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Abstract 
This paper focuses on scheduling different hard 

real-time applications on a uniprocessor when the ear-
liest deadline first algorithm is used as the local 
scheduler, and the global scheduler of the system could 
be fixed priority (FP) or earliest deadline first (EDF). 
Each application task could be periodic or sporadic, 
bound or unbound, with arbitrary relative deadline 
which could be less than, equal to or greater than its 
period. A number of different server types are consid-
ered. This paper presents an exact and efficient sched-
ulability test for the application tasks based on the 
capacity demand criterion when the global scheduler 
could be FP or EDF, in some cases, it is necessary and 
sufficient. Schedulability tests which are necessary and 
sufficient for several types of dynamic servers are pre-
sented when the global scheduler is EDF. 

1.  Introduction 

1.1  Hierarchical scheduling 
Modern computing systems are powerful enough 

to execute several concurrent real-time applications on 
a single microprocessor. With the development of ad-
vanced high performance embedded microprocessors, 
hierarchical scheduling has been an active research 
topic in the past few years. The motivation for sched-
uling different hard real-time applications in a uni-
processor is cost reduction but also it offers the oppor-
tunity of performance enhancement and closer integra-
tion of distinct applications. 

In hierarchical scheduling, each application is 
composed of a set of correlative entities (e.g. tasks or 
streams), each application has its own scheduler and 
can be executed by different scheduling algorithms, so 
the application can take advantage of the best features 
of different scheduling schemes. 

Another benefit of hierarchical scheduling is that 
it provides temporal isolation among applications on a 
uniprocessor, this property prevents a misbehaving task 
from interfering with other tasks in another application, 
only the tasks in the same application as the malfunc-

tion task could be affected. 
We are interested in two level hierarchical sched-

uling where the tasks have hard real-time constraints. 
Tasks in each application are running at the lower (lo-
cal) level of the system, they can be pre-empted, and 
they are scheduled by a dispatching algorithm such as 
fixed priority (FP) or earliest deadline first (EDF) 
which is provided by the server. At the higher (global) 
level of the system, servers provide temporal isolation 
among applications, and the overall processor capacity 
is divided up between applications by these servers. 
Servers are scheduled by the global (OS) scheduler 
which can again be FP or EDF. Each server is assigned 
an execution capacity and a period of capacity replen-
ishment; different types of servers have different ca-
pacity replenishment schemes (see Section 2.2). 

1.2  EDF scheduling 
The earliest deadline first (EDF) algorithm intro-

duced by Liu and Layland [21] has been proven opti-
mal by Dertouzos [9] among all the preemptive sched-
uling algorithms, in the sense that, if there exists a fea-
sible schedule for a task set, then the schedule pro-
duced by EDF is also feasible [26]. The feasibility 
analysis for periodic tasks with relative deadline equal 
to period under EDF scheduling was first presented in 
[21], which showed that a set of n periodic tasks is 
schedulable if and only if the processor utilization is 
less than or equal to one. 

For the task sets with arbitrary relative deadlines, 
there are two ways to analysis the tasks. If we just want 
to check the feasibility of the task set, we can use the 
processor demand criterion which was proposed by 
Baruah et al. [2, 3], and enhanced later in the literature 
[4, 12, 23, 28]. The worst-case response time analysis 
of EDF was first given by Spuri [28] with the motiva-
tion of extending the holistic theory [31] to the analysis 
of deadline scheduled real-time distributed systems 
[29]. The worst-case response time analysis given by 
[28] was improved later in [12]. 

In this paper we apply processor demand criterion, 
however we use the term capacity demand criterion 
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under hierarchical scheduling as the tasks in the appli-
cation demand not only processing time, but also their 
server’s capacity. In a server, if at any time there are 
tasks waiting to execute and the processor is idle, but 
the server’s capacity has been exhausted, then the tasks 
still cannot execute. 

