
Math. Struct. in Comp. Science (2001), vol. 11, pp. 637–688. c© 2001 Cambridge University Press

DOI: 10.17/S0960129501003425 Printed in the United Kingdom

Double-pushout graph transformation revisited†
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In this paper we investigate and compare four variants of the double-pushout approach to

graph transformation. As well as the traditional approach with arbitrary matching and

injective right-hand morphisms, we consider three variations by employing injective

matching and/or arbitrary right-hand morphisms in rules. We show that injective matching

provides additional expressiveness in two respects: for generating graph languages by

grammars without non-terminals and for computing graph functions by convergent graph

transformation systems. Then we clarify for each of the three variations whether the

well-known commutativity, parallelism and concurrency theorems are still valid and – where

this is not the case – give modified results. In particular, for the most general approach with

injective matching and arbitrary right-hand morphisms, we establish sequential and parallel

commutativity by appropriately strengthening sequential and parallel independence.

1. Introduction

The double-pushout approach to graph transformation was introduced in 1973 by the

paper Ehrig et al. (1973). Since then the approach has been studied extensively and has

also been applied to several areas of computer science: see, for example, the three volumes

of the Handbook on Graph Grammars and Computing by Graph Transformation (Rozenberg

1997; Ehrig et al. 1999a; Ehrig et al. 1999b). In the original paper (Ehrig et al. 1973),

the left-hand sides of transformation rules are matched by injective graph morphisms,

but the vast majority of later papers on the double-pushout approach – including the

surveys Ehrig (1979) and Corradini et al. (1997) – consider arbitrary, possibly non-injective

matching morphisms. In this paper we argue that despite this tradition, injective matching
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makes the approach more expressive. For example, the set of all (directed, unlabelled)

loop-free graphs can be generated from the empty graph by the following two rules if

injective matching is assumed:

1

2

1

2

1

2
00

We will prove that in the traditional double-pushout approach with arbitrary matching,

this graph class cannot be generated without using non-terminal labels.

To give a second, non-grammatical example, consider the problem of merging in a

graph all nodes labelled with some fixed label ‘a’. This is easily achieved – assuming

injective matching – by applying for as long as possible the following rule:

1

2

1

2
1 = 2

We will show that without injective matching, there is no finite, convergent graph transfor-

mation system – possibly containing identifying rules – solving this problem for arbitrary

input graphs. (A graph transformation system is convergent if repeated rule applications

to an input graph always terminate and yield a unique output graph.)

We consider two variants of the double-pushout approach in which matching morphisms

are required to be injective. We denote these approaches by DPOi/i and DPOa/i, where

the first component of the exponent indicates whether right-hand morphisms in rules

are injective or arbitrary, and where the second component refers to the requirement for

matching morphisms. (So our second example belongs to DPOa/i.)

Besides the traditional approach DPOi/a, we will also consider DPOa/a. Obviously,

DPOa/a and DPOa/i contain DPOi/a and DPOi/i, respectively, as the rules of the latter

approaches are included in the former approaches. Moreover, using a quotient construction

for rules, we will show that DPOi/i and DPOa/i can simulate DPOi/a and DPOa/a,

respectively, in a precise and strong way. Thus the relationships between the approaches

can be depicted as follows, where ‘↪→’ means ‘is included in’ and ‘→’ means ‘can be

simulated by’:

DPO i/a

DPO a/i

DPO i /iDPO a/a

The question, then, arises as to the extent that the theory of DPOi/a carries over to the

stronger approaches. We answer this question for the classical commutativity, parallelism

and concurrency theorems, by either establishing their validity or by giving counter-

examples and providing modified results.

The paper is organized as follows. Section 2 provides the basic notions of the double-

pushout approach. In Section 3 we present three variations of the traditional approach

and establish a simulation theorem saying that graph transformation with arbitrary

matching can be simulated by graph transformation with injective matching. In Section
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4 we show that injective matching provides additional expressiveness both with respect

to the generative power of certain graph grammars and the computability of functions

by convergent graph transformation systems. Motivated by this observation, in Sections

5, 6, 7 and 8 we present a systematic study of the three variations of the traditional

approach and establish results on parallel and sequential commutativity, parallelism and

concurrency. This is done by analogy with the well-known results for the traditional

approach. In Section 9 we relate the results for parallelism and concurrency, and show

that the parallelism theorems can be seen as special cases of the concurrency theorems.

In Section 10 we conclude with a brief summary and with some topics for future work.

Finally, the Appendix summarizes some facts about pushouts and pullbacks.

2. Preliminaries

This section briefly reviews the basic notions of the double-pushout approach to graph

transformation. We consider here DPOa/a – arbitrary morphisms both in the right-hand

sides of rules and for matching – to obtain three other variants in the next section by

requiring injectivity for one or both of the relevant morphisms. For a comprehensive

survey of the ‘traditional approach’ DPOi/a, the reader may consult Ehrig (1979) and

Corradini et al. (1997)†.

A label alphabet C = 〈CV ,CE〉 is a pair of sets of node labels and edge labels. A graph

over C is a system G = (VG,EG, sG, tG, lG,mG) consisting of two finite sets VG and EG of

nodes (or vertices) and edges, two source and target functions sG, tG : EG → VG, and two

labelling functions lG : VG → CV and mG : EG → CE .

A graph morphism g : G → H between two graphs G and H consists of two functions

gV : VG → VH and gE : EG → EH that preserve sources, targets and labels, that is,

sH ◦ gE = gV ◦ sG, tH ◦ gE = gV ◦ tG, lH ◦ gV = lG, and mH ◦ gE = mG. The graphs G and H

are the domain and codomain of g, respectively. A morphism g is injective (surjective) if gV
and gE are injective (surjective), and an isomorphism if it is both injective and surjective.

In the latter case G and H are isomorphic, which is denoted by G ∼= H . An injective

morphism g is an inclusion if gV (v) = v and gE(e) = e for all v ∈ VG and e ∈ EG. The

composition of g : G → H with a morphism h : H → M is the morphism h ◦ g : G → M

consisting of the composed functions hV ◦ gV and hE ◦ gE . The composition is also written

G→ H →M if g and h are clear from the context.

A rule (or production) p = 〈L ← K → R〉 consists of two graph morphisms with a

common domain. L is the left-hand side, R the right-hand side, and K the interface of p.

Such a rule is injective if K → R is injective. We will assume throughout that K → L

is an inclusion. Allowing non-injective morphisms K → L would have the undesirable

effect that applying a rule with a given matching morphism becomes non-deterministic in

that the graphs D and H in Figure 1 below need not be unique up to isomorphism (see

Rosen (1975)); hence we refrain from allowing such rules.

† In the mid 1970’s, several papers of the Berlin school considered both DPOi/a and DPOa/a. But DPOi/a

has been the predominant approach in the literature since at least 1979, which is why we call this approach

‘traditional’.
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L K R

G D H

(1) (2)

Fig. 1. A direct derivation

Given two graphs G and H , G directly derives H through p, denoted by G⇒p H , if the

diagrams (1) and (2) in Figure 1 are graph pushouts. (See Definition A.1 in the Appendix

for the definition of graph pushouts.) The notation G ⇒p,g H is used when we wish to

make g : L→ G explicit.

The application of a rule p = 〈L ← K → R〉 to a graph G, that is, the construction of

the double-pushout in Figure 1, amounts to the following steps (see Ehrig (1979)):

(1) Find a graph morphism g : L→ G and check the following two conditions.

Dangling condition: No edge in G− g(L) is incident to a node in g(L)− g(K).

Identification condition: For all distinct items x, y ∈ L, we have g(x) = g(y) only if

x, y ∈ K . (This condition is understood to hold separately for nodes and edges.)

(2) Remove g(L) − g(K) from G, yielding a graph D, a graph morphism K → D (which

is the restriction of g), and the inclusion D → G.

(3) Construct the pushout of K → D and K → R, yielding a graph H and graph

morphisms D → H and R → H . (See Lemma A.2 in the Appendix for the construction

of graph pushouts.)

Given two graphs G,H and a set of rules R, we write G ⇒R H if there is a rule p

in R such that G ⇒p H . A derivation from G to H over R is a sequence of the form

G = G0 ⇒R G1 ⇒R . . .⇒R Gn
∼= H , which may be denoted by G⇒∗R H .

3. Four variants of the double-pushout approach

A direct derivation G⇒p,g H is said to be in

— DPOi/a if p is injective and g is arbitrary (the ‘traditional approach’),

— DPOa/a if p and g are arbitrary,

— DPOi/i if p and g are injective,

— DPOa/i if p is arbitrary and g is injective.

Note that in DPOi/i and DPOa/i the application of a rule p to a graph G is simpler than

in DPOi/a and DPOa/a, in that step (1) can be replaced by step (1′):

(1′) Find an injective graph morphism g : L→ G and check the dangling condition.

This is more efficient than searching for an arbitrary matching morphism and checking the

dangling as well as the identification condition. (When we simulate DPOx/a by DPOx/i,

however, this advantage will be offset by a greater number of rules.)

We now show that DPOi/a and DPOa/a can be simulated by DPOi/i and DPOa/i,

respectively. The idea is to replace in a graph transformation system each rule p by a

finite set of rules Q(p) such that every application of p corresponds to an application of

a rule in Q(p) obeying the injectivity condition.
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Definition 3.1. (Quotient rule) Given a rule p = 〈L← K → R〉, a rule p′ = 〈L′ ← K ′ → R′〉
is a quotient rule of p if there are two graph pushouts of the form

L K R

L′ K ′ R′

(1) (2)

where the vertical graph morphisms are surjective. The set of quotient rules of p is denoted

by Q(p).

Since a rule has – up to isomorphism – only finitely many quotients, we can without

loss of generality assume that Q(p) is finite. Note also that every quotient rule of an

injective rule is injective.

Example 3.2. Consider the rules p = 〈L← K → R〉 and p′ = 〈L′ ← K ′ → R′〉 below. Then

p′ is a quotient rule of p. The set of quotient rules of p consists of the two non-isomorphic

quotient rules p and p′.

L K R

L ′ K ′ R ′

1

2

1

2

1

2

1 = 2 1 = 2 1 = 2

In DPOi/i, applying p means to choose two distinct nodes and to insert an edge between

them. In DPOi/a, these nodes need not be distinct and hence loops can be created.

Lemma 3.3. (Quotient Lemma) For all graphs G and H , and all rules p:

(1) G⇒Q(p) H implies G⇒p H .

(2) G⇒p,g H implies G⇒p′ ,g′ H for some p′ ∈ Q(p) and some injective g′.

Proof. (1) Let G⇒p′ H for some p′ = 〈L′ ← K ′ → R′〉 in Q(p). Then the diagrams (1),

(2), (1′) and (2′) in Figure 2 on the left are graph pushouts. By the Composition Lemma

(see Lemma A.18 in the Appendix), the composed diagrams (1)+(1′) and (2)+(2′) are

pushouts as well. Hence G⇒p H .

(2) Let G ⇒p,g H and L → L′ → G be an epi-mono factorization of g : L → G, that

is, L → L′ is a surjective morphism and L′ → G is an injective morphism such that

L → G = L → L′ → G. This factorization induces a decomposition of the original

diagrams into diagrams (1) and (1′), (2) and (2′) as follows. Construct K ′ as a pullback

object of L′ → G and D → G, and denote the diagram by (1′). Then there is a unique

graph morphism K → K ′ such that K → K ′ → D = K → D and such that diagram (1) in

the right part of Figure 2 commutes. By the Decomposition Lemma A.19, (1) is a pullback.

By the Pullback–Pushout Lemma A.12 and the Special Decomposition Lemma A.20, (1′)

and (1) are pushouts. Moreover, the surjectivity of L → L′ implies the surjectivity of
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L K R

G D H

L′ K′ R′

(1) (2)

(1′) (2′)

L K R

G D H

L′ K′ R′

(1) (2)

(1′) (2′)

Fig. 2. Illustrations for the proof of the Quotient Lemma

K → K ′ (Surjectivity Lemma A.15). Now construct R′ as the pushout object of K → K ′

and K → R, and denote the diagram by (2). Then there is a unique graph morphism

R′ → H such that R → R′ → H = R → H and such that diagram (2′) commutes. By

the Decomposition Lemma A.19, diagram (2′) is a pushout. Moreover, the surjectivity

of K → K ′ implies the surjectivity of R → R′ (Surjectivity Lemma A.15). Therefore, all

diagrams in the right part of Figure 2 are pushouts, and the vertical morphisms L→ L′,

K → K ′ and R → R′ are surjective. Without loss of generality, we may assume that

K ′ → L′ is an inclusion. Therefore, p′ = 〈L′ ← K ′ → R′〉 is a quotient rule of p and

G⇒p′ ,g′ H is a direct derivation through p′ using an injective matching morphism g′.

Theorem 3.4. (Simulation Theorem) Let x ∈ {a, i}. Then for all graphs G and H , and

every rule p, G⇒p H in DPOx/a if and only if G⇒Q(p) H in DPOx/i.

Proof. The theorem is an immediate consequence of Lemma 3.3.

4. Expressiveness

In this section we show that injective matching provides additional expressiveness in two

respects. First we study the generative power of graph grammars without non-terminal

labels and show that these grammars can generate more languages in DPOx/i than in

DPOx/a, for x ∈ {a, i}. Then we consider the computation of functions on graphs by

convergent graph transformation systems and prove that in DPOa/i more functions can

be computed than in DPOa/a.

4.1. Generative power

We study the expressiveness of graph grammars in DPOx/y , for x, y ∈ {a, i}. It turns out

that all four approaches have the same generative power for unrestricted grammars, but

DPOx/i is more powerful than DPOx/a if we consider grammars without non-terminal

labels. In particular, we prove that there is a grammar without non-terminal labels in

DPOi/i generating a language that cannot be generated by any grammar without non-

terminal labels in DPOa/a.

Definition 4.1. (Graph grammar and graph language) Let x, y ∈ {a, i}. A graph grammar

in DPOx/y is a system G = 〈C,R, S ,T〉, where C is a finite label alphabet, T is an

alphabet of terminal labels with TV ⊆ CV and TE ⊆ CE , S is a graph over C called
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the start graph, and R is a finite set of rules over C such that if x = i, all rules in R are

injective. The graph language generated by G is the set L(G) consisting of all graphs G

over T such that there is a derivation S ⇒∗R G in DPOx/y . We use Lx/y to denote the

class of all graph languages generated by graph grammars in DPOx/y .

Example 4.2. The set of all (directed, unlabelled) loop-free graphs can be generated from

the empty graph by the following two rules if injective matching is assumed:

0
1

2

1

2

1

2
0

In the traditional double-pushout approach, this graph class can be generated from the

empty graph by the following three rules using ‘A’ as a non-terminal label:

1

2

1

2

1

2

A

A

A

A

A

A

0 0

Note that the rule generating an unlabelled edge cannot be applied to a single node

with a single loop. This is because the identification condition for direct derivations

prevents the two loops in the left-hand side of the rule being identified. The idea used in

this grammar allows us to show that arbitrary grammars in DPOx/i can be simulated in

DPOx/a. This will be done in the proof of the second part of the following lemma.

Lemma 4.3. Let x ∈ {a, i}.

(1) For every graph grammar G in DPOx/a there exists a graph grammar G′ in DPOx/i

such that L(G) = L(G′).
(2) For every graph grammar G in DPOx/i there exists a graph grammar G′ in DPOx/a

such that L(G) = L(G′).

Proof.

