfies 〈c,R〉? Decidability. Undecidable (but
semidecidable for recursively enumerable classes of graphs).

Validity problem. Instance. An HR condition 〈c,R〉. Question. Does
every graph satisfy 〈c,R〉? Decidability. Undecidable (and not even
semidecidable).

The undecidability results of the latter two problems follow from the
undecidability results of the corresponding problems for monadic second-
order logic (since HR conditions are strictly more expressive).

5.4 Graph Reduction Specifications

The Graph Reduction Specification (GRS) framework was originally developed
to allow one to specify classes of pointer structures (shapes of graphs) [BPR04,
BPR03]. Informally, GRSs comprise a set of graph transformation (reduc-
tion) rules, and a so-called accepting graph, which is usually the smallest
graph that belongs to the class of graphs the GRS is specifying. A graph un-
der consideration belongs to the class of graphs specified by the GRS if it can
be reduced to the accepting graph by repeated application of the reduction
rules.

GRSs are the duals of graph grammars. They are essentially graph gram-
mars with the rules reversed, with the accepting graph corresponding to the
start graph of a grammar. Because of Uesu’s result that double-pushout
graph grammars can generate every recursively enumerable set of graphs
[Ues78], GRSs can define every recursively enumerable set of graphs (that
excludes the empty graph) [BPR04].

5.4.1 Definition and Examples

A GRS requires two components in order to define a class of graphs: an
accepting graph, and a set of graph transformation rules. The accepting
graph is usually the smallest graph in the class. For example, the accepting
graph for the class of connected graphs is simply an isolated node. The
graph transformation rules, based on the usual double-pushout approach,
are typically rules that reduce the size of the graph whilst maintaining an
invariant: if a graph belongs (does not belong) to the class of graphs specified
by the GRS, then the graph resulting from a rule application also belongs
(does not belong) to the class. For example, the rules of a GRS that specifies
trees would never transform a non-tree into a tree, or vice versa.

A graph G is specified by a GRS γ, written G ∈ L(γ), if it can be reduced
to the accepting graph by repeated application of the graph transformation
rules. If the graph is indeed specified by the GRS, then after each application
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of any of the rules, the graphs that result remain members of the class. When
there is a need for “intermediary” transformations (i.e. more than one rule
application is required to achieve some sort of reduction), the graph can be
labelled with “nonterminal” symbols. Such graphs are not considered to be
members of the class. Finally, it is often necessary to restrict where rules can
be applied to in a graph; signature restrictions facilitate this (see [BPR04]).

Consider the GRS defined in Figure 5.1 (from [BPR03]), which is inten-
ded to specify graphs that are binary trees, i.e. trees in which all the nodes
have at most two children. This particular GRS applies to graphs that are
restricted by a binary tree signature: a node can have no children (leaf, la-
belled L), one child (unary, labelled U), or two children (binary, labelled
B). The signature requires that U nodes have exactly one outgoing edge,
labelled c, and that B nodes have exactly two outgoing edges, labelled l and
r. The reduction rules assume the graph to be in this form, and if it is, the
rules do not transform a non-binary tree into a binary tree (note that the
signature restriction is adhered to by the rules: if a node’s children are both
leafs, pruning those children causes the node to become a leaf itself). The
accepting graph, which any binary tree is eventually reduced to by these
rules, is the minimal (non-empty) binary tree, i.e. an isolated node.

AccBT = L

UtoL :

L

U

⇒ L

1

1

c

L

⇒ L

1

1

BtoL : B

L

l r

Figure 5.1: A GRS specifying graphs that are binary trees

5.4.2 Expressiveness and Decidability

As GRSs can define every recursively enumerable set of graphs, they are
the most powerful graph specification formalism we have considered in this
chapter. However, this expressive power comes with a consequence to de-
cidability — arbitrary reduction rules can allow one to specify languages for
which the membership problem is undecidable [BPR04].

We consider the membership problems for GRSs. Membership of a GRS
can be seen as corresponding to the model checking problem for the previous
graph specification formalisms.

Membership problem. Instance. A graph G and a GRS γ. Question. Is
G ∈ L(γ)? Decidability. Undecidable, unless the GRS is known to
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be terminating (i.e. cannot apply rules to G for an infinite number of
times).

The decision problems for GRSs that correspond to our previous notions
of satisfiability and validity are of little interest to us. The problem to
determine whether or not there is a graph that belongs to L(γ) for a GRS
γ is trivial: if γ has an accepting graph Accγ , then Accγ ∈ L(γ). The
problem to determine whether or not every graph belongs to L(γ) is equally
uninteresting, since we would not usually want to design a GRS that specifies
every graph.

5.5 Summary

We conclude this chapter on specification formalisms and logics for graphs,
having:

1. Introduced a number of specification formalisms, namely nested condi-
tions, HR conditions, and GRSs.

2. Discussed first-order, monadic second-order, and full second-order logic
on graphs; with particular attention given to monadic second-order
logic and the work by Courcelle.

3. Considered the expressive power of these logics and related them to
the specification formalisms. We have that:

• Graph conditions are equivalently expressive to first-order graph
formulae; neither are able to express non-local properties.

• HR conditions are more expressive than monadic second-order
logic graph formulae.

• GRSs can specify every recursively enumerable set of graphs.

4. Considered various decidability properties of the logics and specifica-
tion formalisms.
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Chapter 6

Verifying Graph

Transformation Systems

Recent years have seen an increased interest in developing techniques for
verifying properties of graph transformation systems. Up until now, research
has focused on verifying sets of rules (that can be applied arbitrarily) and
graph grammars, rather than the graph programs (i.e. graph transformation
systems with control constructs) that concern us. The main exception is
the work of Habel et al. [HPR06] on weakest preconditions for so-called
high-level programs.

We aim in this chapter to give a high-level discussion of some important,
recent work on the verification of graph transformation systems. We begin by
comparing two distinct approaches to model checking graph transformation
systems in Section 6.1. We follow this in Section 6.2 by looking at another
approach related to model checking, based on the idea of McMillan unfold-
ings for Petri nets. Finally, we discuss weakest preconditions for high-level
programs in Section 6.3.