1.3  Organization of the paper 
The rest of this paper is organized as follows. 

Section 2 describes the system model in this paper. 
Section 3 describes the related work and Section 4 
gives a brief introduction to the standard EDF sched-
ulability test based on the processor demand criterion. 
Section 5 describes the worst-case arrival pattern of the 
tasks on two-level hierarchical scheduling, and gives a 
necessary and sufficient condition for task schedulabil-
ity. 

In Section 6 we address the hierarchical schedul-
ing problem when the global scheduler is fixed priority 
and the local scheduler is EDF. A number of different 
server algorithms are considered in this section. 

In Section 7, we use the dynamic periodic server 
(DPS), the dynamic deferrable server (DDS) or the 
dynamic sporadic server (DSS) [13] to construct the 
hierarchical system when both the global and local 
schedulers of the system are EDF. Section 8 gives a 
summary and contribution of this paper, and directions 
for future research. 

2.  Hierarchical EDF Scheduling Model 

2.1  System model of this paper 
A two-level hierarchical real-time system Γ  com-

prises a number of real-time applications, and an ap-
plication comprises a set of hard real-time tasks: 

1 2{ , ,..., }kA A AΓ =  where 1 2{ , ,..., }
i i ii nA τ τ τ= . 

Task iτ  indicates the i-th task of an arbitrary applica-
tion  in Γ , it is characterized by a worst-case execu-
tion time iC , a relative deadline iD , a period iT , and 
a maximum release jitter iJ .  

Each task iτ  can be periodic or sporadic, and is a 
finite or infinite sequence of instances (requests or jobs) 
with a minimum inter-arrival time equal to iT . If a job 
from task iτ  arrives at time a , then it will be released 
for execution at time ia J+  and have an absolute 
deadline of ia D+ . 

There is no restriction on the relationship between 
relative deadline iD  and period iT  of the task. Any 
task’s relative deadline can be less than, equal to or 
greater than its period. 

Each application is associated with a server, 
which has its own local scheduler to execute the tasks 
in the application. The local scheduler can be fixed 
priority or EDF. As exact analysis for fixed priority 

hierarchical scheduling has been presented by Davis 
and Burns [7], in this paper, we are only concerned 
with hierarchical systems in which the local scheduler 
is EDF.  

All the tasks in each application iA  are running in 
the server which is associated with application iA  .  So 
a two level hierarchical system can also be defined as a 
set of servers: 

1 2{ , ,..., }kS S SΓ = , 
where iS  indicates the i-th server in the system Γ . 
Each server  has its own capacity sC , server period 

sT , and maximum release jitter sJ . Utilization of the 
server is defined as /s s sU C T= . 

Tasks in the server (application) can be bound or 
unbound [7]. A bound task’s period is an exact multiple 
of its server’s period, and it can only be released at the 
beginning of its server’s period. Unbound tasks don’t 
have any constraint on their periods and release times.  

Servers are scheduled by the global (OS) sched-
uler which is provided by the operating system. The 
global scheduler can be fixed priority or EDF. If the 
global scheduler is fixed priority, then we should use 
fixed priority servers to isolate each application, oth-
erwise, we use dynamic servers. 

For space reasons, in this paper, the system model 
assumes that all tasks and servers are independent of 
each other. The existing work on fixed priority systems 
[8] and the conclusions obtained from the blocking 
analysis with EDF scheduling [5] indicates that the 
extension of the work presented in this paper should be 
straightforward. 

2.2  Server algorithm 
2.2.1 Fixed priority servers. In hierarchical systems 
when the global scheduler is fixed priority, we use the 
periodic server (PS) [25], the deferrable server (DS) 
[15, 30], or the sporadic server (SS) [27] to execute 
each application.  