(1) Let G = 〈C,R, S ,T〉 be a graph grammar in DPOx/a and Q(R) =
⋃

p∈RQ(p). Then

Q(G) = 〈C,Q(R), S ,T〉 is a graph grammar in DPOx/i such that, by the Simulation

Theorem, L(G) = L(Q(G)).

(2) Let G = 〈C,R, S ,T〉 be a graph grammar in DPOx/i. Then we construct a graph

grammar G′ = 〈C′,R′, S ′,T〉 in DPOx/a according to the following idea. The rules of

the original graph grammar are modified in such a way that every matching morphism

that identifies nodes or edges violates the identification condition. Every node in the

start graph, the left- and the right-hand sides is equipped with a loop; as a consequence,

every matching morphism identifying two nodes must identify the incident loops that are
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not present in the interface. Moreover, all edges are removed from the interfaces; as a

consequence, every matching morphism identifying two edges violates the identification

condition. More precisely, given a graph G, let G⊕ be the graph in which all nodes are

equipped with an A-labelled loop such that A 6∈ CE is a new edge label. Given a graph

H , let H	 be the graph in which all edges are removed. For a rule p = 〈L← K → R〉, let

p⊕ be the rule 〈L⊕ ← K	 → R⊕〉. Finally, for a node label a ∈ CV , let s(a) be the graph

with a single a-labelled node and del(a) be the rule 〈s(a)⊕ ← s(a) → s(a)〉, which allows

us to delete the equipped loop.

Now let C′ = 〈CV ,CE + {A}〉, R′ = {p⊕ | p ∈ R} ∪ {del(a) | a ∈ CV } and S ′ = S⊕.

Then it is easy to see that for all graphs G and H , and every rule p, we have G⇒p H in

DPOx/i if and only if G⊕ ⇒p⊕ H⊕ in DPOx/a. Moreover, for all graphs G over T, there is

a derivation S ⇒∗R G in DPOx/i if and only if there is a derivation S⊕ ⇒∗R′ G in DPOx/a.

Hence L(G) = L(G′).

By Lemma 4.3, we know that injective matching does not change the generative power

of unrestricted graph grammars. The next lemma shows that going from injective rules

to arbitrary, possibly non-injective, rules does not change the generative power either (in

the case of injective matching).

Lemma 4.4. For every graph grammar G in DPOa/i there exists a graph grammar G′ in

DPOi/i such that L(G) = L(G′).

Proof. Let G be a graph grammar in DPOa/i. We will construct a grammar G′ in

DPOi/i that simulates the identification of two edges by deleting one of the edges, and the

identification of two nodes by redirecting all edges incident with one node to the other

and then deleting the first one.

Simulation of edge identification. Let G be a graph grammar in DPOa/i with rule set R.

We modify G to a graph grammar G′ by replacing R with R′ = {p′ | p ∈ R}, where

p′ = 〈L ← K ′ →r′ R〉 is obtained from p = 〈L ← K →r R〉 as follows. Let K ′ be

the subgraph of K with VK ′ = VK and EK ′ = {rep([e]) | e ∈ EK}, where [e] is the

equivalence class {e′ ∈ EK | rE(e) = rE(e′)} and rep([e]) is a fixed element in [e]. Let

K ′ → L = K ′ → K → L and K ′ →r′ R = K ′ → K →r R, where K ′ → K is the inclusion

of K ′ in K . Then r′E is injective. For all graphs G and H , we have G⇒p,g H in DPOa/i if

and only if G⇒p′ ,g H in DPOa/i. Hence L(G) = L(G′).

Simulation of node identification. Let G = 〈C,R, S ,T〉 be a graph grammar in DPOa/i.

According to the above construction, we may assume that for every rule p = 〈L← K →r

R〉 in R, rE is injective. We construct a graph grammar G′ in DPOi/i as follows.

For every rule p = 〈L ← K →r R〉 we construct an injective rule p′ = 〈L ← K →r′ R′〉
by ‘splitting’ nodes and inserting edges with label ‘eq’ indicating that the adjacent nodes

have to be equated. More precisely, let R′ be the graph with node set (VR − rV (VK )) +VK

and edge set ER + {〈v, rep([v])〉 | v ∈ VK , v 6= rep([v])} where [v] for v ∈ VK is the

equivalence class {v′ ∈ VK | rV (v) = rV (v′)} and rep([v]) is a fixed element in [v]. For

a node v ∈ VR′ , we have lR′(v) = lR(v) if v ∈ VR − rV (VK ) and lR′(v) = lK (v) otherwise.

For an edge e ∈ ER , we have sR′(e) = rep([v]) if sR(e) = rV (v) for some v ∈ VK and
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a

a

a

a

a

a

eq eq eq eq eq eq

eq eq eq eq eq eq

y

y

eq eq eq

Fig. 3. Rules for redirecting edges

eq

Fig. 4. Rules for deleting eq-labelled edges

sR′(e) = sR(e) otherwise, tR′(e) is defined analogously, and mR′(e) = mR(e). Moreover, an

edge of the form 〈v, rep([v])〉 has source v, target rep([v]) and label eq, where eq 6∈ CE

is a new non-terminal symbol. Let r′ : K → R′ be the morphism with r′V (v) = v and

r′E(e) = rE(e) for v ∈ VK and e ∈ EK . Note that r′ is injective. Let R′ = {p′ | p ∈ R}.
Next, we restrict the applicability of the rules to graphs without eq-labelled edges as

follows. The start graph S is equipped with a node with label 0 indicating the absence

of eq-labelled edges. Each rule p′ in R′ is equipped with additional nodes, where the

application condition ‘there do not exist eq-labelled edges’ is represented by a node with

label 0 on the left-hand side and the number of created eq-labelled edges is represented

by a node with this number on the right-hand side. More formally, given a graph G and

a non-negative integer i, G[i] is the graph obtained from G by adding a single node with

label i. For a rule p′ = 〈L ← K → R′〉 in R′, let p′′ be the rule 〈L[0] ← K → R′[i]〉
where i is the number of eq-labelled edges in R′. The set {p′′ | p′ ∈ R′} is denoted by R′′.
Moreover, let del be the rule for deleting a single node with label 0.

Finally, we add to R′′ rules for redirecting edges as shown in Figure 3, and rules for

deleting eq-labelled edges as shown in Figure 4. The redirecting rules do not change

the number of eq-labelled edges. The eq-deleting rules in Figure 4 are of the form

〈L[i] ← K → R[i− 1]〉 where i ∈ {1, . . . , k} and k is the maximal number of eq-labelled

edges in a right-hand side of R′′. The set of all redirecting edges with a, x ∈ CV and

y ∈ CE , and all deleting rules is denoted by EQ.

Now let G′ = 〈C′,R′′′, S ′,T〉 be the graph grammar in DPOi/i with C′ = 〈CV +
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{0, . . . , k},CE + {eq}〉, R′′′ = R′′ ∪EQ∪ {del} and S ′ = S[0]. Then it is easy to see that for

all graphs G and H over C and each rule p ∈ R, we have G⇒p H in DPOa/i if and only

if G[0]⇒p′′ H
′[i]⇒∗EQ H[0] in DPOi/i for some i ∈ {0, . . . , k}. Moreover, for all graphs G

overT, we have S ⇒∗R G in DPOa/i if and only if S[0]⇒∗R′′′ G in DPOi/i. This may be seen

as follows. For every derivation S ⇒∗R G there is a derivation S[0] ⇒∗R′′∪EQ G[0] ⇒del G.

For the opposite direction, every derivation S[0] ⇒∗R′′′ G to a graph G over T is of

the form S[0] = G0[0] ⇒p′′1
G′1[i1] ⇒

∗
EQ G1[0] ⇒p′′2

. . . ⇒p′′n G′n[in] ⇒
∗
EQ Gn[0] ⇒del G.

As a consequence, there is a derivation S = G0 ⇒p1
G1 ⇒p2

. . . ⇒pn Gn = G. Hence

L(G) = L(G′).

An alternative proof of Lemma 4.4 can be obtained from Uesu’s result that Li/i is

the class of all recursively enumerable sets of graphs (Uesu 1978). (A set of graphs over

some label alphabet is recursively enumerable if its image under a Gödel numbering is a

recursively enumerable set of natural numbers.) This is because each graph language in

La/i is clearly recursively enumerable and hence La/i ⊆ Li/i. However, our proof also

shows how to transform an arbitrary grammar in DPOa/i into an equivalent grammar in

DPOi/i.

Theorem 4.5. (Generative power I) Li/a =Li/i =La/a =La/i.

Proof. By Lemma 4.3, we have Lx/a ⊆ Lx/i ⊆ Lx/a for x ∈ {a, i}. Hence Li/a = Li/i

and La/a =La/i. By Lemma 4.4 and the fact that every graph grammar in DPOi/i is also

in DPOa/i, we obtain La/i ⊆ Li/i ⊆ La/i. Thus Li/a =Li/i =La/i =La/a.

Next we put Theorem 4.5 into perspective by showing that injective matching provides

more generative power if we restrict ourselves to grammars without non-terminal labels.

To this end, we use Lx/y
T to denote the class of all graph languages generated by a

grammar 〈C,R, S ,T〉 in DPOx/y withT = C. Note that for such a grammar, every graph

derivable from S belongs to the generated language.

Theorem 4.6. (Generative power II) For x ∈ {a, i}, Lx/a
T ⊂ Lx/i

T .

Proof. By the proof of Lemma 4.3, for every grammar G in DPOx/a without non-

terminal labels there is a grammar G′ in DPOx/i without non-terminal labels such that

L(G) = L(G′). Hence Lx/a
T ⊆ Lx/i

T .

To show that the inclusion is strict, let G = 〈C,R, S ,T〉 be the grammar in DPOi/i

defined by S is the empty graph, CV and CE are singletons, T = C, and R consists of

the following two rules (which have already appeared in the introduction and in Example

4.2):

1

2

1

2

1

2

0 0

We will show that no grammar in DPOa/a without non-terminal labels can generate

L(G), the set of all loop-free graphs over C. (Note that this implies both La/a
T ⊂ La/i

T and

Li/a
T ⊂ L

i/i
T .) To this end, suppose the contrary and consider a grammar G′ = 〈C,R′, S ′,T〉

in DPOa/a such that L(G′) = L(G).
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First we show that rules that identify nodes cannot occur in derivations of graphs in

L(G′). Let p = 〈L ← K →r R〉 be a rule in R′ such that rV(v) = rV(v′) for two distinct

nodes v and v′ in K . Then L cannot be loop-free as otherwise L⊕, obtained from L by

adding an edge between v and v′, would also be loop-free and hence belong to L(G′). The

latter is impossible since L⊕ ⇒p R⊕ 6∈ L(G′), where R⊕ is obtained from R by attaching

a loop to rV(v). Thus each rule in R′ that identifies nodes must contain a loop in its

left-hand side, and hence it cannot occur in any derivation of a graph in L(G′).
The idea, now, is to show that in every derivation of a complete graph of sufficient size,

a rule of R′ must be applied that creates an edge between two existing nodes. This fact

contradicts the absence of loops in L(G′), which will be easy to show.

Let k be the maximal number of nodes occurring in S ′ or in a right-hand side of R′.
Consider a loop-free graph G with k + 1 nodes such that there is an edge between each

two distinct nodes. Let S ′ = G0 ⇒R′ G1 ⇒R′ . . . ⇒R′ Gn
∼= G be a derivation generating

G, and i ∈ {0, . . . , n− 1} be the largest index such that Gi ⇒R′ Gi+1 creates a node v that

is not removed in the rest of the derivation Gi+1 ⇒∗R′ Gn. Then VG = VGn
is contained

in VGi+1
up to isomorphism. Without loss of generality, we assume VG ⊆ VGi+1

. Since VG

contains more nodes than the right-hand side of the rule applied in Gi ⇒R′ Gi+1, there

must exist a node v′ in VG ⊆ VGi+1
that is not in the image of the right-hand side. Thus,

because v is created in Gi ⇒R′ Gi+1, there is no edge between v and v′ in Gi+1. As there

is an edge between v and v′ in G, and Gi+1 ⇒∗R′ G does not identify nodes, there is a step

Gj ⇒R′ Gj+1 with j > i + 1 that creates an edge between v and v′ while there is no such

edge in Gj . Let p = 〈L ← K → R〉 be the rule applied in Gj ⇒R′ Gj+1. Then there are

two distinct nodes v1 and v2 in K such that there is an edge between (the images of) v1
and v2 in R but not in L.

Next observe that L is loop-free because Gj is. So L̃, obtained from L by identifying v1

and v2, is loop-free as well. On the other hand, there is a step L̃⇒p,g R̃ where g : L→ L̃

is the surjective morphism associated with the construction of L̃. But then R̃ contains a

loop, contradicting the fact that L̃ belongs to L(G′).

By Theorem 4.6 and the fact that DPOi/y is contained in DPOa/y , for y ∈ {a, i}, we

have the following relations between the four classes of graph languages generated by

grammars without non-terminal labels:

,i /a
T

,i /i
T

,a/i
T

,a/a
T

It is open whether or not the inclusions Li/a
T ⊆ L

a/a
T and Li/i

T ⊆ L
a/i
T are also strict.

4.2. DPO-computable functions

Graph transformation systems that transform (or ‘reduce’) every graph into a unique

irreducible graph provide a natural model for computing functions on graphs. In this

subsection we show that injective matching provides additional power for computing
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functions on graphs by convergent graph transformation systems: we will prove that in

DPOx/i more functions can be computed than in DPOx/a, for x ∈ {a, i}.

Since the result of applying a rule in the double-pushout approach is unique only up

to isomorphism, we consider derivations and functions on isomorphism classes of graphs.

An abstract graph over a label alphabet C is an isomorphism class of graphs over C.

We write [G] for the isomorphism class of a graph G, and AC for the set of all abstract

graphs over C.

Definition 4.7. (Graph transformation system) A graph transformation system in DPOx/y ,

for x, y ∈ {a, i}, is a pair 〈C,R〉 where C is a label alphabet and R a set of rules with

graphs over C such that if x = i, then all rules are injective.

In other words, a graph transformation system is obtained from a graph grammar by

forgetting the start graph and the non-terminal labels. Such a system 〈C,R〉 is finite if

CV , CE and R are finite sets. We will often identify 〈C,R〉 with R, leaving C implicit. The

derivation relation ⇒R on graphs over C (defined in Section 2) is lifted to AC by

[G]⇒R [H] if G⇒R H.

This yields a well-defined relation since for all graphs G,G′, H,H ′ over C, G′ ∼= G ⇒R
H ∼= H ′ implies G′ ⇒R H ′.

A graph transformation system R is terminating if there is no infinite sequence G1 ⇒R
G2 ⇒R . . . of graphs in AC. Let ⇒∗R be the transitive-reflexive closure of ⇒R. Then R is

confluent (or has the Church–Rosser property) if for all G,H1, H2 ∈ AC, H1 ⇐∗R G⇒∗R H2

implies that there is some H ∈ AC such that H1 ⇒∗R H ⇐∗R H2. If R is both terminating

and confluent, then it is convergent. An abstract graph G ∈ AC is a normal form (with

respect to R) if there is no H ∈ AC such that G⇒R H . If R is convergent, then for every

abstract graph G over C there is a unique normal form N such that G⇒∗R N. In this case

we use NR to denote the function on AC that sends every abstract graph to its normal

form.

Example 4.8. Let R consist of the following single rule (also shown in the introduction):

1

2

1

2 1 = 2

This system is convergent in DPOa/i: termination follows from the fact that every direct

derivation reduces the number of nodes in a graph; confluence is a consequence of the

fact that for every constellation [G1] ⇐R [G] ⇒R [G2], there is a graph H such that

[G1] ⇒R [H] ⇐R [G2], or [G1] = [G2]. (See Huet (1980) or Baader and Nipkow (1998)

for a proof that a binary relation with the latter property is confluent.) The function

NR sends every abstract graph [G] to [G′], where G′ is obtained from G by merging all

a-labelled nodes into a single node.