6.1 Model Checking Graph Transformation Systems

Model checking a system involves traversing all its possible execution paths
and checking that particular correctness properties hold in every state. In
a graph transformation system, these states correspond to graphs, and the
transitions to rule applications. The requirement to traverse all possible
execution paths implies that all possible rule applications and all possible
matchings must be explored [RSV04].

We briefly describe in this section two implemented tools for model check-
ing graph transformation systems, CheckVML and GROOVE, which ap-
proach the problem in very different ways. Rensink et al. compare the tools
in greater detail in a tool comparison paper [RSV04].
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6.1.1 CheckVML

The approach used by CheckVML [SV03] is to take advantage of off-the-
shelf model checking software. The tool has a “pre-processing” phase. It
takes a graph transformation system as input, as well as so-called property
graphs which encode safety, reachability, or danger properties of the system.
These are translated into Promela and linear temporal logic equivalents, in
order for the formal analysis to be carried out in SPIN.

This approach benefits from being able to take full advantage of years
of general research in model checking, and from being easily adaptable to
a number of tools that have already been implemented [RSV04]. Unfor-
tunately, by translating away from the core concepts of graphs and graph
transformation systems, it becomes difficult to suitably handle things like
symmetries in graphs.

6.1.2 GROOVE

GROOVE [Ren03] takes a rather different approach to model checking graph
transformation systems, aiming instead to work with graphs and graph trans-
formation systems throughout the entire model checking process. Infact, all
states are explicitly graphs, and all transitions explicitly the applications of
graph transformation rules [RSV04]. Safety, reachability, and danger prop-
erties can be specified by a graph-based logic (or alternatively, one can work
with a graph specification formalism and then translate it into a sentence of
logic).

While it is more natural to work with graphs and applications of rules,
as in the state space generated by GROOVE, research in traditional model
checking is only indirectly applicable to the tool. It is more difficult to adapt
GROOVE to interact with the various implemented model checking tools
than it is for CheckVML.

6.2 Infinite-State Graph Transformation Systems

Baldan et al. [BCK08] developed the foundations of a methodology for veri-
fying infinite-state graph transformation systems. Their approach is based
on the idea of McMillan unfoldings for Petri nets, which are single struc-
tures that fully describe the concurrent behaviour of given systems. An idea
of their work was to exploit the relationship between Petri nets and graph
transformation systems to develop verification techniques.

The full unfolding of a graph transformation system is a single struc-
ture that completely describes its concurrent behaviour. This includes all
possible graph transformation steps and their mutual dependencies, and in
addition all reachable states [BCK08]. Baldan et al. construct finite ap-
proximations of full unfoldings (to a level of accuracy that can be set). They
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demonstrate that these finite approximations can be used for the verification
of the original infinite-state systems, and describe a tool that constructs the
approximations.

6.3 Weakest Preconditions of High-Level Programs

In [HPR06], Habel, Pennemann, and Rensink follow Dijkstra [Dij75, Dij76]
and define a weakest preconditions semantics for so-called “high-level pro-
grams”. High-level programs are based on the same minimal and complete
core as graph programs [HP01], but are lifted to more abstract objects than
graphs (in this report we assume all objects to be graphs), and are not able
to compute expressions over labels like GP.

Habel et al. use the nested condition specification formalism to describe
preconditions and postconditions of their programs. The weakest precon-
dition transformations are then defined inductively over the structure of
programs, each transformation resulting in a nested condition.

To show that executing a program P on a graph satisfying condition c
results in a graph satisfying condition d, one must show that the condition
c =⇒ Wp(P, d) is valid (i.e. satisfied by all graphs). In the context of finite
graphs, the validity problem is undecidable (and not even semidecidable
[Pen08]) — a solution can be searched for, but the search may run forever
without returning an answer.

Since there are transformations from graph conditions to sentences of
first-order logic, it is possible to use off-the-shelf first-order theorem provers
to try to find an answer. However, they need to be restricted to graphs
by axioms which themselves become part of the problem [Pen08]. For this
reason, Pennemann investigates in [Pen08] a resolution-like calculus specific-
ally for nested conditions, that can refute conditions in conjunctive normal
form. An implemented theorem prover based on this calculs, ProCon, is
described in his thesis [Pen09].

6.4 Summary

We conclude this chapter on verifying graph transformation systems, having:

1. Considered a number of approaches based on model checking.

2. Described the work by Habel et al. on the verification of programs
based on the same minimal and complete core as GP.

3. Implied that much research in the area of graph program verification
remains to be done!
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Part III

Preliminary Results
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Chapter 7

Hoare Logic for Graph

Programs

This chapter presents the results of our first year of study. Together with
Detlef Plump, we were able to devise a sound Hoare calculus for proving the
correctness of graph programs in the sense of “partial correctness” (i.e. true
when a program terminates with a graph).

What follows is nearly identical to our accepted ICGT 2010 paper [PP10a],
updated with references to the literature review of this report where appro-
priate (for example, when discussing GP’s semantic function).

A shorter paper on this work was accepted for the Theory Workshop at
VSTTE 2010 (see [PP10c]).

7.1 Introduction

Recent years have seen an increased interest in formally verifying properties
of graph transformation systems, motivated by the many applications of
graph transformation to specification and programming. Typically, this work
has focused on verification techniques for sets of graph transformation rules
or graph grammars, see for example [RSV04, BCK08, KK08, BHE09, HP09].

Graph transformation languages and systems such as PROGRES [SWZ99],
AGG [Tae04], Fujaba [NNZ00] and GrGen [GBG+06], however, allow one to
use control constructs on top of graph transformation rules for solving graph
problems in practice. The challenge to verify programs in such languages
has, to the best of our knowledge, not yet been addressed.

A first step beyond the verification of plain sets of rules has been made
by Habel, Pennemann and Rensink in [HPR06], by providing a construction
for weakest preconditions of so-called high-level programs. These programs
allow one to use constructs such as sequential composition and as-long-as-
possible iteration over sets of conditional graph transformation rules. The
verification method follows Dijkstra’s approach to program verification: one
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calculates the weakest precondition of a program and then needs to prove
that it follows from the program’s precondition. High-level programs fall
short of practical graph transformation languages though, in that their rules
cannot perform computations on labels (or attributes).