The periodic server (PS) has a fixed capacity re-
plenishment time interval which is equal to its server 
period sT . At the beginning of every period, the server 
capacity is replenished to its full value sC . If there are 
pending tasks ready to use the server capacity and the 
capacity in that server period has not been exhausted, 
then the tasks can execute until the tasks finish or the 
server capacity is exhausted. During this period, the 
execution of the server (tasks) can be preempted by 
higher priority servers. If the server capacity in a pe-
riod has not been exhausted but there are no tasks in 
the server ready to use its capacity, then the server ca-
pacity is idled away gradually with the time, as if there 
is always a lowest priority background task ready to 
use the capacity of the server. 

The deferrable server (DS) has the same capacity 
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replenishment scheme, the only difference between PS 
and DS is how they preserve their capacity. The DS 
preserves its capacity until the end of the server period 
if there is no pending task ready to execute. The task 
can execute at any time in a server period if at this time 
the server capacity has not been exhausted and there is 
no higher priority server ready to execute. 

The sporadic server (SS) has a different capacity 
replenishment scheme. The capacity of a SS is only 
replenished after it has been used. The replenishment 
time is set sT  after the SS becomes active, and the 
amount of replenishment depends how much capacity 
it has consumed. 

2.2.2  Dynamic priority servers. In this paper, three 
kinds of dynamic servers are considered: the dynamic 
periodic server (DPS), the dynamic deferrable server 
(DDS) and the dynamic sporadic server (DSS) [13]. 

The algorithms of the dynamic server is nearly 
the same as their fixed priority versions, the only dif-
ference between a fixed priority server and its dynamic 
version is the priority assignment. The dynamic 
server’s priority is assigned by the EDF algorithm, at 
any time, the server which has the earliest absolute 
deadline will be assigned the highest priority, and the 
absolute deadline of a dynamic server is equal to its 
replenishment time. 

3.  Related Work 
Deng et al. [10] described a two-level hierarchical 

preemptive scheduling model in which the global 
scheduler could be EDF. They used the constant utili-
zation server to execute each application in an open 
system. This models each application as if it is running 
on a dedicated slow processor with speed equal to its 
server’s utilization. In this model, if the tasks are pre-
emptable, we have to know the exact arrival time of 
every request in the system. So this scheme is only 
suitable for scheduling periodic tasks or nonpre-
emptable tasks. In the following work of this schedul-
ing model, Deng and Liu [11] remove this restriction 
by setting a scheduling quantum q that is the maximum 
delay time of any request permitted on the “slow proc-
essor”. The effect of such a delay is equivalent to 
shortening every task’s relative deadline by q time 
units. In order to make sure the tasks are still feasible, 
the speed of the “slow processor” most be increased 
which is equivalent to increasing the utilization of the 
server in the hierarchical system. So the system has to 
pay some penalty in processor utilization for nonpre-
emptable applications (containing sporadic or aperiodic 
tasks). Another drawback is that each server needs to 
estimate the next request occurrence time kt  for the 
application. The calculation of kt  has complexity 

( )O n  where n  is the number of tasks, hence incurs 

additional scheduling overhead. 
Lipari et at. [17, 18] introduced the BSS and 

BSS-I (we call both of them BSS for convenience) 
servers to support global EDF scheduling. These serv-
ers need to calculate and record the residual budget at 
every absolute deadline in each application, to make 
sure each application could not use more budget than 
its processor share (server utilization). Their system 
model has the following drawbacks: 1) The system 
needs to maintain a special data list for each applica-
tion. 2) The data list could become very large, and the 
calculation and updating of the data list could be very 
frequent (every time a context switch occurs, or the 
server budget is exhausted, or there is a new arrived 
instance). 3) The server algorithm is not one of the 
standard approach usually employed with EDF systems, 
and it is complex to implement [20]. Following on 
from this system model, Lipari et at. [19] introduced 
the PShED algorithm which builds directly upon the 
BSS server algorithm, they proved that if the task set is 
schedulable on a slow processor with the speed equal 
to its application share, then it is schedulable on the 
full speed processor scheduled by PShED (this prop-
erty for BSS was not formally proved in [17, 18]). 
However the PShED algorithm has all the drawbacks 
of the BSS server, and is more complicated to imple-
ment. 