One should note that R is not convergent in DPOa/a because it admits the following
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infinite derivation sequence:

a a2 2

A discussion of general criteria for proving termination and confluence of graph

transformation systems is beyond the scope of this paper. For DPOa/a, a condition for

termination in terms of so-called forward closures is given in Plump (1995) and a condition

for confluence in terms of so-called critical pairs can be found in Plump (1993).

Definition 4.9. (DPO-computable function) Let x, y ∈ {a, i}. A function f : AC → AC is

computable in DPOx/y , or DPOx/y-computable for short, if there exists a finite, convergent

graph transformation system 〈C,R〉 in DPOx/y such that NR = f. The class of all

DPOx/y-computable functions is denoted by Fx/y .

Note that not all computable functions on graphs are DPO-computable. See Habel and

Plump (2001) for a universal computability model based on programs over double-pushout

rules.

Theorem 4.10. (Computability I) Fx/a ⊆ Fx/i, for x ∈ {a, i}.

Proof. Let 〈C,R〉 be a finite, convergent graph transformation system in DPOx/a. Then

〈C,Q(R)〉 is a finite and convergent system in DPOx/i, as can easily be checked by means

of the Simulation Theorem. Moreover, by the same result, every abstract graph has the

same normal form with respect to R and Q(R), respectively. Thus NR = NQ(R), which

implies the proposition.

So the double-pushout approach with injective matching is at least as powerful for

computing functions as the traditional approach with arbitrary matching. Our next result

shows that there is a function that is computable in DPOi/i but not in DPOa/a. Since

DPOi/i is included in DPOa/i, and DPOi/a is included in DPOa/a, the result at the same

time shows that DPOi/i is more powerful than DPOi/a and that DPOa/i is more powerful

than DPOa/a.

Theorem 4.11. (Computability II) There exists a function that is computable in DPOi/i

but not in DPOa/a.

Proof. Let C be a label alphabet such that CV and CE are singletons. (This simplifies

the reasoning but is not necessary for proving the theorem.) Let f : AC → AC be the

function sending an abstract graph [G] to [G′], where G′ is obtained from G by removing

all edges that are not loops. Obviously, f is computed by the convergent system R in

DPOi/i consisting of the following single rule:

1

2

1

2

1

2

To show that f cannot be computed in DPOa/a, suppose that R′ is a finite, convergent

graph transformation system in DPOa/a such that NR′ = f. Let k be the maximal number

of edges occurring in a left-hand side of a rule in R′. Consider a graph G consisting of
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two nodes and k + 1 edges between these nodes, and a derivation [G] ⇒∗R′ f([G]). Let

[G] ⇒R′ [H] be the first step of the derivation, with an underlying step G ⇒p,g H on

graphs. By the dangling condition, p cannot remove one of the two nodes in G. Next

consider a graph G′ consisting of a single node and k + 1 loops, and a surjective graph

morphism h : G → G′. Since p does not remove nodes and h is injective on edges, the

composed morphism h ◦ g satisfies the gluing condition. So there is a step G′ ⇒p, h◦g X

for some X. But [G′] = f([G′]) = NR′([G
′]), and hence G′ has to be a normal form with

respect to R′, which is a contradiction.

Corollary 4.12. Fi/a ⊂ Fi/i and Fa/a ⊂ Fa/i.

Proof. Combine Theorem 4.10 with Theorem 4.11.

Example 4.13. Consider again the convergent one-rule system R of Example 4.8. One

can show that NR is not computable in DPOa/a by the same argument that we used to

prove Theorem 4.11. For, suppose there were a convergent system R′ in DPOa/a such that

NR′ = NR. This system must contain a rule r that is applicable to a graph consisting of two

a-labelled nodes and k + 1 edges between these nodes, where k is the maximum number

of edges occurring in the left-hand side of any rule in R′. Then r does not remove nodes

and hence is also applicable to the graph consisting of a single a-labelled node and k + 1

loops, contradicting the fact that this graph must be a normal form with respect to R′.

The following diagram summarizes Theorem 4.10 and Corollary 4.12:

&i/a

&i/i

&a/i

&a/a

We conjecture that the inclusions Fi/a ⊆ Fa/a and Fi/i ⊆ Fa/i are strict, too. However,

this problem appears to be much harder than the one solved by Theorem 4.11.

5. Parallel independence

In this section we consider pairs of direct derivations H1 ⇐p1
G ⇒p2

H2 and look for

conditions under which there are direct derivations H1 ⇒p2
M ⇐p1

H2 or H1 ⇒Q(p2)

M ⇐Q(p1) H2. We formulate the notions of parallel and strong parallel independence and

present three parallel commutativity results.

Notation. In this and the following four sections, let p1 and p2 be two rules with pi =

〈Li ← Ki →ri Ri〉, for i = 1, 2.

Definition 5.1. (Parallel independence) Two direct derivations H1 ⇐p1
G ⇒p2

H2 as in

Figure 5 are parallelly independent if there are graph morphisms L1 → D2 and L2 → D1

such that L1 → D2 → G = L1 → G and L2 → D1 → G = L2 → G.

Roughly speaking, the direct derivations are parallelly independent if and only if the

intersection of the left-hand sides of p1 and p2 in G consists of common interface items.
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R
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1
L

1
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2
K

2
R

2
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H

1 D
1

G D
2

H
2

Fig. 5. Parallel independence

The notion of parallel independence and its characterization are well known, see Ehrig

and Kreowski (1976), and Ehrig and Rosen (1976), respectively.

Lemma 5.2. (Characterization of parallel independence) For x, y ∈ {a, i}, two direct

derivations H1 ⇐p1 ,g1
G ⇒p2 ,g2

H2 in DPOx/y are parallelly independent if and only

if the intersection of L1 and L2 in G consists of common interface items, that is,

g1(L1) ∩ g2(L2) ⊆ g1(K1) ∩ g2(K2).

R1 K1 L1 L2 K2 R2

H1 D1 G D2 H2

g
1

g
2

Theorem 5.3. (Parallel commutativity I) In DPOi/a, DPOa/a, and DPOi/i, for every pair of

parallelly independent direct derivations H1 ⇐p1
G⇒p2

H2 there are two direct derivations

of the form H1 ⇒p2
M ⇐p1

H2.

Proof. In Ehrig and Kreowski (1976) and Ehrig (1979), the statement is proved for

direct derivations in DPOi/a and DPOa/a. For DPOi/i, the statement follows by inspecting

the proof: if the original derivations are in DPOi/i, all morphisms occurring in the proof

are injective. Consequently, the direct derivations H1 ⇒p2
M ⇐p1

H2 are in DPOi/i.

The following counter-example demonstrates that the parallel commutativity property

does not hold for direct derivations in DPOa/i.

Example 5.4. The direct derivations in Figure 6 are parallelly independent, but no direct

derivations of the form H ⇒p M ⇐p H exist in DPOa/i. The reason is that the composed

morphism L→ D → H is not injective.

This counter-example suggests that we should strengthen parallel independence as

follows.

Definition 5.5. (Strong parallel independence) Two direct derivations H1 ⇐p1
G⇒p2

H2 as

in Figure 5 are strongly parallelly independent if there are graph morphisms L1 → D2 and

L2 → D1 such that the following hold:

1 L1 → D2 → G = L1 → G and L2 → D1 → G = L2 → G.

2 L1 → D2 → H2 and L2 → D1 → H1 are injective.

Example 5.6. The direct derivations in Figure 7 are strongly parallelly independent and

there exist direct derivations of the form H1 ⇒p2
M ⇐p1

H2 in DPOa/i.
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1
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1
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1
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1

2 1=2

Fig. 6. A counter-example to parallel commutativity in DPOa/i
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Fig. 7. Two strongly parallelly independent direct derivations

Theorem 5.7. (Parallel commutativity II) In DPOa/i, for every pair of strongly parallelly

independent direct derivations H1 ⇐p1
G ⇒p2

H2 there are two direct derivations of the

form H1 ⇒p2
M ⇐p1

H2.

Proof. Let H1 ⇐p1 ,g1
G ⇒p2 ,g2

H2 in DPOa/i be strongly parallelly independent. Then

the two steps are in DPOa/a and are parallelly independent. By the proof of the Parallel

Commutativity Theorem I, there are direct derivations H1 ⇒p2 ,g
′
2
M ⇐p1 ,g

′
1
H2 in DPOa/a

such that g′2 = L2 → D1 → H1 and g′1 = L1 → D2 → H2. Since both morphisms are

injective by strong parallel independence, the derivations are in DPOa/i.

The next result is obtained by combining the Parallel Commutativity Theorem I with

the Simulation Theorem.

Theorem 5.8. (Parallel commutativity III) In DPOa/i, for every pair of parallelly indepen-

dent direct derivations H1 ⇐p1
G ⇒p2

H2 there are two direct derivations of the form

H1 ⇒Q(p2) M ⇐Q(p1) H2.

Proof. Let H1 ⇐p1
G⇒p2

H2 in DPOa/i be parallelly independent. Then the derivations

are in DPOa/a, and, by the Parallel Commutativity Theorem I, there are direct derivations

H1 ⇒p2
M ⇐p1

H2 in DPOa/a. Hence, by the Simulation Theorem, there are direct

derivations H1 ⇒Q(p2) M ⇐Q(p1) H2 in DPOa/i.
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Fig. 8. Sequential independence

6. Sequential independence

We now turn from parallel independence to sequential independence, looking for condi-

tions under which two consecutive direct derivations can be interchanged.

Definition 6.1. (Sequential independence) Two direct derivations G ⇒p1
H ⇒p2

M as in

Figure 8 are sequentially independent if there are morphisms R1 → D2 and L2 → D1 such

that R1 → D2 → H = R1 → H and L2 → D1 → H = L2 → H . In this case the pair

〈R1 → D2, L2 → D1〉 is said to be an independence pair of G⇒p1
H ⇒p2

M.

Analogously to the situation for parallel independence, if p1 and p2 are injective rules,

the direct derivations are sequentially independent if and only if the intersection of the

right-hand side of p1 with the left-hand side of p2 in H coincides with the intersection

of the two interfaces. The characterization of sequential independence can be proved

analogously to Lemma 5.2, see Ehrig and Rosen (1976).

Lemma 6.2. (Characterization of sequential independence) For y ∈ {a, i}, two direct

derivations G ⇒p1 ,g1
H ⇒p2 ,g2

M in DPOi/y are sequentially independent if and only

if the intersection of R1 and L2 in H consists of common interface items, that is,

h1(R1) ∩ g2(L2) ⊆ h1(r1(K1)) ∩ g2(K2).

L1 K1 R1 L2 K2 R2

G D1 H D2 M

h
1

g
2

r
1

This characterization may break down, however, in the presence of non-injective rules.

So Lemma 6.2 does not hold in DPOa/a and DPOa/i, as is demonstrated by the next

example.

Example 6.3. Consider the direct derivations in Figure 9. We have R1 = r1(K1) and

L2 = K2, so the condition of Lemma 6.2 is satisfied. But the two direct derivations are

not sequentially independent because there is no graph morphism from L2 to D1.

Theorem 6.4. (Sequential commutativity I) In DPOi/a, DPOa/a and DPOi/i, for every pair

of sequentially independent direct derivations G⇒p1
H ⇒p2

M there are two sequentially

independent direct derivations of the form G⇒p2
H̄ ⇒p1

M.

For DPOi/a and DPOa/a, the statement is proved in Ehrig and Kreowski (1976). For

DPOi/i, the statement follows by inspecting the proof. Since the proof has to be inspected

a second time, it is given below.



A. Habel, J. Müller and D. Plump 654

L
1

K
1

R
1

L
2

K
2

R
2

G D
1

H D
2

M

1

2

1

2 1 = 2 3 3 3

3 31 = 2 = 3

1

2

1

2

Fig. 9. A counter-example to sequential independence

Proof. Let G ⇒p1
H ⇒p2

M be two sequentially independent direct derivations. Then

we have the following situation:

L1 K1 R1 L2 K2 R2

G D1 D2 MH
= =

(L1) (R1) (L2) (R2)

To obtain a derivation G⇒p2
H̄ ⇒p1

M, we decompose the diagrams of the derivation

G⇒p1
H ⇒p2

M, rearrange them, and compose the diagrams in a new way.

Decomposition. Construct D0 as pullback object of D1 → H ← D2. Then there exist

unique graph morphisms Ki → D0 (i = 1, 2) such that Ki → D0 → Di = Ki → Di

(i = 1, 2), K1 → D0 → D2 = K1 → R1 → D2 and K2 → D0 → D1 = K2 → L2 → D1

hold. Construct D̄2 and D̄1 as pushout objects of L1 ← K1 → D0 and R2 ← K2 → D0,

respectively. Then there exist unique graph morphisms D̄2 → G and D̄1 → M such that

L1 → D̄2 → G = L1 → G and D0 → D̄2 → G = D0 → D1 → G, R2 → D̄1 →M = R2 →M

and D0 → D̄1 →M = D0 → D2 →M hold.

Then all diagrams in Figure 10 are pushouts. This may be seen as follows. Since

K2 → L2 is assumed to be injective, D2 → H and D0 → D1 are injective (see Lemma

A.14 in the Appendix). Since the diagrams (R1) and (L2) are pushouts, diagram (7) is

constructed as pullback, and D0 → D1 is injective, the diagrams (7), (R3) and (L4) are

pushouts (see the Pullback–Pushout Lemma A.12 and the Special Decomposition Lemma

A.20). Since the diagrams (L1) and (R2) are pushouts and the diagrams (L3) and (R4) are

constructed as pushouts, the diagrams (L5) and (R6) are pushouts (see the Decomposition

Lemma A.19).

Composition. Construct H̄ as pushout object of D̄1 ← D0 → D̄2. Define L2 → G, K2 → D̄2,

R2 → H̄ , L1 → H̄ , K1 → D̄1 and R1 →M as the composed graph morphisms.

Then, the composed diagrams in Figure 11 are pushouts (Composition Lemma A.18).

Therefore, there are direct derivations G⇒p2
H̄ ⇒p1

M. From Figure 11 one can see that

these steps are sequentially independent.

If the original derivations are in DPOa/a (DPOi/a), the resulting derivations are in

DPOa/a (DPOi/a). If the original derivations are in DPOi/i, we have the following. Since the
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Fig. 10. Decomposition of a derivation
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Fig. 11. Composition of a derivation
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Fig. 12. A counter-example to sequential commutativity in DPOa/i

rules are injective, all horizontal morphisms in the figures 10 and 11 are injective (Injectivity

Lemma A.14); since the matching morphisms are injective, all vertical morphisms in the

figures are injective (Pushout–Pullback-Lemma A.11, Injectivity Lemma A.14). Therefore,

the two sequentially independent direct derivations G⇒p2
H̄ ⇒p1

M are in DPOi/i.

The following counter-example demonstrates that in DPOa/i, sequential independence

does not guarantee sequential commutativity.

Example 6.5. The direct derivations in Figure 12 are sequentially independent. Moreover,

there exists a direct derivation of the form G⇒p2
M in DPOa/i. However, there is no step

M ⇒p1
M in DPOa/i, since the composed morphism R1 → D2 →M is not injective.