In this paper, we present an approach for verifying programs in the graph
programming language GP [Plu09, MP08a]. Rather than adopting a weak-
est precondition approach, we follow Hoare’s seminal paper [Hoa69] and
devise a calculus of proof rules which are directed by the syntax of the lan-
guage’s control constructs. Similar to classical Hoare logic, the calculus aims
at human-guided verification and allows the compositional construction of
proofs.

The pre- and postconditions of our calculus are nested conditions [HP09],
extended with expressions for labels and so-called assignment constraints; we
refer to them as E-conditions. The extension is necessary for two reasons.
Firstly, when a label alphabet is infinite, it is impossible to express a num-
ber of simple properties with finite nested conditions. For example, one
cannot express with a finite nested condition that a graph over the set of in-
tegers is non-empty, since it is impossible to finitely enumerate every integer.
Secondly, the conditions in [HP09] cannot express relations between labels
such as “x and y are integers and x2 = y”. Such relations can be expressed,
however, in GP’s rule schemata.

We briefly review the preliminaries in Section 7.2 and graph programs in
Section 7.3. Following this, we present E-conditions in Section 7.4, and then
use them to define a proof system for GP in Section 7.5, where its use will
be demonstrated by proving a property of a graph colouring program. In
Section 7.6, we formally define the two transformations of E-conditions used
in the proof system, before proving the axiom schemata and inference rules
sound in the sense of partial correctness, with respect to GP’s operational
semantics [Plu09, PS10]. Finally, we conclude in Section 7.7. A long version
of this paper with the abstract syntax and operational semantics of GP, as
well as detailed proofs of results, is available online [PP10b].

7.2 Graphs, Assignments, and Substitutions

Graph transformation in GP is based on the double-pushout approach with
relabelling (see Section 2.2.3 and [HP02]). This framework deals with par-
tially labelled graphs, whose definition we recall below. We deal with two
classes of graphs, “syntactic” graphs labelled with expressions and “semantic”
graphs labelled with (sequences of) integers and strings. We also introduce
assignments which translate syntactic graphs into semantic graphs, and sub-
stitutions which operate on syntactic graphs.

A graph over a label alphabet C is a system G = (VG, EG, sG, tG, lG, mG),
where VG and EG are finite sets of nodes (or vertices) and edges, sG, tG : EG →
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VG are the source and target functions for edges, lG : VG → C is the partial
node labelling function and mG : EG → C is the (total) edge labelling func-
tion. Given a node v, we write lG(v) = ⊥ to express that lG(v) is undefined.
Graph G is totally labelled if lG is a total function.

Unlabelled nodes will occur only in the interfaces of rules and are ne-
cessary in the double-pushout approach to relabel nodes. There is no need
to relabel edges as they can always be deleted and reinserted with changed
labels.

A graph morphism g : G → H between graphs G and H consists of two
functions gV : VG → VH and gE : EG → EH that preserve sources, targets
and labels; that is, sH ◦ gE = gV ◦ sG, tH ◦ gE = gV ◦ tG, mH ◦ gE = mG, and
lH(g(v)) = lG(v) for all v such that lG(v) 6= ⊥. Morphism g is an inclusion
if g(x) = x for all nodes and edges x. It is injective (surjective) if gV and
gE are injective (surjective). It is an isomorphism if it is injective, surjective
and satisfies lH(gV (v)) = ⊥ for all nodes v with lV (v) = ⊥. In this case G
and H are isomorphic, which is denoted by G ∼= H.

We consider graphs over two distinct label alphabets. Graph programs
and E-conditions contain graphs labelled with expressions, while the graphs
on which programs operate are labelled with (sequences of) integers and char-
acter strings. We consider graphs of the first type as syntactic objects and
graphs of the second type as semantic objects, and aim to clearly separate
the levels of syntax and semantics.

Let Z be the set of integers and Char be a finite set of characters (that
can be typed on a keyboard). We fix the label alphabet L = (Z ∪ Char∗)+

of all non-empty sequences over integers and character strings, and denote
by G(L) the set of all graphs over L.

The other label alphabet we are using consists of expressions according to
the EBNF grammar of Figure 7.1, where VarId is a syntactic class1 of variable
identifiers. We write G(Exp) for the set of all graphs over the syntactic class
Exp.

Exp ::= (Term | String) [’_’ Exp]
Term ::= Num | VarId | Term ArithOp Term
ArithOp ::= ’+’ | ’-’ | ’∗’ | ’/’
Num ::= [’-’] Digit {Digit}
String ::= ’ " ’ {Char} ’ " ’

Figure 7.1: Syntax of expressions

Each graph in G(Exp) represents a possibly infinite set of graphs in G(L).
The latter are obtained by instantiating variables with values from L and
evaluating expressions. An assignment is a mapping α : VarId → L. Given

1For simplicity, we use the non-terminals of our grammars to denote the syntactic
classes of strings that can be derived from them.
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an expression e, α is well-typed for e if for every term t1 ⊕ t2 in e, with
⊕ ∈ ArithOp, we have α(x) ∈ Z for all variable identifiers x in t1⊕t2. In this
case we inductively define the value eα ∈ L as follows. If e is a numeral or a
sequence of characters, then eα is the integer or character string represented
by e. If e is a variable identifier, then eα = α(e). Otherwise, if e has the
form t1 ⊕ t2 with ⊕ ∈ ArithOp and t1, t2 ∈ Term, then eα = tα1 ⊕Z tα2 where
⊕Z is the integer operation represented by ⊕. Finally, if e has the form t_e1

with t ∈ Term ∪ String and e1 ∈ Exp, then eα = tαeα
1 (the concatenation of

tα and eα
1 ).

Given a graph G in G(Exp) and an assignment α that is well-typed for
all expressions occurring in G, we write Gα for the graph in G(L) that is
obtained from G by replacing each label e with eα. If g : G → H is a
graph morphism between graphs in G(Exp), then gα denotes the morphism
〈gα

V , gα
E〉 : Gα → Hα.