Kuo and Li [14] proposed a hierarchical schedul-
ing scheme building upon the system architecture in 
[10, 11]. In this work, they used the rate monotonic 
(RM) [21] algorithm as the global scheduler, and the 
local scheduler could be RM or EDF. The sporadic 
server was used to execute the application. Schedula-
bility conditions which are based on utilization test for 
application tasks were given. In order to get these fea-
sibility conditions, they gave a set of strict constraints 
to parameters of tasks and servers. These constraints 
included: each task’s relative deadline must be equal to 
the period, each server’s period must be the greatest 
common divisor (GCD) or a divisor of the GCD of all 
the periods of tasks in the application, and the initial 
phase of each task occurs at a time point which had to 
be a multiple of its server period. 

Saewong et al. [24] gave a multi-level hierarchi-
cal scheduling model which uses the deferrable server 
or the sporadic server. In each level, the deadline 
monotonic (DM) [16] or rate monotonic (RM) algo-
rithm was used to schedule the reserves or tasks. In this 
paper, they gave a sufficient condition for feasibility 
based on a utilization test. They also provided 
worst-case response time analysis for tasks which share 
the same parent reserve, this analysis assumes the 
server capacity is only available at the end of each 
server period, so this worst-case response time calcula-
tion is pessimistic. 
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Davis and Burns [7] gave an exact analysis based 
on worst-case response time in the two level hierarchi-
cal system, in which both of the global and local 
schedulers are fixed priorities. In this work, they ana-
lyse the feasibility of hierarchical scheduling by the 
following steps: 1) They tested schedulability of serv-
ers by working out the worst-case response time of 
servers. 2) They identified the worst-case release be-
haviour of bound and unbound tasks in the server. 3) 
They tested the feasibility of tasks by calculating the 
worst-case response time of each task. This analysis 
considers the task load in a busy period, and uses this 
task load to calculate the exact worst-case interference 
due to higher priority servers in the final server period. 

Lorente and Palencia [22] gave a worst-case re-
sponse time analysis for tasks under two level hierar-
chical EDF scheduling based on the same principles as 
the work by Davis and Burns [7]. In this paper, they 
supposed each task’s worst-case response time was 
always found in its first period when all other tasks are 
released simultaneously at t=0. But this is incorrect; 
here we give a counterexample to demonstrate this. 
Suppose there is a server Si which has the highest pri-
ority in the hierarchical system, and there are three 
tasks iτ , jτ , kτ  in the server. The task we are studying 
is task iτ . The parameters of the server and tasks are 
shown in Figure 1.  

Figure 1 

If all tasks except task iτ  in the server iS  are 
released simultaneously at t=0 when the server capac-
ity has been exhausted as early as possible in that 
server period, this gives task iτ  the longest response 
time. The absolute deadline of the first instance of 
task jτ  is 13.4jd = , and task kτ  is 13.7kd = . The 
first period of task iτ  is [0,7], in this period, task iτ  has 
the highest priority in the server because all the other 
tasks’ absolute deadlines in the server are larger than 

i iD T+ , so we can easily see that the worst-case re-
sponse time of task iτ  released at the first period is 

4s s iT C C− + = , this is the result predicted by Lorente 

and Palencia [22]. 
If task iτ  arrives again at (2) 8ia =  which is in 

the second period, this means that the first instance of 
iτ  arrives at (1) 1ia =  in the first period, the task iτ  