We now strengthen sequential independence by requiring that R1 → D2 → M is

injective. We need not require L2 → D1 → G to be injective, though, as this follows from

the injectivity of L2 → H and K1 → L1.
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Definition 6.6. (Strong sequential independence) Two direct derivations G ⇒p1
H ⇒p2

M

as in Figure 8 are strongly sequentially independent if there are graph morphisms R1 → D2

and L2 → D1 such that the following hold:

1 R1 → D2 → H = R1 → H and L2 → D1 → H = L2 → H .

2 R1 → D2 →M is injective.

Theorem 6.7. (Sequential commutativity II) In DPOa/i, for every pair of strongly sequen-

tially independent direct derivations G⇒p1
H ⇒p2

M there are two strongly sequentially

independent direct derivations of the form G⇒p2
H̄ ⇒p1

M.

Proof. Let G ⇒p1
H ⇒p2

M in DPOa/i be strongly sequentially independent. Then the

direct derivations are in DPOa/a and are sequentially independent. By Theorem 6.4, there

are two sequentially independent direct derivations G⇒p2
H̄ ⇒p1

M in DPOa/a. Since the

original derivation is in DPOa/i, the morphism R2 → M = R2 → D̄1 → M is injective,

that is, G ⇒p2
H̄ ⇒p1

M is strongly sequentially independent. It remains to show that

the direct derivations are in DPOa/i. Inspecting the proof of Theorem 6.4 and looking at

Figures 10 and 11, one may see the following. Since L2 → H and K1 → L1 are injective,

L2 → D1, D1 → G, and L2 → G = L2 → D1 → G are injective. So it remains to show that

L1 → D̄2 → H̄ is injective. Consider the following figure:

K1 R1

D0 D2K2

D1 MR2

(R3)

(R6)(R4)

We will show that (R3)+(R6) is a pullback. By construction, (R3)+(R6) is a pushout.

By assumption, R1 → D2 → M is injective. Hence, according to the Pushout–Pullback

Lemma A.11, it suffices to show that the pair 〈K1 → R1, K1 → D0 → D̄1〉 is monomorphic.

Suppose to the contrary, that there are two distinct items x and y in K1 that are identified

by both K1 → R1 and K1 → D0 → D̄1. Let x′ and y′ be the images of x and y in D0, and z

the image of x′ and y′ in D2. (D0 → D2 identifies x′ and y′ by the commutativity of (R3).)

Since K1 → D0 is injective, x′ and y′ are distinct. Since D0 → D̄1 identifies x′ and y′, and

(R4) is a pushout, x′ and y′ are the images of two items in K2 (Pushout Characterization

A.7). But then K2 → D0 → D2 sends these items to z, contradicting the injectivity of

this morphism. Thus (R3)+(R6) is a pullback. Hence, by the Injectivity Lemma A.14, the

injectivity of R1 → D2 → M carries over to K1 → D0 → D̄1 and L1 → D̄2 → H̄ . This

completes the proof.

Next we combine the Sequential Commutativity Theorem I with the Simulation Theo-

rem.
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Fig. 13. Ambiguity in sequential independence

Theorem 6.8. (Sequential commutativity III) In DPOa/i, for every pair of sequentially

independent direct derivations G ⇒p1
H ⇒p2

M, there are two direct derivations of the

form G⇒p2
H̄ ⇒Q(p1) M.

Proof. Let G ⇒p1
H ⇒p2

M in DPOa/i be sequentially independent. Then the direct

derivations are in DPOa/a, and, by the Sequential Commutativity Theorem I, there are

sequentially independent direct derivations G⇒p2
H̄ ⇒p1

M in DPOa/a. Since the original

derivations are in DPOa/i, the morphism L2 → G is injective. By the Simulation Theorem,

there is a direct derivation H̄ ⇒Q(p1) M in DPOa/i. Therefore, there are two direct

derivations G⇒p2
H̄ ⇒Q(p1) M in DPOa/i.

To see that the resulting direct derivations in Theorem 6.8 need not be sequentially

independent, consider the sequentially independent direct derivations G⇒p1
H ⇒p2

M of

Example 6.5. There the resulting direct derivations G⇒p2
H̄ ⇒Q(p1) M, which are depicted

in Figure 9, are not sequentially independent.

We conclude this section by showing that in the presence of non-injective rules, in-

terchanging two sequentially independent steps G ⇒p1
H ⇒p2

M may result in different

derivations G⇒p2
H̄ ⇒p1

M and G⇒p2
H̄ ′ ⇒p1

M such that H̄ and H̄ ′ are not isomorphic.

Example 6.9. The direct derivations in Figure 13 are sequentially independent: there exist

two graph morphisms from L2 to D1 and a unique graph morphism from R1 to D2

satisfying the conditions of Definition 6.1. Depending on which of the two morphisms

from L2 to D1 is chosen, the construction in the proof of the Sequential Commutativity

Theorem I yields the first or the second derivation in Figure 14. Note that the middle

graphs of the two derivations are not isomorphic.

By Theorem 6.4 (6.7), we have that two (strongly) sequentially independent direct

derivations G ⇒p1
H ⇒p2

M can be interchanged. The result of the interchange depends

on the chosen independence pair.

Definition 6.10. (Interchange operator IC) Let ∆: G ⇒p1
H ⇒p2

M be two (strongly)

sequentially independent direct derivations with independence pair π as in Definition

6.1. Then ICπ(∆) denotes the two (strongly) sequentially independent direct derivations
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p
2

p
1

p
2

p
1

Fig. 14. Interchanging the steps of Figure 13 in different ways

G ⇒p2
H̄ ⇒p1

M constructed in the proof of Theorem 6.4 (6.7) and π̄ denotes the

associated independence pair 〈R2 → D̄1, L1 → D̄2〉.

The result of an interchange are two (strongly) sequentially independent direct deriva-

tions, so these direct derivations can again be interchanged. The following result shows

that by choosing the induced independence pair for this, the interchange results in the

original direct derivations.

Definition 6.11. (Generalized instance, isomorphic derivation)

1 Let ∆: G0 ⇒p1
G1 ⇒p2

. . .⇒pn Gn be a derivation of the form

L1 K1 R1 L2 K2 R2

D1 D2

(L1) (R1) (L2) (R2)

G1 G2
G0

Ln Kn Rn

Dn Gn
Gn–1

(Ln) (Rn)

and (L1′), (R1′), . . . , (Ln′), (Rn′) as in Figure 15 be pushouts. Then the derivation

∆′ : G′0 ⇒p1
G′1 ⇒p2

. . . ⇒pn G′n consisting of the composed pushouts (L1)+(L1′), . . . ,

(Rn)+(Rn′) is a generalized instance of ∆. We say that ∆′ is based on the morphism

G0 → G′0.

2 A generalized instance of ∆ based on an injective morphism is said to be an instance

(Plump 1995).

3 Two derivations ∆ and ∆′ are isomorphic, denoted by ∆ ∼= ∆′, if ∆′ is an instance of ∆

based on an isomorphism.
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(L1) (R1)

(L1′) (R1′)

(L2) (R2)

(L2′) (R2′)

(Ln) (Rn)

(Ln′) (Rn′)

Fig. 15. A generalized instance of the derivation in Definition 6.11
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Note that for isomorphic derivations ∆ and ∆′, all vertical morphisms relating the

derivations are isomorphisms (Injectivity and Surjectivity Lemma A.14 and A.15).

Theorem 6.12. (Interchange) Let ∆: G ⇒p1
H ⇒p2

M be two direct derivations that are

(strongly) sequentially independent by an independence pair π. Then ICπ̄(ICπ(∆)) ∼= ∆.

Proof. Let ICπ(∆) and π̄ be constructed as in the proof of Theorem 6.4 (6.7). Then all

diagrams in Figure 11 are pushouts. Moreover, by the Pushout–Pullback Lemma A.11,

diagram (8) is a pullback as well. As a consequence, the decomposition of the diagrams

of ICπ(∆) according to π̄ yields the diagrams depicted in Figure 11. Since diagram (7)

in Figure 10 is a pushout as well, a rearrangement of the diagrams in Figure 11 and a

construction of a pushout object of D1 ← D0 → D2 yields diagrams as depicted in Figure

10. Therefore, the derivations ICπ̄(ICπ(∆)) and ∆ are equal up to isomorphism.

In DPOi/a and DPOi/i, for every pair of sequentially independent direct derivations

there is a unique independence pair. As a consequence, choosing any independence pair

of ICπ(∆) for a second interchange will give back the original derivation. A corresponding

result does not hold in DPOa/i and DPOa/a where choosing an arbitrary independence

pair of ICπ(∆) may give a derivation that is not isomorphic to the original one.

Example 6.13. Consider the first derivation G ⇒p2
H̄ ⇒p1

M in Figure 14. The direct

derivations are sequentially independent and there is a unique independence pair π.

The result of the interchange is the derivation G ⇒p1
H ⇒p2

M in Figure 13. As

discussed in Example 6.9, there are two independence pairs π̄1 and π̄2. Depending on

which independence pair is chosen, the second interchange yields the first or the second

derivation in Figure 14. While the first derivation coincides with the original derivation,

the second derivation is not isomorphic to the original one.

7. Parallelism

In this section we consider sequentially independent direct derivations, parallel rules, and

derivations through parallel rules. The connection between sequentially independent direct

derivations and parallel derivations is established in the Parallelism Theorem.

We now define the parallel composition of rules p1 and p2 as the disjoint union of p1

and p2, that is, the disjoint union of the left-hand sides, the right-hand sides, and the

interfaces.

The disjoint union of two graphs G1 and G2 is the graph G1 + G2 with node set

(VG1
×{1})∪ (VG2

×{2}) and edge set (EG1
×{1})∪ (EG2

×{2}). An edge 〈e, i〉 with e ∈ EGi
,

i ∈ {1, 2}, has the source 〈sGi
(e), i〉, the target 〈tGi

(e), i〉, and the label mGi
(e). A node

〈v, i〉 has the label lGi
(e). The disjoint union of two graph morphisms g1 : G1 → H1 and

g2 : G2 → H2 is the morphism g1 + g2 : G1 + G2 → H1 + H2 consisting of the functions

g1V + g2V and g1E + g2E mapping a node 〈v, i〉 to 〈giV (v), i〉 and an edge 〈e, i〉 to 〈giE (e), i〉.

Definition 7.1. (Parallel rules and derivations) The parallel rule p1 + p2 of p1 and p2 is

defined by 〈L1 + L2 ← K1 + K2 →r1+r2 R1 + R2〉, where + denotes the disjoint union of
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graphs, respectively, graph morphisms. A direct derivation G⇒p1+p2
M is called a parallel

direct derivation.

Example 7.2. Consider the rules p1 and p2 in Figure 13. Then the parallel rule p1 + p2 of

p1 and p2 is given below. It can be applied to the graph G in Figure 13 yielding a parallel

direct derivation G⇒p1+p2
M in DPOa/a.

L1 + L2 K1 + K2 R1 + R2

1

2

3

1

2

3

3

1 = 2

A connection between sequentially independent direct derivations and parallel direct

derivations is expressed by the following (known) result.

Theorem 7.3. (Parallelism I) In DPOi/a and DPOa/a the following hold:

(1) For every pair of sequentially independent direct derivations G ⇒p1
H ⇒p2

M there

is a parallel derivation G⇒p1+p2
M.

(2) For every parallel derivation G ⇒p1+p2
M there are sequentially independent direct

derivations G⇒p1
H ⇒p2

M and G⇒p2
H̄ ⇒p1

M.

The statement is proved in Ehrig and Kreowski (1976) and Kreowski (1977). Since the

proof has to be inspected a second time, it is given below.

Proof.

(1) Let G ⇒p1
H ⇒p2

M be sequentially independent. Then the derivation can be

decomposed as in the proof of Theorem 6.4 and all diagrams in Figure 10 are pushouts.

The pushouts can be composed as butterflies (see Figure 16). By the Butterfly Lemma

A.26, the diagrams (L1) and (R1) in Figure 17 are pushouts. As a consequence, there is a

parallel derivation G⇒p1+p2
M.

(2) Let G⇒p1+p2
M be a parallel derivation. Then we have folded butterflies as in Figure

17. By the Butterfly Lemma A.26, there exists a decomposition of the pushouts (L1) and

(R1) into pushouts (L3), (L4), (L5), and (R3), (R4), (R6) (see Figure 16). Composing the

diagrams in a new fashion and constructing H as the pushout object of D1 ← D0 → D2

leads to Figure 10. By the Composition Lemma A.18, the composed diagrams are pushouts.

Moreover, R1 → H = R1 → D2 → H and L2 → H = L2 → D1 → H , that is, the two

direct derivations G ⇒r1 H ⇒r2 M are sequentially independent. Accordingly, one may

construct sequentially independent direct derivations G⇒r2 H̄ ⇒r1 M.

The following counter-example demonstrates that the parallelism property does not

hold in DPOi/i and DPOa/i.

Example 7.4. The direct derivations L⇒p L⇒p L through p = 〈L← L→ L〉, where L is

some non-empty graph, are sequentially independent in DPOi/i. However, there does not

exist a direct derivation L⇒p+p L in DPOi/i.
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Fig. 16. Butterflies

K
1
 + K

2

L
1
 + L

2
D

0

G

(L1)

K
1
 + K

2

R
1
 + R

2
D

0

M

(R1)

Fig. 17. Folded butterflies

The counter-example suggests that we consider quotient rules of parallel rules. But, in

DPOa/i and DPOi/i, it is not the case that for every direct derivation through a quotient

rule of p1 + p2 there are also sequentially independent direct derivations through p1 and

p2.

Example 7.5. Consider the rules p1 and p2 in Figure 12. Then the rules p′ = 〈L′ ← K ′ →
R′〉 and p′′ = 〈L′′ ← K ′′ → R′′〉 below are quotient rules of p1 + p2.

L′ K′ R′

L′′ K′′ R′′

1

2

1

2 1 = 2

1 = 21 = 21 = 2

The rule p′′ may be applied to the graph M in Figure 12 yielding a direct derivation

M ⇒p′′ M in DPOa/i. But there are no direct derivations M ⇒p1
M and M ⇒p2

M in

DPOa/i. The reason is that the morphisms L1 → L1 + L2 → L′′ and L2 → L1 + L2 → L′′

are not injective. (If we consider injective rules instead of arbitrary ones, we get a similar

situation.) For the rule p′, the morphisms L1 → L1 + L2 → L′ and L2 → L1 + L2 → L′

are injective. It may be applied to the graph G in Figure 12 yielding a direct derivation

G ⇒p′ M in DPOa/i. Moreover, there is a direct derivation G ⇒p2
M. But there is no
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direct derivation M ⇒p1
M in DPOa/i. The reason is that the morphism K ′ → R′ identifies

nodes that have preimages in K1 as well as K2.

For DPOa/i and DPOi/i, we have to consider the following subclass of quotient rules

of parallel rules.

Definition 7.6. (Proper quotient rules) A rule p′ = 〈L′ ← K ′ → R′〉 is a proper quotient

rule of a parallel rule p1 + p2 if:

(a) p′ ∈ Q(p1 + p2),

(b) Li → L1 + L2 → L′ is injective for i = 1, 2, and

(c) S → K ′ → R′ is injective, where S and S → K ′ are constructed as follows: Ki → K ′ =

Ki → K1 + K2 → K ′, S is a pullback object of K1 → K ′ ← K2 and S → K ′ = S →
K1 → K ′.

The set of proper quotient rules of p1 + p2 is denoted by PQ(p1 + p2).