A substitution is a mapping σ : VarId → Exp. Given an expression e, σ
is well-typed for e if for every term t1 ⊕ t2 in e, with ⊕ ∈ ArithOp, we have
σ(x) ∈ Term for all variable identifiers x in t1⊕t2. In this case the expression
eσ is obtained from e by replacing every occurrence of a variable x with σ(x).
Given a graph G in G(Exp), we write Gσ for the graph that is obtained by
replacing each label e with eσ. If g : G → H is a graph morphism between
graphs in G(Exp), then gσ denotes the morphism 〈gσ

V , gσ
E〉 : Gσ → Hσ.

Given an assignment α, the substitution σα induced by α maps every
variable x to the expression that is obtained from α(x) by replacing integers
and strings with their syntactic counterparts. For example, if α(x) is the
sequence 56, a, bc , where 56 is an integer and a and bc are strings, then
σα(x) = 56_"a"_"bc".

7.3 Graph Programs

We briefly review GP’s conditional rule schemata and discuss an example
program. Technical details (including an operational semantics later used in
our soundness proof) and further examples can be found in Chapter 3 and
[Plu09, PS10].

7.3.1 Conditional Rule Schemata

Conditional rule schemata are the “building blocks” of graph programs: a pro-
gram is essentially a list of declarations of conditional rule schemata together
with a command sequence for controlling the application of the schemata.
Rule schemata generalise graph transformation rules in the double-pushout
approach with relabelling [HP02], in that labels can contain expressions over
parameters of type integer or string. Figure 7.2 shows a conditional rule
schema consisting of the identifier bridge followed by the declaration of
formal parameters, the left and right graphs of the schema which are graphs
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in G(Exp), the node identifiers 1, 2, 3 specifying which nodes are preserved,
and the keyword where followed by a rule schema condition.

bridge(a, b, x, y, z : int)

x
1

y

2

z
3

a b
⇒ x

1

y

2 3

z
3

a + b

a b

where not edge(1, 3)

Figure 7.2: A conditional rule schema

In the GP programming system [MP08a], rule schemata are constructed
with a graphical editor. Labels in the left graph comprise only variables
and constants (no composite expressions) because their values at execution
time are determined by graph matching. The condition of a rule schema
is a Boolean expression built from arithmetic expressions and the special
predicate edge, where all variables occurring in the condition must also
occur in the left graph. The predicate edge demands the (non-)existence of
an edge between two nodes in the graph to which the rule schema is applied.
For example, the expression not edge(1, 3) in the condition of Figure 7.2
forbids an edge from node 1 to node 3 when the left graph is matched. The
grammar of Figure 7.3 defines the syntax of rule schema conditions, where
Term is the syntactic class defined in Figure 7.1.

BoolExp ::= edge ’(’ Node ’,’ Node ’)’ | Term RelOp Term

| not BoolExp | BoolExp BoolOp BoolExp

Node ::= Digit {Digit}

RelOp ::= ’=’ | ’\=’ | ’>’ | ’<’ | ’>=’ | ’<=’

BoolOp ::= and | or

Figure 7.3: Syntax of rule schema conditions

Conditional rule schemata represent possibly infinite sets of conditional
graph transformation rules over graphs in G(L), and are applied according
to the double-pushout approach with relabelling. A rule schema L ⇒ R with
condition Γ represents conditional rules 〈〈Lα ← K → Rα〉, Γα,g〉, where K
consists of the preserved nodes (which are unlabelled) and Γα,g is a predicate
on graph morphisms g : Lα → G (see [Plu09, PS10]).
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7.3.2 Programs

We discuss an example program to familiarise the reader with GP’s features.
This program will be a running example throughout the remainder of the
paper.

Example 9 A colouring for a graph is an assignment of colours (integers) to
nodes such that the source and target of each non-looping edge have different
colours. The program colouring in Figure 7.4 produces a colouring for
every integer-labelled input graph, recording colours as so-called tags. In
general, a tagged label is a sequence of expressions separated by underscores.

main = init!; inc!

init(x : int)

1

x ⇒

1

x_1

inc(i, k, x, y : int)

x_i y_i

1 2

k
⇒ x_i y_i+1

1
2

k

0

0

0

0

0 0

00

+
→ 0_1

0_2

0_1

0_2

0 0

00

Figure 7.4: The program colouring and one of its executions

The program initially colours each node with 1 by applying the rule
schema init as long as possible, using the iteration operator ’!’. It then
repeatedly increments the target colour of edges with the same colour at
both ends. Note that this process is highly nondeterministic: Figure 7.4
shows an execution producing a colouring with two colours, but a colouring
with three colours could have been produced for the same input graph.

It is easy to see that whenever colouring terminates, the resulting
graph is a correctly coloured version of the input graph. This is because the
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output cannot contain an edge with the same colour at both incident nodes,
as then inc would have been applied at least one more time. Also, it can
be shown that every execution of the program terminates after at most a
quadratic number of rule schema applications [Plu09].

7.4 Nested Graph Conditions with Expressions

We introduce nested graph conditions with expressions (or E-conditions) to
specify graph properties in the pre- and postconditions of graph programs.
E-conditions extend the nested conditions (see Section 5.1) of [HP09] with
expressions for labels, and assignment constraints which restrict the values
that can be assigned to variables. The resulting conditions can be considered
as representations of possibly infinite sets of ordinary nested conditions.

Definition 11 (Assignment constraint) An assignment constraint is a
Boolean expression conforming to the grammar in Figure 7.5. We require
that the arguments of the operators >, <, ≥ and ≤ belong to the syntactic
class Term and that the arguments of = and 6= belong both to either Term,
String or Exp − (Term ∪ String). (See Figure 7.1 for the definition of Term,
String and Exp.)