will execute at t=3.5 and finish its execution by con-
suming capacity of Si 0.5, then task jτ  begins to exe-
cute and consumes the remaining capacity of 0.5. The 
capacity of Si replenish at t=8, and task iτ ’s second 
instance arrives at the same time with absolute dead-
line (2) 14id = . This time task iτ  has the lowest prior-
ity, and tasks jτ  and kτ  get to execute first. Task jτ  
executes the remaining time that is 0.6-0.5=0.1, and 
then task kτ  begins to execute and finishes at t=8.8, 
and iS ’s remaining capacity is 0.2. The task iτ ’s sec-
ond instance can only execute for 0.2 time units in this 
server period and has to wait for the next capacity re-
plenishment at t=12.5, so (2)

ia  will complete its exe-
cution at 12.5+0.3=12.8, and the response time of (2)

ia  
is 4.8, that is larger than the response time of task iτ  
when it is released at any time in its first period.The 
results presented in this paper correctly analyse this 
example see Section 6.3. 

4.  Processor demand criterion 
Baruah et al. [2, 3] presented necessary and 

sufficient conditions for periodic or sporadic task 
systems to be schedulable based on processor demand 
analysis. The processor demand in an interval [0, t ] is 
defined as: 
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Lemma 1: ([3]) A task set is not feasible if and only if 
there exists an integer 0t ≥  such that ( ) .Rh t t>  
Furthermore, the minimum t satisfying ( )Rh t t>  is 
equal to the earliest time the EDF algorithm can report 
failure. 

Lemma 1 means a task set is schedulable by EDF 
if and only if in any time interval, the processor de-
mand does not exceed the available time, that is: 

0t∀ ≥ ( )Rh t t≤     (2) 
Baruah et al. [3, 4] and Ripoll et al. [23] showed 

that the time interval over which equation (2) must 
hold is bounded: 

Lemma 2: ([4, 23])  Suppose the task set is not 

feasible, and 
1

1
n

i

i i

C
T=

≤∑ , then ( )Rh t t>  implies: 

1max ( )i n it D≤ ≤< , or 
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Spuri [28] gave another upper bound on the time 
interval needed to verify the schedulability property, 
that is the “as soon as possible arrival pattern” in the 
first processor busy period (also defined as synchro-
nous busy period by George et al. [12]) . In this paper, 
he pointed out that if we remove the assumption of null 
release jitter, then the worst-case arrival pattern of the 
task set is when all tasks are released simultaneously at 
the beginning of the busy period t=0, then at their 
maximum rate, after having experienced their maxi-
mum release jitter.  

Here we give a necessary and sufficient condition for 
EDF schedulability based on processor demand crite-
rion, which considers the release jitter factor. 

Theorem 1: A set of periodic or sporadic tasks is 
feasible by EDF if and only if all the following 
conditions are true: 

1) 
1

1
n

i

i i

C
T=

≤∑ . 

2) All tasks are released simultaneously at time t=0 
after having experienced their maximum release jitter, 
and then the subsequent instances of each task are 
released at their maximum rate. 
3) t P∀ ∈  ( )h t t≤  

where ( )
i i

i i i
i

D t J i

t T J Dh t C
T≤ +

 + + −=  
 

∑ , 

iJ  is the release jitter of task iτ , P is the set of all task 
absolute deadlines not exceeding min( ,a bL L ), that is: 

1
{ , } [0, min( , )]

n

i i i a bi
P kT D J k N L L

=
= ∪ + − ∈ ∩ , where 

1
1 1

( )
max{( ),..., ( ), }

1

n

i i i i
i

a n n

T J D U
L D J D J
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=

+ −
= − −
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∑
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and bL  is the first processor busy period when all the 
tasks are released simultaneously at time t=0 with the 
arrival pattern of condition 2, and delimited by the first 
processor idle time (when there is no pending task). 

Proof: It can be proved by the same principles of 
Theorem 2’s proof. See Section 5.2. 

5.  Conditions for schedulability 
In this section we focus on the schedulability of 

an application that has an EDF local scheduler. We 
assume, in this section, that the set of servers are them-
selves schedulable. The global scheduler could be FP 
or EDF. 