For injective rules p1 and p2, a rule p′ is already a proper quotient rule of p1 + p2 if

the conditions (a) and (b) are satisfied: the injectivity of Li → L1 + L2 → L′ implies the

injectivity of Ki → K1 + K2 → K ′ (i = 1, 2). By the Injectivity Lemma A.14, S → Ki for

i = 1, 2 is injective, too. By the injectivity of Ki → Ri for i = 1, 2, K1 +K2 → R1 + R2 and

K ′ → R′ are injective. Therefore, S → K ′ → R′ is injective.

Note that in Section 9 a simple method for constructing the set of all proper quotient

rules of p1 + p2 is presented. It is based on the idea of ‘gluing’ the left-hand sides, the

right-hand sides, and the interfaces of p1 and p2 according to a graph S that relates the

rules p1 and p2 by graph morphisms S → Ki such that S → Ki → Ri is injective.

S

L
1 K

1
R

1

L
2 K

2
R

2

L ′ K ′ R ′

(S0)

Fig. 18. Illustration for Definition 7.6

Example 7.7. Consider the rules p1 and p2 in Figure 13. The rule p′ below is a proper

quotient rule of p1 + p2. It can be applied to the graph G in Figure 13 yielding a parallel

direct derivation G⇒p′ M in DPOa/i.

R ′K ′L ′

1

2

1

2 1 = 2

Theorem 7.8. (Parallelism II) In DPOa/i and DPOi/i the following hold:

(1) For every pair of strongly sequentially independent direct derivations G⇒p1
H ⇒p2

M

there is a direct derivation G⇒PQ(p1+p2) M.
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Fig. 19. Illustration for the proof of Theorem 7.8

(2) For every direct derivation G⇒PQ(p1+p2) M there are strongly sequentially independent

direct derivations G⇒p1
H ⇒p2

M and G⇒p2
H̄ ⇒p1

M.

In the case of DPOi/i, Theorem 7.8 may be simplified by replacing strong sequential

independence by sequential independence.

Proof.

(1) Let G⇒p1
H ⇒p2

M in DPOa/i be strongly sequentially independent. Then the direct

derivations are in DPOa/a, and, by Theorem 7.3, there is a parallel derivation G⇒p1+p2
M

in DPOa/a. By the Simulation Theorem, there is a direct derivation G ⇒p′ M in DPOa/i

for some p′ ∈ Q(p1 + p2). It remains to show that p′ ∈ PQ(p1 + p2). Consider Figure 8.

By assumption, L1 → G and L2 → H are injective. Moreover, L2 → D1 and D1 → G

are injective. Therefore, L2 → G = L2 → D1 → G is injective. Since the morphism

Li → L1 + L2 → L′ → G = Li → L1 + L2 → G = Li → G for i = 1, 2 is injective,

Li → L1 + L2 → L′ for i = 1, 2 is injective. As a consequence, Ki → K1 + K2 → K ′

for i = 1, 2 is injective. Since (S0) in Figure 18 is a pullback, S → Ki for i = 1, 2

is injective. Since S → K2 and K2 → D2 → D0 → D2 are injective and (1)+(R3)

commutes, S → K1 → R1 is injective (see Figure 19). By strong sequential independence,

R1 → D2 →M is injective. Therefore, S → K ′ → R′ →M and S → K ′ → R′ are injective.

(2) Let G ⇒p′ M in DPOa/i for some p′ ∈ PQ(p1 + p2). By the Simulation Theorem,

there is a parallel derivation G ⇒p1+p2
M in DPOa/a, and, by Theorem 7.3, there are

sequentially independent direct derivations G ⇒p1
H ⇒p2

M and G ⇒p2
H̄ ⇒p1

M in

DPOa/a. It remains to show that the direct derivations are in DPOa/i and are strongly

sequentially independent. Since p′ ∈ PQ(p1 + p2), we have Li → L1 + L2 → L′ for i = 1, 2

and S → K ′ → R′ are injective. Moreover, by assumption, L′ → G is injective. Therefore,

the morphism Li → G is injective, for i = 1, 2. Since diagram (S0) in Figure 18 is a

pullback and the morphism K ′ → D0 is injective, diagram (1) in Figure 19 is a pullback

(Pullback Inheritance A.16). Now the injectivity of S → K ′ → R′ implies the injectivity

of S → Ki → Ri, for i = 1, 2. This implies the injectivity of K2 → D0 → D2 and

K1 → D0 → D̄1 (Lifting of injectivity A.25), see Figure 19. By the Injectivity Lemma A.14,
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the morphisms L2 → D1 → H and L1 → D̄2 → H̄ are injective (see Figure 10 and 11).

Therefore, the direct derivations are in DPOa/i. By the same argument, the morphisms

R2 → D̄1 → M and R1 → D2 → M are injective, so the direct derivations are strongly

sequentially independent.

Note that Theorem 7.8 does not hold for DPOi/a and DPOa/a: since strong sequential

independence implies sequential independence and every parallel rule is proper, the first

statement of Theorem 7.8 holds for DPOi/a and DPOa/a. Inspecting the proof of the

second statement, one may see that the sequentially independent direct derivations need

not be strongly sequentially independent; thus the second statement does not hold.

We conclude this section, by showing that in the presence of non-injective rules, the

parallelization of two sequentially independent steps G⇒p1
H ⇒p2

M may result in direct

derivations G ⇒p1+p2 ,g M and G ⇒p1+p2 ,g′ M such that g and g′ are different, and the

sequentialization of a direct derivation G⇒PQ(p1+p2) M may result in different derivations

G⇒p1
H ⇒p2

M and G⇒p1
H ′ ⇒p2

M such that H and H ′ are not isomorphic.

Example 7.9. The direct derivations in Example 6.9 are sequentially independent. But

there exist two distinct graph morphisms L2 → D1 with L2 → D1 → H = L2 → H . As

a consequence, there are two distinct parallel derivations G ⇒p1+p2
M. Moreover, there

exist two distinct graph morphisms L1 + L2 → L′ for constructing the quotient rule p′

of p1 + p2 in Example 7.7. As a consequence, there are two distinct sequentializations

G⇒p2
H̄ ⇒p1

M and G⇒p2
H̄ ′ ⇒p1

M of the direct derivation G⇒p′ M.

8. Concurrency

In this section, we consider again derivations of the form G ⇒p1
H ⇒p2

M, but the as-

sumption of sequential independence is dropped. This leads to the notion of a dependence

relation s for a pair of rules, sequentially s-dependent derivations, and the construction

of s-concurrent rules and derivations. The connection between sequentially s-dependent

derivations and s-concurrent derivations is established in the so-called Concurrency The-

orem.

By the parallelism theorems presented in Section 7, we know that two sequentially

independent derivation steps G ⇒p1
H ⇒p2

M may be replaced by a single parallel

derivation step G⇒p1+p2
M. It remains the question whether we can do something similar

if the two steps G ⇒p1
H ⇒p2

M are not sequentially independent, that is, if the rule p2

needs some items that are generated by p1 or if p2 deletes some items that are needed by

p1. In the following, we determine the dependencies between the right-hand side of p1 and

the left-hand side of p2, construct the sequential composition of p1 and p2 with respect to

the dependence relation s (the so-called s-concurrent rule), and show that two sequentially

s-dependent derivations G ⇒p1
H ⇒p2

M may be replaced by a single derivation step

G⇒M through an s-concurrent rule.

Example 8.1. Figure 20 shows two sequentially dependent direct derivations G⇒p1
H ⇒p2

M in DPOa/i and their canonical dependence relation s = 〈R1 ← S → L2〉. The latter is

constructed as the pullback of the morphisms R1 → H ← L2.
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Fig. 20. Two sequentially dependent steps and their canonical dependence relation
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Fig. 21. A derivation
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Fig. 22. Decomposition of the derivation in Figure 21

Lemma 8.2. (Construction of the canonical dependence relation) In DPOi/a, DPOa/i and

DPOi/i, for every derivation ∆: G ⇒p1
H ⇒p2

M as in Figure 21 there is a pair of

morphisms s = 〈R1 ← S → L2〉 and a derivation ∆′ : L∗ ⇒p1
H∗ ⇒p2

R∗ as in Figure 22

such that ∆ is a generalized instance of ∆′, (S) is a pullback and (S′) is a pushout.

Proof. Let ∆: G⇒p1
H ⇒p2

M be a derivation as shown in Figure 21. Construct S as
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the pullback object of R1 → H ← L2 and H∗ as the pushout object of R1 ← S → L2.

Then diagram (S) in Figure 21 is a pullback and diagram (S′) in Figure 22 is a pushout.

Moreover, there exists a unique graph morphism H∗ → H such that R1 → H∗ → H =

R1 → H and L2 → H∗ → H = L2 → H . Now construct D∗i as pullback object of

Di → H ← H∗ (i = 1, 2). Then there exist unique graph morphisms Ki → D∗i such that

Ki → D∗i → Di = Ki → Di and the diagrams (R1′) and (L2′) in Figure 22 commute.

Finally, construct L∗ and R∗ as pushout objects of L1 ← K1 → D∗1 and R2 ← K2 → D∗2 ,

respectively. Then there are unique graph morphisms L∗ → G and R∗ → M, such that

L1 → L∗ → G = L1 → G, R2 → R∗ → M = R2 → M, and the diagrams (L1′′) and (R2′′)

commute. Moreover, all diagrams in Figure 22 are pushouts.

This may be seen as follows. Since K2 → L2 is injective, by the Twisted-Triple-Pushout

Lemma A.22, (L2′) and (L2′′) are pushouts. In DPOi/a and DPOi/i, K1 → R1 is injective,

as well, and by the Twisted-Triple-Pushout Lemma A.22, (R1′) and (R1′′) are pushouts.

In DPOa/i, R1 → H and L2 → H are injective and, by the Inheritance of Injectivity A.17

and the Twisted-Triple-Pushout Lemma A.22, H∗ → H is injective and (R1′) and (R1′′)

are pushouts. Moreover, (L1′) and (R2′) are pushouts and, by the Decomposition Lemma

A.19, (L1′′) and (R2′′) are pushouts.

Consequently, ∆′ : L∗ ⇒p1
H∗ ⇒p2

R∗ is a derivation and ∆ is a generalized instance of

∆′.

Note that Lemma 8.2 does not hold for DPOa/a. But given a derivation G⇒p1
H ⇒p2

M

in DPOa/a, we may switch to the corresponding derivation G⇒Q(p1) H ⇒Q(p2) M in DPOa/i

and construct a canonical dependence relation for it.

Lemma 8.2 motivates us to define a dependence relation as follows.

Definition 8.3. (Dependence relation and sequential s-dependence)

1 A dependence relation s = 〈R1 ← S → L2〉 for 〈p1, p2〉 is a pair of graph morphisms

such that there exists a derivation L∗ ⇒p1
H∗ ⇒p2

R∗ as in Figure 22 for which

diagram (S′) is a pushout. Such a derivation is said to be an s-derivation for 〈p1, p2〉.
2 Given a dependence relation s for 〈p1, p2〉, two direct derivations G⇒p1

H ⇒p2
M as in

Figure 21 are sequentially s-dependent if diagram (S) commutes and G ⇒p1
H ⇒p2

M

is a generalized instance of an s-derivation L∗ ⇒p1
H∗ ⇒p2

R∗ for 〈p1, p2〉 as in Figure

22, where H∗ → H is the unique morphism that exists by the universal property of

the pushout (S′).

Note that ε = 〈R1 ← 6 → L2〉 is a dependence relation for 〈p1, p2〉, called the empty

dependence relation. (Here 6 denotes the empty graph.) L1+L2 ⇒p1
R1+L2 ⇒p2

R1+R2 is

an ε-derivation and every pair of sequentially independent direct derivations is sequentially

ε-dependent.

Example 8.4. The pair s = 〈R1 ← S → L2〉 of morphisms in Figure 20 forms a dependence

relation for 〈p1, p2〉. Moreover, the two direct derivations G⇒p1
H ⇒p2

M are sequentially

s-dependent.

The following example demonstrates that not every pair of morphisms defines a depen-

dence relation.
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Fig. 23. A counter-example for a dependence relation
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Fig. 24. An s-concurrent rule of 〈p1, p2〉

Example 8.5. Consider the pair s = 〈R1 ← S → L2〉 of morphisms in Figure 23. There

does not exist a derivation G⇒p1
H ⇒p2

M reflecting the dependencies described by s. In

particular, there does not exist an s-derivation for 〈p1, p2〉.

Given a dependence relation s for 〈p1, p2〉, we may construct an s-concurrent rule for

〈p1, p2〉 from an s-derivation L∗ ⇒p1
H∗ ⇒p2

R∗ by choosing L∗ and R∗ as the left- and

the right-hand side of the rule, respectively, and constructing the interface K∗ of the rule

as pullback object of the intermediate graphs D1 and D2.

Definition 8.6. (s-concurrent rules and derivations) Given a dependence relation s for

〈p1, p2〉, an s-concurrent rule p∗ = 〈L∗ ← K∗ → R∗〉 of 〈p1, p2〉 is constructed from an

s-derivation L∗ ⇒p1
H∗ ⇒p2

R∗ as in Figure 24 by constructing the interface K∗ as

a pullback object of D∗1 → H∗ ← D∗2 and defining K∗ → L∗ = K∗ → D∗1 → L∗ and

K∗ → R∗ = K∗ → D∗2 → R∗. The set of all s-concurrent rules of 〈p1, p2〉 is denoted by

Con(p1, s, p2).

A direct derivation through an s-concurrent rule is called an s-concurrent direct deriva-

tion.

Since the number of non-isomorphic pushout complements of K1 → R1 → H∗ is finite,

we can without loss of generality assume that Con(p1, s, p2) is finite. If the rule p1 is
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Fig. 25. Two s-derivations

Fig. 26. Two s-concurrent rules

injective, there exists a unique pushout complement of K1 → R1 → H∗ and a unique

s-concurrent rule of 〈p1, p2〉.
Note that every parallel rule p1 +p2 is an ε-concurrent rule of 〈p1, p2〉 and every parallel

derivation is an ε-concurrent derivation.

Example 8.7. Consider the dependence relation s for 〈p1, p2〉 in Figure 20. There are two

non-isomorphic s-derivations, which are shown in Figure 25. Depending on which of the

two derivations is chosen, the construction of an s-concurrent rule yields either the first

or the second rule in Figure 26. Applying the first rule to the graph G of Figure 25 yields

an s-concurrent derivation G⇒M.

A connection between sequentially s-dependent direct derivations and s-concurrent

derivations is expressed by the following result. Up to now, the result was only known for

DPOi/a (Ehrig et al. 1986; Ehrig et al. 1991).

Theorem 8.8. (Concurrency I) In DPOi/a and DPOa/a the following hold:

(1) For every pair of sequentially s-dependent direct derivations G ⇒p1
H ⇒p2

M there

is an s-concurrent derivation G⇒Con(p1 ,s,p2) M.

(2) For every s-concurrent derivation G ⇒Con(p1 ,s,p2) M there are two sequentially s-

dependent direct derivations G⇒p1
H ⇒p2

M.

Proof.