ACBoolExp ::= Exp ACRelOp Exp | ’¬’ ACBoolExp
| ACBoolExp ACBoolOp ACBoolExp
| ’type’ ’(’ VarId ’)’ ’=’ Type | ’true’

ACRelOp ::= ’=’ | ’ 6=’ | ’>’ | ’<’ | ’≥’ | ’≤’
ACBoolOp ::= ’∧’ | ’∨’
Type ::= ’int’ | ’string’ | ’tagged’

Figure 7.5: Syntax of assignment constraints

Given an assignment constraint γ and an assignment α : VarId → L, the
value γα in B = {tt, ff} is inductively defined2. If γ = true, then γα = tt.
If γ has the form e1 ⊲⊳ e2 with ⊲⊳ ∈ ACRelOp and e1, e2 ∈ Exp, then γα = tt

if and only if eα
1 ⊲⊳L eα

2 where ⊲⊳L is the obvious relation on L represented
by ⊲⊳. If γ = ¬γ1 with γ1 ∈ ACBoolExp, then γα = tt if and only if
γα

1 = ff. If γ = γ1 ⊕γ2 with γ1, γ2 ∈ ACBoolExp and ⊕ ∈ ACBoolOp, then
γα = γα

1 ⊕B γα
2 where ⊕B is the Boolean operation on B represented by ⊕.

Finally, if γ has the form type(x) = t with x ∈ VarId and t ∈ Type, then
γα = tt if and only if type(α(x)) = t, where the function type : L → Type is
defined by

2We assume that α is well-typed for γ, which is defined in a similar way to before.
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type(l) =







int if l ∈ Z,
string if l ∈ Char∗,
tagged otherwise.

Example 10 Consider the assignment constraint γ = a > b ∧ b 6= 0 ∧
type(a) = int. Let α1 = (a 7→ 5, b 7→ 1) and α2 = (a 7→ 3, b 7→ 0).
Then γα1 = tt and γα2 = ff.

Note that variables in assignment constraints do not have a type per se,
unlike the variables in GP rule schemata. Rather, the operator ’type’ can
be used to constrain the type of a variable. Note also that an assignment
constraint such as a > 5∧ type(a) = string evaluates under every assignment
to ff, because we assume that assignments are well-typed.

A substitution σ : VarId → Exp is well-typed for an assignment con-
straint γ if the replacement of every occurrence of a variable x in γ with σ(x)
results in an assignment constraint. In this case the resulting constraint is
denoted by γσ.

Definition 12 (E-condition) An E-condition c over a graph P is of the
form true or ∃(a|γ, c′), where a : P →֒ C is an injective3 graph morph-
ism with P, C ∈ G(Exp), γ is an assignment constraint, and c′ is an E-
condition over C. Moreover, Boolean formulas over E-conditions over P
yield E-conditions over P , that is, ¬c and c1 ∧ c2 are E-conditions over P ,
where c1 and c2 are E-conditions over P .

For brevity, we write false for ¬true, ∃(a|γ) for ∃(a|γ, true), ∃(a, c′) for
∃(a|true, c′), and ∀(a|γ, c′) for ¬∃(a|γ,¬c′). In examples, when the domain
of morphism a : P →֒ C can unambiguously be inferred, we write only the
codomain C. For instance, an E-condition ∃(∅ →֒ C,∃(C →֒ C ′)) can be
written as ∃(C,∃(C ′)), where the domain of the outermost morphism is the
empty graph, and the domain of the nested morphism is the codomain of
the encapsulating E-condition’s morphism. An E-condition over a graph
morphism whose domain is the empty graph is referred to as an E-constraint.
We later refer to E-conditions over left- and right-hand sides of rule schemata
as E-app-conditions.

Example 11 The E-condition ∀( x yk
| x > y,∃( x yk

)) (which is
an E-constraint) expresses that every pair of adjacent integer-labelled nodes
with the source label greater than the target label has a loop incident to the
source node. The unabbreviated version of the condition is as follows:

¬∃(∅ →֒ x
1

y
2

k
| x > y, ¬∃( x

1 2

yk
→֒

1
x

2

yk
|true, true)).

3For simplicity, we restrict E-conditions to injective graph morphisms since this is
sufficient for GP.
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The satisfaction of E-conditions by injective graph morphisms over L is
defined inductively. Every such morphism satisfies the E-condition true. An
injective graph morphism s : S →֒ G with S, G ∈ G(L) satisfies the condition
c = ∃(a : P →֒ C|γ, c′), denoted s |= c, if there exists an assignment α such
that S = Pα and there is an injective graph morphism q : Cα →֒ G with
q ◦ aα = s, γα = tt, and q |= (c′)σα , where σα is the substitution induced by
α.

A graph G in G(L) satisfies an E-condition c, denoted G |= c, if the
morphism ∅ →֒ G satisfies c.

The application of a substitution σ to an E-condition c is defined induct-
ively, too. We have trueσ = true and ∃(a|γ, c′)σ = ∃(aσ|γσ, (c′)σ), where we
assume that σ is well-typed for all components it is applied to.

7.5 A Hoare Calculus for Graph Programs

We present a system of partial correctness proof rules for GP, in the style of
Hoare [AdO09], using E-constraints as the assertions. We demonstrate the
proof system by proving a property of our earlier colouring graph program,
and sketch a proof of the rules’ soundness according to GP’s operational
semantics [Plu09, PS10].

Definition 13 (Partial correctness) A graph program P is partially cor-
rect with respect to a precondition c and a postcondition d (both of which
are E-constraints), if for every graph G ∈ G(L), G |= c implies H |= d for
every graph H in JP KG.

Here, J_K is GP’s semantic function (see Section 3.5), and JP KG is the
set of all graphs resulting from executing program P on graph G. Note
that partial correctness of a program P does not entail that P will actually
terminate on graphs satisfying the precondition.

Given E-constraints c, d and a program P , a triple of the form {c} P {d}
expresses the claim that whenever a graph G satisfies c, then any graphs
resulting from the application of P to G will satisfy d. Our proof system
in Figure 7.6 operates on such triples. As in classical Hoare logic [AdO09],
we use the proof system to construct proof trees, combining axiom schemata
and inference rules (an example will follow). We let c, d, e, inv range over
E-constraints, P, Q over arbitrary command sequences, r, ri over conditional
rule schemata, and R over sets of conditional rule schemata.