5.1  Worst-case arrival pattern of tasks 
In hierarchical scheduling when the local sched-

uler is EDF, the worst-case arrival pattern of tasks is 
the same as the situation of fixed priority hierarchical 
scheduling [7]:  
1) All unbound tasks in the server arrive simultane-

ously just after the server’s capacity has been ex-
hausted by previously arrived tasks or the “back-
ground task” if the server is a PS or a DPS, and the 
capacity in the server period is exhausted as soon 
as possible, as shown in Figure 2. This situation 
may occur when 1t  is the end of a hyper-period of 
the unbound task set in the server.  

2) All bound tasks in the server arrive simultaneously 
at the beginning of the following server period 2t . 

Figure 2 

In this arrival pattern, if we let the release time of 
the bound tasks 2 0t =  be the beginning of the server 
busy period, then each unbound task can be modeled as 
a bound task with a release jitter equal to s sT C− , and 
each bound task’s release jitter equal to 0. 

5.2  Conditions for schedulability of tasks 
Definition 1: A server busy period is an interval of 
time that the studied server always has pending tasks 
ready to use its capacity, whether the server is 
executing or suspended. 

Definition 2: A synchronous server busy period is a 
server busy period beginning at time t=0 and ended by 
the first server idle period (the length of such a period 
can be zero), when all tasks in the server are released 
simultaneously at time t=0 then at their maximum rate, 
after having first experienced their maximum release 
jitter. 
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Theorem 2: In the two level hierarchical system when 
the local scheduler is EDF algorithm, a set of periodic 
or sporadic tasks in the application is schedulable if all 
of the following conditions are true: 
1) If all tasks are unbound: { ( )}/ ;L

set s s LU A T T C T≤ − −  
If there are bound tasks: ;set sU U≤   
where setU  is the utilization of the task set in the 
application, LT  is the hyper-period of the task set, 

{ ( )}L
s sA T T C− −  is the worst-case available ca-

pacity of the server during [0, ( )L
s sT T C− − ]. 

2) All tasks in the application are released simulta-
neously at time 0t =  after having experienced 
their maximum release jitter, and then the subse-
quent instances of each task released at their 
maximum rate. 0t =  is the release time of a 
bound task. 

3) t P∀ ∈  { ( )} ,R h t t≤  
where P is the set of all tasks’ absolute deadlines 
not exceeding min( ,b hT T ), that is: 

{ : , min( , )}b u
k k i i i kP d d kT D J d T T= = + − ≤  where bT  is the worst-case synchronous server 

busy period, and 

1
1 1

( )
max{( ),...,( ), }

n

s i i i i
u i

n n
s set

C U T J D
T D J D J

U U
=

+ + −
= − −

−

∑
 

( )h t  is the capacity demand of the tasks in the 
server (application) during any given time interval 
[0, t ]: 

( )
i i

i i i
i

D t J i

t T J Dh t C
T≤ +

 + + −
=  

 
∑  

{ ( )}R h t  is the worst-case response time of ( )h t . 

Proof: Condition 1 gives the maximum utilization of 
the task set in the application. If this utilization of the 
task set is larger than the requirement of Condition 1, 
then in a hyper-period, the total required execution 
time from the task set could exceed the worst-case 
available capacity in the server. If there’s not enough 
capacity to deal with all requests in a hyper-period, the 
task set cannot be schedulable. 

Condition 2 gives the worst-case arrival pattern 
(maximum capacity demand) of the tasks in the appli-
cation. To prove this, firstly, we suppose there’s no 
release jitter problem (all tasks in the application are 
bound). In each server, during any time interval [0, ∆ ] 
such that t =0 is the last time when there is no pending 
instance with absolute deadline less than or equal to ∆  
before t = ∆ , if we move “left” all tasks’ first in-
stances which arrive after t =0, let all tasks be released 
simultaneously at 0t = , then at their maximum rate, 
we can only increase the task load in the time interval 
[0, ∆ ]. Then we add the release jitter consideration 