(1) Let G⇒p1
H ⇒p2

M be sequentially s-dependent. Then the derivation is a generalized

instance of an s-derivation L∗ ⇒p1
H∗ ⇒p2

R∗ (see Figure 27). Without loss of generality,

we may assume that the pair 〈D∗1 → H∗, D∗1 → D1〉 is monomorphic (see Definition A.6).
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Fig. 27. A generalized instance of an s-derivation for 〈p1, p2〉
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This may be seen as follows. In DPOi/a, D∗1 → H∗ is injective because K1 → R1 is. In

DPOa/a, the pair 〈D∗1 → H∗, D∗1 → D1〉 need not be monomorphic. By the Monomorphic-

Pair Lemma A.24, there is a factorization of (R1′)+(R1′′) into pushouts K1R1D̄
∗
1H
∗

and D̄∗1H
∗D1H such that 〈D̄∗1 → H∗, D̄∗1 → D1〉 is monomorphic. Moreover, there is a

factorization of (L1′)+(L1′′) into pushouts K1L1D̄
∗
1L̄
∗ and D̄∗1L̄

∗D1G. Therefore, G ⇒p1

H ⇒p2
M is a generalized instance of the s-derivation L̄∗ ⇒p1

H∗ ⇒p2
R∗.

Now let p∗ be constructed from this s-derivation. Then K∗ is a pullback object of

D∗1 → H∗ ← D∗2 (see Figure 28). Construct D as a pullback object of D1 → H ← D2.

Then there exists a unique morphism K∗ → D such that K∗ → D → Di = K∗ → D∗i → Di

(i = 1, 2). By the Cube Pullback–Pushout Lemma A.13, the diagrams K∗DD∗1D1 and

K∗DD∗2D2 are pushouts and, by Composition Lemma A.18, the composed diagrams

K∗DL∗G and K∗DR∗M are pushouts. Thus G⇒p∗ M.

(2) Let G⇒p∗ M be an s-concurrent derivation. Then p∗ is constructed from an s-derivation

L∗ ⇒p1
H∗ ⇒p2

R∗ (see Figure 29).

In the following, we will construct diagrams as depicted in Figure 27. To this end,

construct Di as pushout object of D∗i ← K∗ → D (i = 1, 2). Then there exist unique graph

morphisms D1 → G and D2 → M such that the diagrams (L1′′) and (R2′′) commute. By

the Decomposition Lemma A.19 the new diagrams (L1′′) and (R2′′) are pushouts. Now

construct H as pushout object of D1 ← D∗1 → H∗ (see diagram (R1′′)). Then there exists

a unique graph morphism D2 → H such that (L2′′) commutes. By the Decomposition

Lemma A.19, (L2′′) is a pushout as well. Now all diagrams in Figure 27 are pushouts.

By the Composition Lemma A.18, the composed diagrams are pushouts. Therefore,
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G ⇒p1
H ⇒p2

M is a generalized instance of L∗ ⇒p1
H∗ ⇒p2

R∗, and hence the direct

derivations are sequentially s-dependent.

The following counter-example demonstrates that the concurrency property does not

hold in DPOi/i and DPOa/i.

Example 8.9. The direct derivations L ⇒p L ⇒p L in Example 7.4 are sequentially

ε-dependent in DPOi/i and p + p is the unique ε-concurrent rule of 〈p, p〉. But there

does not exist a direct derivation L ⇒p+p L in DPOi/i. For the dependence relation

s = 〈L ← L → L〉, where L → L is the identity, p is the unique s-concurrent rule 〈p, p〉
and L⇒p L is a derivation in DPOi/i.

We strengthen sequential s-dependence by requiring that the derivation is an instance

of an s-derivation, that is, the vertical morphisms relating the s-derivation to the original

derivation are injective. Then the constructed s-concurrent rule can be applied in an

injective manner.

Definition 8.10. (Strong sequential s-dependence) Given a dependence relation s for 〈p1, p2〉,
two direct derivations G ⇒p1

H ⇒p2
M as in Figure 21 are strongly sequentially s-

dependent if diagram (S) commutes and G⇒p1
H ⇒p2

M is an instance of an s-derivation

L∗ ⇒p1
H∗ ⇒p2

R∗ for 〈p1, p2〉, where H∗ → H is the unique morphism that exists by the

universal property of the pushout (S′) in Figure 22.

In DPOa/i and DPOi/i, it is not the case that for every direct s-concurrent derivation

there are also sequentially s-dependent direct derivations. If the used s-concurrent rule is

constructed from an s-derivation L∗ ⇒p1
H∗ ⇒p2

R∗, we have to ensure that the vertical

morphisms L1 → L∗ and L2 → H∗ are injective. Hence we restrict on s-concurrent rules

constructed from s-derivations in DPOa/i.

Definition 8.11. (Proper s-concurrent rules) An s-concurrent rule for 〈p1, p2〉 is proper if it is

constructed from an s-derivation for 〈p1, p2〉 in DPOa/i. The set of all proper s-concurrent

rules of 〈p1, p2〉 is denoted by PCon(p1, s, p2).
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Example 8.12. The first rule in Figure 26 is a proper s-concurrent rule for 〈p1, p2〉 in

Figure 20. The second rule p∗ = 〈L∗ ← K∗ → R∗〉 is constructed from an s-derivation

not in DPOa/i and thus is a not proper. Note that there is an s-concurrent derivation

L∗ ⇒p∗ R
∗ in DPOa/i, but there are not two sequentially s-dependent direct derivations

L∗ ⇒p1
H∗ ⇒p2

R∗ in DPOa/i.

Theorem 8.13. (Concurrency II) In DPOa/i and DPOi/i the following hold:

(1) For every pair of strongly sequentially s-dependent direct derivations G⇒p1
H ⇒p2

M

there is an s-concurrent derivation G⇒PCon(p1 ,s,p2) M.

(2) For every s-concurrent derivation G ⇒PCon(p1 ,s,p2) M there are strongly sequentially

s-dependent direct derivations G⇒p1
H ⇒p2

M.

Proof. The statement follows by inspecting the proof of Theorem 8.8. Let G⇒p1
H ⇒p2

M in DPOa/i be strongly sequentially s-dependent. Then the derivation is an instance of

an s-derivation L∗ ⇒p1
H∗ ⇒p2

R∗ in DPOa/i. Let p∗ be an s-concurrent rule constructed

from this s-derivation. Then p∗ is proper and G ⇒p∗ M is in DPOa/i. For the opposite

direction, let G ⇒p∗ M in DPOa/i be an s-concurrent derivation through a proper s-

concurrent rule p∗. Then p∗ is constructed from an s-derivation L∗ ⇒p1
H∗ ⇒p2

R∗ in

DPOa/i. Now G⇒p1
H ⇒p2

M is an instance of the s-derivation in DPOa/i, that is, it is a

pair of strongly sequentially s-dependent derivations in DPOa/i. An analogous argument

holds for DPOi/i.

Note that Theorem 8.13 does not hold either in DPOi/a or DPOa/a. Since there are no

restrictions for s, it is not the case that for every s-derivation there exists an s-derivation

in DPOa/i. Thus, it is not the case that for every s-concurrent rule there is also a proper

s-concurrent rule. Hence the first statement does not hold. Inspecting the proof of the

second statement, one may see that the sequentially independent direct derivations need

not be strongly sequentially independent; thus the second statement does not hold either.

9. Parallelism vs. concurrency

In this section we relate the results on parallelism and concurrency and show that the par-

allelism theorems in Section 7 are special cases of the concurrency theorems in Section 8.

To this end, we define the notions of independence relation, sequential s-independence,

s-parallel rule and derivation as special cases of the notions of dependence relation, sequen-

tial s-dependence, s-concurrent rule and derivation, respectively. The relations between

the notions are summarized at the end of this section.

Definition 9.1. (Independence relation) A pair of graph morphisms s = 〈K1 ← S → K2〉 is

an independence relation for 〈p1, p2〉. It is proper if the composed morphisms S → K1 → R1

and S → K2 → R2 are injective.

In particular, ε = 〈K1 ← 6 → K2〉 is an independence relation for 〈p1, p2〉, called the

empty independence relation for 〈p1, p2〉.
By the following lemma, every independence relation s = 〈K1 ← S → K2〉 induces a

dependence relation 〈R1 ← S → L2〉, where S → R1 and S → L2 denote the composed
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Fig. 30. The derivation ∆(p1, s, p2)

morphisms S → K1 → R1 and S → K2 → L2, respectively. Somewhat ambiguously, the

induced dependence relation is also denoted by s.

Lemma 9.2. (Independence) For every (proper) independence relation s for 〈p1, p2〉, there

are two (strongly) sequentially independent direct derivations L∗ ⇒p1
H∗ ⇒p2

R∗ such

that the diagrams (S′), (S1′) and (S2′) in Figure 30 are pushouts. The derivation is denoted

by ∆(p1, s, p2).

Proof. Let s = 〈K1 ← S → K2〉 be an independence relation for 〈p1, p2〉 and let S → R1

and S → L2 denote the composed morphisms S → K1 → R1 and S → K2 → L2,

respectively. Let (S′), (S1′) and (S2′) be pushouts of R1 ← S → L2, K1 ← S → L2

and R1 ← S → K2, respectively. By the universal property of (S1′) and (S2′), there are

unique morphisms D∗1 → H∗ and D∗2 → H∗ such that L2 → D∗1 → H∗ = L2 → H∗ and

R1 → D∗2 → H∗ = R1 → H∗ and (R1′) and (L2′) commute. By the Decomposition Lemma

A.19, the diagrams (R1′) and (L2′) are pushouts. Next, let (L1′) and (R2′) be pushouts of

L1 ← K1 → D∗1 and R2 ← K2 → D∗2 , respectively. Then the pushouts constitute two direct

derivations L∗ ⇒p1
H∗ ⇒p2

R∗. By construction, these direct derivations are sequentially

independent. If s is proper, then, by the injectivity of S → K2 → R2 and the pushout

property of (S2′)+(R2′), we have R1 → D∗2 → R∗ is injective, that is, the direct derivations

are strongly sequentially independent.

In order to relate sequential independence and sequential s-dependence, we consider

the following subclass of sequential s-dependent direct derivations.

Definition 9.3. (Sequential s-independence) Let s be an independence relation for 〈p1, p2〉.
Two direct derivations G ⇒p1

H ⇒p2
M are sequentially s-independent, if diagram (S) in

Figure 21 commutes and G ⇒p1
H ⇒p2

M is a generalized instance of ∆(p1, s, p2), where

H∗ → H is the unique morphism that exists by the universal property of the pushout (S′)

in Figure 22. They are strongly sequentially s-independent, if diagram (S) commutes and

G⇒p1
H ⇒p2

M is an instance of ∆(p1, s, p2).

Sequential independence and sequential s-independence for some independence relation

s are related in a natural way.

Lemma 9.4. (Sequential independence and sequential s-independence) Two direct deriva-

tions are sequentially independent if and only if they are sequentially s-independent for

some independence relation s. In DPOa/i and DPOi/i, two direct derivations are strongly
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sequentially independent if and only if they are strongly sequentially s-independent for

some proper independence relation s.

Proof. ‘Only if’: Let G⇒p1
H ⇒p2

M be sequentially independent. Then the derivation

can be decomposed as in the proof of Theorem 6.4 and all diagrams in Figure 10 are

pushouts. The pushouts can be composed as butterflies (see Figure 16). Now construct

(S0) as a pullback of K1 → D0 ← K2. Then we obtain the completed butterflies as shown

in Figure 31.

The pair of morphisms s = 〈K1 ← S → K2〉 forms an independence relation for 〈p1, p2〉.
It is easy to show that G⇒p1

H ⇒p2
M is a generalized instance of ∆(p1, s, p2), that is, the

direct derivations are sequentially s-independent (see Figure 32).

This may be seen as follows. Since (S′) is a pushout and (S) commutes, there exists

a unique morphism H∗ → H such that R1 → H∗ → H = R1 → H and L2 → H∗ →
H = L2 → H . Since (S1′) is a pushout and (S0)+(L2′) commutes, there exists a unique

morphism D∗1 → D1 such that K1 → D∗1 → D1 = K1 → D1 and L2 → D∗1 → D1 = L2 → D1

commutes. Since K1 → D∗1 → D1 → H = K1 → D∗1 → H∗ → H and L2 → D∗1 → D1 →
H = L2 → D∗1 → H∗ → H , and 〈K1 → D∗1 , L2 → D∗1〉 is jointly surjective, D∗1 → D1 →
H = D∗1 → H∗ → H . Accordingly, there exists a unique morphism D∗2 → D2 such that

K2 → D∗2 → D2 = K2 → D2 and D∗2 → D2 → H = D∗2 → H∗ → H . Since (L1′) is a pushout,

(L1) commutes, and K1 → D1 = K1 → D∗1 → D1, there exists a unique morphism L∗ → G

such that L1 → L∗ → G = L1 → G and D∗1 → L∗ → G = D∗1 → D1 → G. Accordingly,

there exists a unique morphism R∗ → M such that R2 → R∗ → M = R2 → M and

D∗2 → R∗ → M = D∗2 → D2 → M. By the Decomposition Lemma A.19, the diagrams

(L1′′), (R1′′), (L2′′), and (R2′′) are pushouts, that is, G ⇒p1
H ⇒p2

M is a generalized

instance of ∆(p1, s, p2) and hence sequentially s-independent.

If G ⇒p1
H ⇒p2

M is in DPOa/i, then ∆(p1, s, p2) is in DPOa/i and G ⇒p1
H ⇒p2

M is

an instance of it: by the injectivity of L1 → G and L2 → H , L2 → D1 → G is injective.

By the injectivity of K1 → L1 and K2 → L2, all diagrams in the left of Figure 31 are

pullbacks. Consequently, the composite diagram ((S0)+(L3))+((L4)+(L5)) is a pullback.

Moreover, the composed diagram (S1′)+(L1′) in Figure 30 is a pushout. By the Inheritance
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of injectivity A.17, the injectivity of L1 → G and L2 → D1 → G implies the injectivity

of L∗ → G. Furthermore, the injectivity of L∗ → G implies the injectivity of the other

vertical morphisms, that is, G⇒p1
H ⇒p2

M is an instance of ∆(p1, s, p2).

Furthermore, by the injectivity of the morphisms Ki → Li and Li → G for i = 1, 2,

all morphisms in the left of Figure 31 are injective. In particular, S → K1 and S → K2

are injective. Since S → K2 and K2 → D0 → D2 in the right of Figure 31 are injective

and (S0)+(R3) commutes, S → K1 → R1 is injective. If now G ⇒p1
H ⇒p2

M is strongly

sequentially independent, that is, R1 → D2 → M is injective, then S → K2 → R2 is

injective because the composite diagram ((S0)+(R3))+((R4)+(R6)) in the right of Figure

31 commutes. Hence, s is a proper independence relation.

‘If ’: Let G ⇒p1
H ⇒p2

M be sequentially s-independent for some independence relation

s. Then it is a generalized instance of ∆(p1, s, p2) (see Figure 32). Now define R1 → D2 =

R1 → D∗2 → D2 and L2 → D1 = L2 → D∗1 → D1. Then R1 → D2 → H = R1 → H and

L2 → D1 → H = L2 → H , that is, the direct derivations are sequentially independent.

If G ⇒p1
H ⇒p2

M in DPOa/i is strongly sequentially s-independent for some proper

independence relation s, then S → K1 → R1 and S → K2 → L2 are injective, ∆(p1, s, p2)

is in DPOa/i, and G ⇒p1
H ⇒p2

M is an instance of it. Since (S2′)+(R2′) in Figure 30 is

a pushout and S → K2 → R2 is injective, R1 → D∗2 → R∗ is injective. Since R∗ → M is

injective and R1 → D2 → M = R1 → D∗2 → R∗ → M, the morphism R1 → D2 → M is

injective, that is, the direct derivations are strongly sequentially independent.

In order to relate parallel rules and s-concurrent rules, we consider the following

subclass of s-concurrent rules.

Definition 9.5. (s-parallel rules and derivations) Let s be an independence relation for

〈p1, p2〉. The s-parallel rule of 〈p1, p2〉, denoted by p1 +s p2, is the s-concurrent rule

constructed from ∆(p1, s, p2). A direct derivation through an s-parallel rule is called an

s-parallel direct derivation.