Two transformations — App and Pre — are required in some of the as-
sertions. Intuitively, App takes as input a set R of conditional rule schemata,
and transforms it into an E-condition specifying the property that a rule in
R is applicable to the graph. Pre constructs the weakest precondition such
that if G |= Pre(r, c), and the application of r to G results in a graph H,
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[rule]
{Pre(r, c)} r {c}

[ruleset1]
{¬App(R)} R {false}

{c} r1 {d} . . . {c} rn {d}
[ruleset2]

{c} {r1, . . . , rn} {d}

{inv} R {inv}
[!]

{inv} R! {inv ∧ ¬App(R)}

{c} P {e} {e} Q {d}
[comp]

{c} P ; Q {d}

{c′} P {d′}
[cons] c =⇒ c′ d′ =⇒ d

{c} P {d}

{c ∧ App(R)} P {d} {c ∧ ¬App(R)} Q {d}
[if]

{c} if R then P else Q {d}

Figure 7.6: Partial correctness proof system for GP

then H |= c. The transformation Pre is informally described by the follow-
ing steps: (1) form a disjunction of right E-app-conditions for the possible
overlappings of c and the right-hand side of the rule schema r, (2) convert
the right E-app-condition into a left E-app-condition (i.e. over the left-hand
side of r), (3) nest this within an E-condition that is quantified over every L
and also accounts for the applicability of r.

Note that two of the proof rules deal with programs that are restricted in
a particular way: both the condition C of a branching command if C then
P else Q and the body P of a loop P ! must be sets of conditional rule
schemata. This restriction does not affect the computational completeness
of the language, because in [HP01] it is shown that a graph transformation
language is complete if it contains single-step application and as-long-as-
possible iteration of (unconditional) sets of rules, together with sequential
composition.

Example 12 Figure 7.7 shows a proof tree for the colouring program of
Figure 7.4. It proves that if colouring is executed on a graph in which
the node labels are exclusively integers, then any graph resulting will have
the property that each node label is an integer with a colour attached to it,
and that adjacent nodes have distinct colours. That is, it proves the triple
{¬∃( a | type(a) 6= int)} init!; inc! {∀( a

1
,∃( a

1
| a = b_c∧type(b, c) =

int)) ∧ ¬∃( x_i y_i
k

| type(i, k, x, y) = int)}. For conciseness, we abuse our
notation (in this, and later examples), and allow type(x1, . . . , xn) = int to
represent type(x1) = int ∧ . . . ∧ type(xn) = int.
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[rule]
{Pre(init, e)} init {e}

[cons]
{e} init {e}

[!]
{e} init! {e ∧ ¬App({init})}

[cons]
{c} init! {d}

[rule]
{Pre(inc, d)} inc {d}

[cons]
{d} inc {d}

[!]
{d} inc! {d ∧ ¬App({inc})}

[comp]
{c} init!; inc! {d ∧ ¬App({inc})}

c = ¬∃( a | type(a) 6= int)

d = ∀( a
1
,∃( a

1
| a = b_c ∧ type(b, c) = int))

e = ∀( a
1
,∃( a

1
| type(a) = int) ∨ ∃( a

1
| a = b_c ∧ type(b, c) = int))

¬App({init}) = ¬∃( x | type(x) = int)

¬App({inc}) = ¬∃( x_i y_i
k

| type(i, k, x, y) = int)

Pre(init, e) = ∀( x
1
a

2
| type(x) = int,∃( x

1
a

2
| type(a) = int)

∨ ∃( x
1
a

2
| a = b_c ∧ type(b, c) = int))

Pre(inc, d) = ∀( x_i y_i a

1 2 3

k

| type(i, k, x, y) = int,

∃( x_i y_i a

1 2 3

k
| a = b_c ∧ type(b, c) = int))

Figure 7.7: A proof tree for the program colouring of Figure 7.4

7.6 Transformations and Soundness

We provide full definitions of the transformations App and Pre in this sec-
tion. In order to define Pre, it is necessary to first define the intermediary
transformations A and L, which are adapted from basic transformations of
nested conditions [HP09]. Following this, we will show that our proof system
is sound according to the operational semantics of GP.

Proposition 1 (Applicability of a set of rule schemata) For every set
R of conditional rule schemata, there exists an E-constraint App(R) such
that for every graph G ∈ G(L),

G |= App(R) ⇐⇒ G ∈ Dom(⇒R),

where G ∈ Dom(⇒R) if there is a direct derivation G ⇒R H for some graph
H.

The transformation App gives an E-constraint that can only be satisfied
by a graph G if at least one of the rule schemata from R can directly derive
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a graph H from G. The idea is to generate a disjunction of E-constraints
from the left-hand sides of the rule schemata, with nested E-conditions for
handling restrictions on the application of the rule schemata (such as the
dangling condition when deleting nodes).

Construction. Define App({}) = false and App({r1, . . . , rn}) = app(r1)∨
. . . ∨ app(rn). For a rule schema ri = 〈Li ←֓ Ki →֒ Ri〉 with rule schema
condition Γi, define app(ri) = ∃(∅ →֒ Li|γri

,¬Dang(ri) ∧ τ(Li, Γi)) where
γri

is a conjunction of expressions constraining the types of variables in ri

to the corresponding types in the declaration of ri. For example, if ri corres-
ponds to the declaration of inc (Figure 7.4), then γri

would be the Boolean
expression type(i) = int ∧ type(k) = int ∧ type(x) = int ∧ type(y) = int.

Define Dang(ri) =
∨

a∈A ∃a, where the index set A ranges over all4 in-
jective graph morphisms a : Li →֒ L⊕

i such that the pair 〈Ki →֒ Li, a〉 has no
natural pushout5 complement, and each L⊕

i is a graph that can be obtained
from Li by adding either (1) a loop, (2) a single edge between distinct nodes,
or (3) a single node and a non-looping edge incident to that node. All items
in L⊕

i − Li are labelled with single variables, distinct from each other, and
distinct from those in Li. If the index set A is empty, then Dang(ri) = false.

We define τ(Li, Γi) inductively (see Figure 7.3 for the syntax of rule
schema conditions). If there is no rule schema condition, then τ(Li, Γi) =
true. If Γi has the form t1 ⊲⊳ t2 with t1, t2 in Term and ⊲⊳ in RelOp, then
τ(Li, Γi) = ∃(Li →֒ Li|t1 ⊲⊳ACRelOp t2) where ⊲⊳ACRelOp is the symbol in
ACRelOp that corresponds to the symbol ⊲⊳ from RelOp. If Γi has the
form not bi with bi in BoolExp, then τ(Li, Γi) = ¬τ(Li, bi). If Γi has the
form b1 ⊕ b2 with b1, b2 in BoolExp and ⊕ in BoolOp, then τ(Li, Γi) =
τ(Li, b1) ⊕∧,∨ τ(Li, b2) where ⊕∧,∨ is ∧ for and and ∨ for or. Finally, if Γi

is of the form edge(n1,n2) with n1, n2 in Node, then τ(Li, Γi) = ∃(Li →֒ L′
i)

where L′
i is a graph isomorphic to Li, except for an additional edge whose

source is the node with identifer n1, whose target is the node with identifier
n2, and whose label is a variable distinct from all others in use.

Proposition 2 (From E-constraints to E-app-conditions) There is a
transformation A such that, for all E-constraints c, all rule schemata r : L ⇒
R sharing no variables with c6, and all injective graph morphisms h : Rα →֒
H where H ∈ G(L) and α is a well-typed assignment,

h |= A(r, c) ⇐⇒ H |= c.

The idea of A is to consider a disjunction of all possible overlappings of
R and the graphs of the E-constraint. Substitutions are used to replace label
variables in c with portions of labels from R, facilitating the overlappings.

4We equate morphisms with isomorphic codomains, so A is finite.
5A pushout is natural if is simultaneously a pullback [HP02].
6It is always possible to replace the label variables in c with new ones that are distinct

from those in r.
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Construction. All graphs used in the construction of the transformation
belong to the class G(Exp). For E-constraints c = ∃(a : ∅ →֒ C|γ, c′) and
rule schemata r, define A(r, c) = A′(iR : ∅ →֒ R, c). For injective graph
morphisms p : P →֒ P ′, and E-conditions over P ,

A′(p, true) = true,

A′(p,∃(a|γ, c′)) =
∨

σ∈Σ

∨

e∈εσ

∃(b|γσ, A′(s, (c′)σ)).

P ′ P

C ′

(C ′)σ

C

Cσ

E

(1)

p

a′ a

q

e s

qσ

b

(a′)σ

Construct the pushout (1) of p and a
leading to injective graph morphisms a′ :
P ′ →֒ C ′ and q : C →֒ C ′. The finite
double disjunction

∨

σ∈Σ

∨

e∈εσ
ranges first

over substitutions from Σ, which have the
special form (a1 7→ β1, . . . , ak 7→ βk) where
each ai is a distinct label variable from C
that is not also in P , and each βi is a por-
tion (or the entirety) of some label from P ′.
For each σ ∈ Σ, the double disjunction then
ranges over every surjective graph morph-
ism e : (C ′)σ → E such that b = e ◦ (a′)σ and s = e ◦ qσ are injective graph
morphisms. The set εσ is the set of such surjective graph morphisms for a
particular σ, the codomains of which we consider up to isomorphism. For a
surjective graph morphism e1 : (C ′

1)
σ1 → E1, E1 is considered redundant and

is excluded from the disjunction if there exists a surjective graph morphism,
e2 : (C ′

2)
σ2 → E2, such that E2 ≇ E1, and there exists some σ ∈ Σ such that

Eσ
2
∼= E1.
The transformation A is extended for Boolean formulas over E-conditions

in the same way as transformations over conditions (see [HP09]).

Example 13 Let r correspond to the rule schema inc (Figure 7.4), and
E-constraint c = ¬∃( a | type(a) = int). Then,

A(r, c) = ¬∃( x_i y_i+1
k →֒ x_i y_i+1

k
a |type(a) = int)

Proposition 3 (Transformation of E-app-conditions) There is a trans-
formation L such that, for every rule schema r = 〈L ←֓ K →֒ R〉 with rule
schema condition Γ, every right E-app-condition c for r, and every direct
derivation G ⇒r,g,h H with g : Lα →֒ G and h : Rα →֒ H where G, H ∈ G(L)
and α is a well-typed assignment,

g |= L(r, c) ⇐⇒ h |= c.
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Construction. All graphs used in the construction of the transformation
belong to the class G(Exp). L(r, c) is inductively defined as follows. Let
L(r, true) = true and L(r, ∃(a|γ, c′)) = ∃(b|γ, L(r∗, c′)) if 〈K →֒ R, a〉 has a
natural pushout complement (1) with r∗ = 〈Y ←֓ Z →֒ X〉 denoting the
“derived” rule by constructing natural pushout (2). If 〈K →֒ R, a〉 has no
natural pushout complement, then L(r, ∃(a|γ, c′)) = false.

L K R

Y Z X

r :

r∗ :

〈

〈

〉

〉

(1)(2)b a

Example 14 Continuing from Example 13, we get:

L(r, A(r, c)) = ¬∃( x_i y_i
k

→֒ x_i y_i
k

a |type(a) = int)

Proposition 4 (Transformation of postconditions into preconditions)
There is a transformation Pre such that, for every E-constraint c, every rule
schema r = 〈L ←֓ K →֒ R〉 with rule schema condition Γ, and every direct
derivation G ⇒r H,

G |= Pre(r, c) =⇒ H |= c.

Construction. Define Pre(r, c) = ∀(∅ →֒ L|γr, (¬Dang(r)∧ τ(L,Γ) =⇒
L(r, A(r, c)))), where γr is as defined in Proposition 1.

Example 15 Continuing from Examples 13 and 14, we get:

Pre(r, c) = ∀( x_i y_i
k

|type(i, k, x, y) = int,¬∃( x_i y_i
k

a |type(a) = int))

Since r does not delete any nodes, and does not have a rule schema condition,
¬Dang(r) ∧ τ(L,Γ) = true, simplifying the nested E-condition generated by
Pre.