Example 9.6. Let S be the graph with a single node, and p1 and p2 be the rules in Figure

13. Then for every pair of morphisms, s = 〈K1 ← S → K2〉 is a proper independence

relation for 〈p1, p2〉, ∆(p1, s, p2) is the s-derivation G ⇒p1
H ⇒p2

M in Figure 13, and the
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L
1
 + L
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1
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2
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1
 + R

2

L* K* R*

(0) (0′)

Fig. 33. A quotient rule of p1 + p2
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Fig. 34. Completed butterflies I

s-parallel rule constructed from ∆(p1, s, p2) is the proper quotient rule of p1 + p2 presented

in Example 7.2.

Lemma 9.7. (Quotients of parallel rules vs. s-parallel rules) A rule is a proper quotient rule

of p1 + p2 if and only if it is the s-parallel rule of 〈p1, p2〉 for some proper independence

relation s. Moreover, the parallel rule p1 + p2 is an ε-parallel rule of 〈p1, p2〉 and the

s-parallel rule of 〈p1, p2〉 (for some independence relation s) is a quotient rule of p1 + p2.

Proof. ‘Only if’: Let p∗ be a proper quotient rule of p1 + p2. Then the diagrams (0) and

(0′) in Figure 33 are pushouts. By the Butterfly Lemma A.26, there exist decompositions

of (0) and (0′) into pushouts (2), (3), (4) and (2′), (3′), (4′), respectively (see Figure 34).

Now let (1) be a pullback of K1 → K∗ ← K2. Then s = 〈K1 ← S → K2〉 is an

independence relation for 〈p1, p2〉. Moreover, p∗ is the s-parallel rule of 〈p1, p2〉. This may

be seen as follows. Since p∗ is proper, the morphism Li → L1 + L2 → L∗ for i = 1, 2 is

injective. Therefore, the morphism Ki → K∗ = Ki → K1+K2 → K∗ for i = 1, 2 is injective.

Since K1 + K2 → K∗ is surjective, the pair 〈K1 → K∗, K2 → K∗〉 is jointly surjective. By

the Pullback–Pushout Lemma A.12, diagram (1) is a pushout as well. Now all diagrams

in Figure 34 are pushouts, and, by the Composition Lemma A.18, all composed diagrams

are pushouts.

Now construct (4′′) as a pushout of D∗1 ← K∗ → D∗2 . Then all diagrams in Figure 35 are

pushouts and, by the Composition Lemma A.18, all composed diagrams are pushouts.

By the Injectivity Lemma A.14 and the Pushout–Pullback Lemma A.11, the injectivity of

K2 → L2 implies the injectivity of K∗ → D∗2 and (4′′) is a pullback, as well.
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Fig. 35. Completed butterflies II

Composing the diagrams in a new fashion, we obtain the derivation ∆(p1, s, p2) as in

Figure 30, and p∗ is the s-parallel rule constructed from it. Moreover, the independence

relation s is proper, because p∗ is a proper quotient of p1 + p2: S → K∗ → R∗ is injective,

and, by the commutativity of the diagram on the right of Figure 34, S → K1 → R1 and

S → K2 → R2 are injective.

If p∗ is the parallel rule p1 + p2, then K∗ = K1 +K2, S = 6 and p∗ is the ε-parallel rule

of 〈p1, p2〉.

‘If ’: Let p∗ be an s-parallel rule for 〈p1, p2〉 for some independence relation s. Then p∗

is constructed from ∆(p1, s, p2). The pushout (S′) in Figure 30 may be decomposed into

commutative diagrams (1), (2′), (3) and (4′′) as in Figure 35 where (4′′) is a pullback and

(1)+(2′) and (1)+(3) are pushouts. By the Decomposition Lemma A.19, (2′)+(4′′) and

(3)+(4′′) are pushouts. Moreover, K∗ → D∗1 is injective. By the Triple-Pushout Lemma

A.21, (2′), (3′) and (4′′) are pushouts. Finally, by the Special Decomposition Lemma A.20,

the pushout property of (1)+(3) and (3) implies the pushout property of (1). Thus all

diagrams in Figure 35 are pushouts.

Now the diagrams may be rearranged and the pushouts (L1′) and (R2′) in Figure 30

may be decomposed into pushouts (2), (4), (3′) and (4′). Then all diagrams in Figure 34

are pushouts and, by the Composition Lemma A.18, all composed diagrams are pushouts.

By the Butterfly Lemma A.26, the diagrams (0) and (0′) in Figure 34 are pushouts. Since,

by the pushout property of (1), the pair 〈K1 → K∗, K2 → K∗〉 is jointly surjective, the

morphism K1 + K2 → K∗ is surjective. As a consequence, p∗ is a quotient rule of p1 + p2.

If s is proper, then the injectivity of S → K1 → R1 and S → K2 → R2 implies the

injectivity of S → K1 and S → K2. As a consequence, the morphisms S → K1 → L1

and S → K2 → L2 in the left of Figure 34 are injective. By the pushout property of

the diagram, L1 → L∗ = L1 → L1 + L2 → L∗ and L2 → L∗ = L2 → L1 + L2 → L∗ are

injective. Furthermore, the injectivity of S → K1 → R1 and S → K2 → R2 implies the

injectivity of R1 → R∗ and R2 → R∗ in the right of Figure 34. Therefore, S → K∗ → R∗ is

injective. Thus p∗ is a proper quotient rule of p1 + p2.
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The following counter-example demonstrates that not every quotient rule of p1 + p2 is

the s-parallel rule of 〈p1, p2〉 for some independence relation s.

Example 9.8. Consider the rules p1 and p2 in Figure 12. Then the rule p′ below is a

non-proper quotient rule of p1 + p2. Note that there is no independence relation s such

that p′ is the s-parallel rule of 〈p1, p2〉: the empty relation yields the parallel rule and every

relation s that relates at least one node of K1 with a node of K2 yields an s-parallel rule

in which these nodes are identified.

R ′K ′L ′

1 = 21 = 21 = 2

33

44
3 = 4

Lemma 9.7 provides an alternative method for constructing the set of all proper quotient

rules of p1 + p2. For every graph S with morphisms S → Ki such that S → Ki → Ri is

injective, we ‘glue’ the left-hand sides, the right-hand sides, and the interfaces of p1 and p2

according to S . We construct the left-hand side, the right-hand side, and the interface of

the new rule as the pushout objects of L1 ← S → L2, R1 ← S → R2, and K1 ← S → K2,

respectively, where S → Li = S → Ki → Li and S → Ri = S → Ki → Ri. Then there

exist unique morphisms from the interface to the left- and the right-hand side. The rule

obtained in this way is a proper quotient rule of p1 + p2 (see the proof of Lemma 9.7).

We conclude this section with the following nice relationship.

Corollary 9.9. (Parallelism vs. Concurrency) The Parallelism Theorem I (II) is a special

case of the Concurrency Theorem I (II).

Proof. Let x ∈ {a, i}.
(1) Let G ⇒p1

H ⇒p2
M in DPOx/a (DPOx/i) be (strongly) sequentially independent.

By Lemma 9.4, the direct derivations are (strongly) sequentially s-independent for some

(proper) independence relation s. Therefore, G⇒p1
H ⇒p2

M is a generalized instance of

∆(p1, s, p2). By the proof of Theorem 8.8 (8.13), there is an s-parallel derivation G⇒p1+sp2
M

in DPOx/a (DPOx/i). By Lemma 9.7, the rule p1 +s p2 is in Q(p1 + p2) (PQ(p1 + p2)). By

the Quotient Lemma, there is also a derivation G⇒p1+p2
M in DPOx/a.

(2) Let G ⇒p1+p2
M in DPOx/a (G ⇒PQ(p1+p2) M in DPOx/i). By Lemma 9.7, the used

rule is an s-parallel rule for some (proper) independence relation s. Hence, the rule is

constructed from the derivation ∆(p1, s, p2). Therefore, the derivation G⇒p1
H ⇒p2

M in

DPOx/a (DPOx/i) constructed in the proof of Theorem 8.8 (8.13) is a generalized instance

(respectively, an instance) of ∆(p1, s, p2). Hence G⇒p1
H ⇒p2

M is (strongly) sequentially

s-independent, and, by Lemma 9.4, (strongly) sequentially independent.

The relations between the notions introduced in Sections 7, 8 and 9 may be summarized



A. Habel, J. Müller and D. Plump 678

as follows:

Parallelism Parallelism/Concur. Concurrency

seq. independent ⇔ seq. s-independent for some ⇒ seq. s-dependent for some

independence relation s dependence relation s

strongly strongly strongly

seq. independent ⇔ seq. s-independent for some ⇒ seq. s-dependent for some

in DPOx/i proper independence relation s dependence relation s

parallel rule ⇒ s-parallel rule for some ⇒ s-concurrent rule for some

quotient of a

parallel rule

⇐ independence relation s dependence relation s

proper quotient ⇔ s-parallel rule for some ⇒ s-concurrent rule for some

of a parallel rule proper independence relation s dependence relation s

10. Conclusion

We have shown that injective matching makes double-pushout graph transformation more

expressive with respect to both, the generative power of grammars without non-terminals

and the computability of functions by convergent graph transformation systems. These

findings also justify the practice in programming systems for graph transformation, like

PROGRES (Schürr et al. 1999), to match rules injectively.

The classical independence, parallelism and concurrency results of the double-pushout

approach have been reconsidered for three variations of the traditional approach, and

have been adapted where necessary. These results can be summarized as follows, where

‘yes’ indicates a positive result and ‘no’ means that there exists a counter-example:

DPOi/a DPOa/a DPOi/i DPOa/i

char. of parallel independence yes yes yes yes

char. of sequential independence yes no yes no

parallel commutativity I yes yes yes no

parallel commutativity II & III yes yes yes yes

sequential commutativity I yes yes yes no

sequential commutativity II & III yes yes yes yes

parallelism I yes yes no no

parallelism I/II yes yes yes yes

concurrency I yes yes no no

concurrency I/II yes yes yes yes
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A C

B D

c

b g

f

(1)

A C

B D

c

b (1)

(3)

(2)

D ′

Fig. 36. A pushout diagram (on the left)

The commutativity results II & III are proved for DPOa/i; the corresponding results for

the other variants follow from the commutativity result I and the Simulation Theorem.

The parallelism and concurrency results I hold for DPOi/a and DPOa/a; the parallelism

and concurrency results II hold for DPOi/i and DPOa/i. This gives a complete picture of

positive results.

A topic for future work is to address the classical results on canonical derivations and

amalgamation in the double-pushout approach.

One may also consider injective matching in the so-called single-pushout approach

(Löwe 1993). In Habel et al. (1996), parallel and sequential independence are studied

for single-pushout derivations with negative application conditions. These include the

dangling and the injectivity condition for matching morphisms. However, the definition

of sequential independence in Habel et al. (1996) requires more information on the given

direct derivations than our definition of strong sequential independence.

A further topic is to consider so-called high-level replacement systems, that is, double-

pushout derivations in arbitrary categories. We just mention that our results do not

follow from those in Ehrig et al. (1991), where non-injective rules and injective matching

morphisms are not considered.

Finally, the computability model for graph functions introduced in Subsection 4.2

should be further investigated. Since this model does not cover all (in the ordinary sense)

computable functions on graphs, there is also the quest to find a model based on the

double-pushout approach that has universal computational power†.
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Appendix A. Facts about pushouts and pullbacks

This appendix summarizes facts about pushouts and pullbacks that are used in this paper.

Readers interested in the category-theoretic background of these concepts may consult,

for example, Adamek et al. (1990).

Definition A.1. (Pushout) Given two graph morphisms A → B and A → C , a graph D

together with two graph morphisms B → D and C → D is a pushout of A → B and

A→ C if the following conditions are satisfied:

† Note added at proof stage: such a model is given in Habel and Plump (2001).



A. Habel, J. Müller and D. Plump 680

1 Commutativity: A→ B → D = A→ C → D.

2 Universal property: For all graphs D′ and graph morphisms B → D′ and C → D′ such

that A → B → D′ = A → C → D′, there is a unique morphism D → D′ such that

B → D → D′ = B → D′ and C → D → D′ = C → D′ (see the right part of Figure 36).

In this case the diagram on the left of Figure 36 will also be called a pushout and will be

denoted by ABCD or ACBD.

Graph pushouts can be constructed set-theoretically as follows.

Lemma A.2. (Pushout construction (Ehrig 1979)) Let b : A→ B and c : A→ C be graph

morphisms. Then a pushout as in Figure 36 can be constructed as follows:

— D = (B + C)/≈, separately for nodes and edges, where ≈ is the equivalence relation

generated by the relation ∼ defined by b(a) ∼ c(a) for all a in A; sD([e]) = if e ∈
EB then [sB(e)] else [sC(e)] where [e] for e ∈ EB +EC is the equivalence class of e with

respect to ≈; tD is defined analogously to sD; lD([v]) = if v ∈ VB then lB(v) else lC(v)

where [v] for v ∈ VB +VC is the equivalence class of v with respect to ≈; mD is defined

analogously to lD .

— f : B → D and g : C → D are the graph morphisms sending each element to its

equivalence class, that is, f(x) = [x] and g(x) = [x], separately for nodes and edges.

Lemma A.3. (Uniqueness of pushouts (Adamek et al. 1990)) Let diagram (1) in Figure

36 be a pushout. A graph D′ together with graph morphisms B → D′ and C → D′ is a

pushout of A → B and A → C if and only if there is an isomorphism D → D′ such that

the triangles (2) and (3) in the right part of Figure 36 commute.

Definition A.4. (Pushout complement) Given two graph morphisms A→ B and B → D, a

graph C together with two graph morphisms A→ C and C → D is a pushout complement

of A→ B and B → D if diagram (1) in Figure 36 is a pushout.

Lemma A.5. (Uniqueness of pushout complements (Rosen 1975)) Let diagram (1) in Figure

36 be a pushout. If C ′ together with graph morphisms A→ C ′ and C ′ → D is a pushout

complement of A→ B and B → D, and A→ B is injective, then there is an isomorphism

C → C ′ such that A→ C → C ′ = A→ C ′ and C → C ′ → D = C → D.

Definition A.6. Let b : A→ B, c : A→ C , f : B → D and g : C → D be graph morphisms

as in Figure 36.

1 The morphism f is injective up to b if for all items x and x′ in B with x 6= x′ and

f(x) = f(x′), we have x and x′ are in b(A).

2 The pair 〈f, g〉 is jointly surjective if f(B) ∪ g(C) = D.

3 The commutative diagram (1) satisfies the chain-condition if for all items x in B

and y in C with f(b) = g(c) there are items a1, . . . , a2n+1 in A such that b(a1) = x,

c(a2n+1) = y, c(a2i−1) = c(a2i) and b(a2i) = b(a2i+1) for i = 1, . . . , n. The chain-condition

is called reduced in the case n = 0.

4 The pair 〈b, c〉 is monomorphic if for all items a and a′ in A, b(a) = b(a′) and c(a) = c(a′)

implies a = a′.
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Fig. 37. A pullback

Lemma A.7. (Pushout characterization (Ehrig and Kreowski 1979)) Let diagram (1) in

Figure 36 be commutative. Then (1) is a pushout if and only if:

1 f is injective up to b;

2 g is injective up to c;

3 〈f, g〉 is jointly surjective; and

4 it satisfies the chain-condition.

For some proofs in Sections 6 and 8 we also need the dual concept to a pushout, which

is introduced next.

Definition A.8. (Pullback) Given two graph morphisms B → A and C → A, a graph

D together with two graph morphisms D → B and D → C is a pullback of B → A

and C → A if diagram (1) in Figure 37 commutes and if for all graphs D′ and graph

morphisms D′ → B and D′ → C such that D′ → B → A = D′ → C → A there is a unique

morphism D′ → D such that the triangles (2) and (3) in Figure 37 commute.

Lemma A.9. (Pullback construction (Ehrig 1979)) Let b : B → A and c : C → A be graph

morphisms. Then a pullback as in Figure 37 can be constructed as follows:

— D = {〈x, y〉 ∈ B × C | b(x) = c(y)}, separately for nodes and edges; sD(〈x, y〉) =

〈sB(x), sC(y)〉 for 〈x, y〉 ∈ EB × EC; tD is defined analogously to sD; lD(〈x, y〉) = lB(x)

for 〈x, y〉 ∈ VB × VC; mD is defined analogously to lD .

— f : D → B and g : D → C are the domain restrictions of the projections from B × C ,

that is, f(〈x, y〉) = x and g(〈x, y〉) = y, separately for nodes and edges.

Lemma A.10. (Pullback characterization (Ehrig and Kreowski 1979)) Let diagram (1) in

Figure 37 be commutative. Then (1) is a pullback if and only if it satisfies the reduced

chain-condition and 〈f, g〉 is monomorphic.

The following two lemmata are immediate consequences of the pullback and pushout

characterization, respectively.

Lemma A.11. (Pushout–Pullback Lemma (Ehrig and Kreowski 1979)) Let diagram (1)

in Figure 36 be a pushout. Then (1) is a pullback if one of the following conditions is

satisfied:

1 b or c is injective.

2 f or g is injective and 〈b, c〉 is monomorphic.
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Lemma A.12. (Pullback–Pushout Lemma (Ehrig and Kreowski 1979)) Let diagram (1)

in Figure 36 be a pullback. Then (1) is a pushout if one of the following conditions is

satisfied:

1 f and g are injective and 〈f, g〉 is jointly surjective.

2 〈f, g〉 is a pushout pair, that is, conditions 1–3 of the Pushout Characterization A.7

are satisfied.

Lemma A.13. (Cube Pullback–Pushout Lemma) Consider the following commutative

diagram:

A

C

D

B

C ′

D′

F

E

If the top and the bottom squares are pullbacks, the front and right squares are pushouts,

〈C → D,C → E〉 is monomorphic, and C ′ → E is injective, then the left and the back

squares are pushouts.

A restricted version of the Cube Pullback–Pushout Lemma A.13 in which all morphisms

in the top and bottom diagram are required to be injective is presented in Ehrig et

al. (1991).

Proof. We show that the left square is a pushout. Then, by the Special Decomposition

Lemma A.20, the back square is a pushout as well.

Since the right square is a pushout and C ′ → E is injective, the right square is a pullback,

as well (Pushout–Pullback Lemma A.11). Since the top, the right and the bottom squares

are pullbacks, the left square is a pullback (Decomposition Lemma A.19). Now, by the

Pullback–Pushout Lemma A.12, the left square is a pushout. This may be seen as follows:

1 B → D is injective: the injectivity of C ′ → E implies the injectivity of D′ → F and

B → D (Injectivity Lemma A.14).

2 C → D is injective up to A→ C (see Definition A.6): let x and y be distinct items in

C that are identified by C → D, and x′ and y′ be the images of x and y in E. Since, by

assumption, the pair 〈C → D,C → E〉 is monomorphic, x′ and y′ are distinct. Since

the front square is a pushout, x′ and y′ are identified by E → F . Since the right square

is a pushout, there are preimages of x′ and y′ in C ′. Since the top square is a pullback,

there are preimages of x and y in A.

3 〈B → D,C → D〉 is jointly surjective (see Definition A.6): let x be an item in D and x′

be the image of x in F . Since the right square is a pushout, 〈D′ → F, E → F〉 is jointly

surjective. If x′ is in the image of D′, then, by the pullback property of the bottom

square, x is in the image of B. If x′ is in the image of E, by the pushout property of

the front square, more precisely, by the chain condition (see Definition A.6), x is in

the image of C .
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Lemma A.14. (Injectivity) Consider the diagram in Figure 36.

1 If (1) is a pushout and A→ B is injective, C → D is injective.

2 If (1) is a pullback and C → D is injective, A→ B is injective.

Proof. The first property follows from the corresponding result for sets; the second

property is valid for any category (see, for example, Adamek et al. (1990, Proposition

11.18)).

Lemma A.15. (Surjectivity) Consider the diagram in Figure 36.

1 If (1) is a pushout and A→ B is surjective, C → D is surjective.

2 If (1) is a pullback and C → D is surjective, A→ B is surjective.

Proof. The first property is valid for any category (see, for example, Adamek et al.

(1990, Proposition 11.18)); the second property follows from the corresponding result for

sets.

Lemma A.16. (Inheritance of the pullback property (Adamek et al. 1990)) Suppose that

the following diagram commutes:

D

C

B

A

D ′

(1)

1 If the outer square is a pullback, so is (1).

2 If (1) is a pullback and D → D′ is injective, the outer square is a pullback.

Lemma A.17. (Inheritance of injectivity) Consider the diagram above. If the outer square

is a pullback, (1) is a pushout, B → D′ and C → D′ are injective, then D → D′ is injective.

Proof. Suppose, to the contrary, that there are two distinct items x and y in D that

are identified by D → D′. By the pushout property of (1), 〈B → D,C → D〉 is jointly

surjective (Pushout Characterization A.7). Now three cases have to be considered.

Case 1. x and y are both in the image of B. Then the preimages of x and y must be

identified by B → D′, which contradicts the injectivity of D → D′.

Case 2. x and y are both in the image of C . This is analogous to Case 1.

Case 3. x and y are in the image of B and C , respectively. Then there are preimages x′

of x in B and y′ of y in C with (B → D′)(x′) = (C → D′)(y′). By the pullback property

of the outer square, there exists a common preimage a in A that is mapped to x′ and y′,

respectively (Pullback construction A.9). By the pushout property of (1), the images of x′

and y′ in D are equal, which is a contradiction to the distinctness of x and y.

This completes the proof.
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In the following, we consider the following commutative diagram:

A C E

B D F

(1) (2)

Lemma A.18. (Composition (Adamek et al. 1990)) If diagrams (1) and (2) are pushouts

(pullbacks), then the composite diagram (1)+(2) is a pushout (pullback).

Lemma A.19. (Decomposition (Adamek et al. 1990))

1 If (1)+(2) and (1) are pushouts, then (2) is a pushout.

2 If (1)+(2) and (2) are pullbacks, then (1) is a pullback.

Lemma A.20. (Special decomposition (Ehrig and Kreowski 1979))

1 If (1)+(2) and (2) are pushouts and C → E is injective, then (1) is a pushout.

2 If (1)+(2) is a pullback, (1) is a pushout, and E → F is injective, then (2) is a pullback.

Beside the Special Decomposition Lemma A.20, we present a so-called Triple-Pushout

and a Twisted-Triple-Pushout Lemma in which the factorization of pushouts is triggered

by a pullback (and a pushout) construction.

Lemma A.21. (Triple-Pushout Lemma (Ehrig and Kreowski 1979)) Suppose that the

following diagram commutes.

B′A′

A C E

B D F

(1′)

(2)(1)

If (1)+(2) and (1′)+(2) are pushouts, (2) is a pullback, and C → D or C → E are injective,

then (1), (1′), and (2) are pushouts.

Lemma A.22. (Twisted-Triple-Pushout Lemma) Suppose that the following diagram com-

mutes.

A C E

B D F

A′ C ′

(1) (2)

(3)
(4)

If (1)+(2) is a pushout, (2) is a pullback, (3) is a pushout, (3)+(4) is a pullback and A→ B

or D → F is injective, then (1) and (2) are pushouts.
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A restricted version of the Twisted-Triple Pushout Lemma A.22 in which A → B is

required to be injective is proved in Ehrig et al. (1991).

Proof. We will show that (1) is a pushout by the Pushout characterization A.7. Then,

by the Decomposition Lemma A.19, (2) is a pushout as well.

1 B → D is injective up to A → B. By the pushout property of (1)+(2), we have

B → D → F and B → D are injective up to A→ B.

2 C → D is injective up to A → C . If A → B is injective, then the pushout property of

(1)+(2) and the pullback property of (2) imply the injectivity of E → F and C → D

(Injectivity Lemma A.14). If D → F is injective, the pullback property of (2) implies

the injectivity of C → E (Injectivity Lemma A.14). Now let x and y be two distinct

items in C that are identified by C → D, and x′ and y′ be the images of x and y in E.

By the pullback property of (2), we have 〈C → D,C → E〉 is monomorphic and (2)

is commutative. Hence, x′ and y′ are distinct items that are identified by E → F . By

the pushout property of (1)+(2), we have E → F is injective up to A → C → E, that

is, there are preimages of x′ and y′ in A. Since C → E is injective, the preimages of x′

and y′ are preimages of x and y, too.

3 〈B → D,C → D〉 are jointly surjective. By the pushout property of (3), 〈B → D,C ′ →
D〉 is jointly surjective, that is, every item d in D has a preimage in B or a preimage

c′ in C ′. In the first case, we are ready. In the second case, let f be the image of d in

F . By the pushout property of (1)+(2), f has a preimage b in B or a preimage e in E.

Case 1. f has a preimage b in B. By the pullback property of (3)+(4), there is a

common preimage of b and c′ in A′ and, by the commutativity of (3), b is mapped to

d. Hence, b is a preimage of d in B.

Case 2. f has a preimage e in E. By the pullback property of (2), there is a common

preimage of d and e in C .

4 Diagram (1) satisfies the chain-condition. If A→ B is injective, then, by the Pushout–

Pullback Lemma A.11 and the Decomposition Lemma A.19, (1)+(2) and (1) are

pullbacks, and, by the Pullback characterization A.10, (1) satisfies the reduced chain-

condition. If D → F is injective, C → E is injective. Now let b and c be items in B

and C with common image d in D, and let e and f be the images of c and d in E

and F , respectively. By the pushout property of (1)+(2), we have (1)+(2) satisfies the

chain-condition. Therefore, there exists a chain connecting b and e, that is, there are

items a1, . . . , a2n+1 in A such that (A → B)(a1) = b, (A → C → E)(a2n+1) = e, (A →
B)(a2i−1) = (A→ B)(a2i) and (A→ C → E)(a2i) = (A→ C → E)(a2i+1) for i = 1, . . . , n.

Since C → E is injective, (A → C)(a2n+1) = d and (A → C)(a2i) = (A → C)(a2i+1) for

i = 1, . . . , n, that is, there exists a chain connecting b and c.

The proof of the Twisted-Triple-Pushout Lemma A.22 shows that it is not necessary

to assume that (3) is a pushout; we only need that the pair 〈B → D,C ′ → D〉 is jointly

surjective.

In the following, we will consider epi-mono factorizations of pairs of morphisms. This

allows us to switch from arbitrary pushouts to pushouts with monomorphic pairs.
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Lemma A.23. (Epi-mono factorization) There exists an epi-mono factorization, for every

pair of morphisms 〈b : A→ B, c : A→ C〉, that is, there is a surjective morphism e : A→ A′

and a monomorphic pair 〈b′ : A′ → B, c′ : A′ → C〉 such that b′ ◦ e = b and c′ ◦ e = c.

Proof. Let A′ = A/≈ separately for nodes and edges, where ≈ is the equivalence

relation defined by a ≈ a′ if and only if b(a) = b(a′) and c(a) = c(a′) for all a and a′ in

A; sA′([e]) = [sA(e)] where [e] for e ∈ EA is the equivalence class of e with respect to ≈;

tA′ is defined analogously to sA′; lA′([v]) = lA(v) where [v] for v ∈ VA is the equivalence

class of v with respect to ≈; mA′ is defined analogously to lA′ . Let e : A → A′ be the

graph morphism sending each element to its equivalence class, that is, e(x) = [x], and

b′ : A′ → B and c′ : A′ → C be the graph morphisms with b′([x]) = b(x) and c′([x]) = c(x),

separately for nodes and edges. Then e is surjective, b′ and c′ are well-defined, 〈b′, c′〉 is

monomorphic, b′ ◦ e = b and c′ ◦ e = c.

Analogously, one can show that for every morphism b : A → B, there is a surjective

morphism e : A→ A′ and an injective morphism b′ : A′ → B such that b′ ◦ e = b.

Lemma A.24. (Monomorphic pairs) Consider the diagrams below. If (1) and (2) are

pushouts, then there exists a factorization of the composite diagram (1)+(2) into pushouts

(1′) and (2′) such that the pair 〈C ′ → D,C ′ → E〉 is monomorphic.

C EA

D FB

(1) (2)

C EA

D FB

(1′) (2′)

C ′

Proof. Let (1) and (2) be pushouts. Then there is an epi-mono factorization of the pair

〈C → D,C → E〉, that is, a surjective graph morphism C → C ′ and a monomorphic pair

〈C ′ → D,C ′ → E〉 such that C → C ′ → D = C → D and C → C ′ → E = C → E. Since

diagram (2) commutes and C → C ′ is surjective, (2′) commutes. By the pushout property

of (2) and the dual of Lemma A.16, (2′) is a pushout.

Now let A → C ′ = A → C → C ′. Then diagram (1′) commutes and, by the pushout

property of (1) and the surjectivity of C → C ′, (1′) is a pushout. This may be seen as

follows. Let D′ be an arbitrary graph and B → D′ and C ′ → D′ be graph morphisms

such that A → B → D′ = A → C ′ → D′. Define C → D′ = C → C ′ → D′. Then

A → B → D′ = A → C → D′, and, by the pushout property of (1), there is a unique

morphism D → D′ such that B → D → D′ = B → D′ and C → D → D′ = C → D′. Now

C → C ′ → D → D′ = C → D → D′ = C → D′ = C → C ′ → D′, and, by the surjectivity

of C → C ′, C ′ → D → D′ = C ′ → D′.

Note that there is a significant difference between the Factorization Lemma 2.1 in Ehrig

and Kreowski (1979) and the Monomorphic-Pair Lemma: while Ehrig and Kreowski

start with pushout (1)+(2) and look for conditions under which (1) and (2) are pushouts

separately, we start with pushouts (1) and (2) and look for a factorization of (1)+(2)

satisfying suitable properties.
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1
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A
1

A
2

B
1
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D
1 D

2

D

(2) (3)

(6) (7)

(4) (5)

Fig. 38. Illustration for the Butterfly Lemma

Lemma A.25. (Lifting of injectivity) Consider the diagrams in Lemma A.24. Let (1) be a

pullback, (2) be a pushout and B → D be injective. Then the injectivity of A → C → E

implies the injectivity of B → D → F .

Proof. Suppose, to the contrary, that there are two distinct items x and y in B that

are identified by B → D → F . Since B → D is injective, the images of x and y in D

are distinct and are identified by D → F . Since (2) is a pushout, there are preimages x′

and y′ in C that are identified by C → E (Pushout Characterization A.7). Since (1) is a

pullback, there are preimages of x′ and y′ in A. Therefore the morphism A → C → E is

not injective, which is a contradiction.

Lemma A.26. (Butterfly Lemma (Kreowski 1977)) Diagram (1) on the left of Figure 38

is a pushout if and only if there exists a decomposition into diagrams (2) to (7) on the

right of Figure 38 such that the diagrams (2), (3) and (6)+(7) are pushouts.
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