Our main result is that the proof rules of Figure 7.6 are sound for prov-
ing partial correctness of graph programs. That is, a graph program P is
partially correct with respect to a precondition c and a postcondition d (in
the sense of Definition 13) if there exists a full proof tree whose root is the
triple {c} P {d}.

Theorem 1 (Soundness of the proof system) The proof system of Fig-
ure 7.6 is sound for graph programs, in the sense of partial correctness.
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Proof. To prove soundness, we consider each proof rule in turn, appeal-
ing to the semantic function JP KG (defined in Section 3.5). The result then
follows by structural induction on proof trees.

Let c, d, e, inv be E-constraints, P, Q be arbitrary graph programs, R be
a set of conditional rule schemata, r, ri be conditional rule schemata, and
G, H, G, G′,
H ′ ∈ G(L). → is a small-step transition relation on configurations of graphs
and programs. We decorate the names of the semantic inference rules of
[PS10] with “SOS”, in order to fully distinguish them from the names in our
Hoare calculus.

[rule]. Follows from Proposition 4.
[ruleset1]. Suppose that G |= ¬App(R). Proposition 1 implies that G /∈

Dom(⇒R), hence from the inference rule [Call2]SOS we obtain the transition
〈R, G〉 → fail (intuitively, this indicates that the program terminates but
without returning a graph). No graph will ever result; this is captured by
the postcondition false, which no graph can satisfy.

[ruleset2]. Suppose that we have a non-empty set of rule schemata
{r1, . . . , rn} denoted by R, that G |= c, and that we have a non-empty
set of graphs

⋃

r∈R{H ∈ G(L)|G ⇒r H} such that each H |= d (if the set
was empty, then [ruleset1] would apply). For the set to be non-empty, at
least one r ∈ R must be applicable to G. That is, there is a direct deriv-
ation G ⇒R H for some graph H that satisfies d. From the inference rule
[Call1]SOS and the assumption, we get JRKG = {H ∈ G(L)|〈R, G〉 → H}
such that each H |= d.

[comp]. Suppose that G |= c, JP KG = {G′ ∈ G(L)|〈P, G〉 →+ G′} such
that each G′ |= e, and JQKG′ = {H ∈ G(L)|〈Q, G′〉 →+ H} such that each
H |= d. Then JP ; QKG = {H ∈ G(L)|〈P ; Q, G〉 →+ 〈Q, G′〉 →+ H} such
that each H |= d follows from the inference rule [Seq2]SOS.

[cons]. Suppose that G′ |= c′, c =⇒ c′, d′ =⇒ d, and JP KG′ = {H ′ ∈
G(L)|〈P, G′〉 →+ H ′} such that each H ′ |= d′. If G |= c, we have G |= c′

since c =⇒ c′. The assumption then gives us an H ∈ JP KG such that H |= d′.
From d′ =⇒ d, we get H |= d.

[if]. Case One. Suppose that G |= c, JP KG = {H ∈ G(L)|〈P, G〉 →+ H}
such that each H |= d, and G |= App(R). Then by Proposition 1, executing
R on G will result in a graph. Hence by the assumption and the inference rule
[If1]SOS, JifR then P else QKG = {H ∈ G(L)|〈ifR then P else Q, G〉 →
〈P, G〉 →+ H} such that each H |= d. Case Two. Suppose that G |= c,
JQKG = {H ∈ G(L)|〈Q, G〉 →+ H} such that each H |= d, and G |=
¬App(R). Then by Proposition 1, executing R on G will not result in a
graph. Hence by the assumption and the inference rule [If2]SOS, we get
Jif R then P else QKG = {H ∈ G(L)|〈if R then P else Q, G〉 →
〈Q, G〉 →+ H} such that each H |= d.

[!]. We prove the soundness of this proof rule by induction over the
number of executions of R that do not result in finite failure, which we
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denote by n. Assume that for any graph G′ such that G′ |= inv, JRKG′ =
{H ′ ∈ G(L)|〈R, G′〉 →+ H ′} such that each H ′ |= inv. Induction Basis
(n = 0). Suppose that G |= inv. Only the inference rule [Alap2]SOS can be
applied, that is, JR!KG = {G ∈ G(L)|〈R!, G〉 → G}. Since the graph is not
changed, trivially, the invariant holds, i.e. G |= inv. Since the execution of R
on G does not result in a graph, G |= ¬App(R). Induction Hypothesis (n =
k). Assume that there exists a configuration 〈R!, G〉 such that 〈R!, G〉 →∗

〈R!, H〉 → H. Hence for JR!KG = {H ∈ G(L)|〈R!, G〉 →∗ 〈R!, H〉 → H}, we
assume that if G |= inv, then each H |= inv and H |= ¬App(R). Induction
Step (n = k + 1). We have JR!KG = {H ∈ G(L)|〈R!, G〉 → 〈R!, G〉 →∗

〈R!, H〉 → H}. Let G |= inv, and G ∼= G′. From the assumption, we get
H ′ |= inv, H ′ ∼= G, and hence G |= inv. It follows from the induction
hypothesis that each H |= inv and H |= ¬App(R).

7.7 Conclusion

We have presented the first Hoare-style verification calculus for an implemen-
ted graph transformation language. This required us to extend the nested
graph conditions of Habel, Pennemann and Rensink with expressions for la-
bels and assignment constraints, in order to deal with GP’s powerful rule
schemata and infinite label alphabet. We have demonstrated the use of the
calculus for proving the partial correctness of a highly nondeterministic col-
ouring program, and have shown that our proof rules are sound with respect
to GP’s formal semantics.

Future work will investigate the completeness of the calculus. Also, we
intend to add termination proof rules in order to verify the total correct-
ness of graph programs. Finally, we will consider how the calculus can be
generalised to deal with GP programs in which the conditions of branching
statements and the bodies of loops can be arbitrary subprograms rather than
sets of rule schemata.
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Part IV

Research Proposal
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Chapter 8

Research Proposal

Chapter 8 is not available in this version of this qualifying dissertation.
Should you wish to obtain it, you will be able to find it in the Department
of Computer Science’s library at The University of York, or you can contact
the author.
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