(there are unbound tasks). If we let the first instance of 
each task iτ  (arrives at time 0) be fixed, and move 
“left” all other instances of task iτ  in the period [0, ∆ ], 
making them closer to the first one, obviously the more 
we move and make the second instance closer to the 
first one, the task load in the period [0, ∆ ] could be-
come larger. The maximum distance of each task iτ ’s 
other instances can be moved forward to the first one is 

iJ , that is the situation when all tasks arrive simulta-
neously at 0t =  after having experienced their 
maximum release jitter, then the subsequent instances 
released at their maximum rate without jitter. 

Condition 3 gives a sufficient and necessary con-
dition for the tasks schedulability. Let ( )A t  be the 
worst-case available capacity of the server in any time 
interval [0, t ]. { ( )}R h t t≤  means there’s enough ca-
pacity to deal with all ( )h t  requests of the server be-
fore time t , so we have: 

{ ( )} { ( )} ( )R h t t R h t A t≤ ⇒ ≤       
( ) { ( )} ( )h t R h t A t⇒ ≤ ≤     (3) 

Let { ( )}R A t  be the worst-case response time of 
( )A t , then: 

( ) ( ) { ( )} { ( )}h t A t R h t R A t≤ ⇒ ≤  
( ) { ( )} { ( )}h t R h t R A t t⇒ ≤ ≤ ≤   (4) 

From formulations (3) & (4), ⇔≤ tthR )}({  
)()( tAth ≤ , and 0t∀ ≥ , { ( )}R h t t≤  is a necessary 

and sufficient condition of 0t∀ ≥ , ( ) ( )h t A t≤ . By 
Lemma 1, if 0t∀ ≥ , { ( )}R h t t≤ , the task set in the 
server is schedulable. 

In the following part of the proof we reduce the 
time interval in which we need the above conditions. 
Since we do not change the arrival pattern of servers, 
the worst-case available capacity of the server does not 
change in any time interval. Condition 2 is the 
worst-case arrival pattern of the tasks in the server, 
following the argument by Liu and Layland [21], if 
there is an overflow in any tasks’ arrival pattern, then 
there is also an overflow without idle time prior to it in 
the tasks’ arrival pattern of Condition 2. So we can 
concentrate our attention only on the worst-case syn-
chronous server busy period.  

Here we give another upper bound of the time in-
terval we need to check, when 

1 1max{( ),...,( )}n nt D J D J≥ − − : 

( )h t
i i

i i i
i

D t J i

t T J D C
T≤ +

 + + −
=  

 
∑     

1

n
i i i

i
i i

t T J D
C

T=

+ + −
≤∑      

1 1
( )

n n
i i i i

i
i ii i

C T J D
t C

T T= =

+ −
= +∑ ∑ ,    
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if the task set is not schedulable (we suppose the serv-
ers are schedulable), then: 

( ) ( )A t h t<  ⇔  

1 1

( 1) ( ) ( ) ( )
n n

i i
s i i i

i is i i

C Ct C A t h t t T J D
T T T= =

 
− < < ≤ + + − 

 
∑ ∑

⇔   
1

( )
n

s
s set i i i i

is

C
t C U t U T J D

T =
− < + + −∑  

⇔   
1

( ) ( )
n

s set s i i i i
i

U U t C U T J D
=

− < + + −∑  

⇔   1
( )

n

s i i i i
i

s set

C U T J D
t

U U
=

+ + −
<

−

∑
. 

Because the task load only changes at the dead-
lines of the tasks, and ( )h t  is the maximum capacity 
demand from the tasks in any given time interval [0, t ], 
so any task set satisfying the above conditions is 
schedulable  □ 

Theorem 2 is a necessary and sufficient schedula-
bility test for the application in which all tasks are 
bound, or the when its server is a periodic server or a 
dynamic periodic server.  

For the application in which there are unbound 
tasks when its server is not a PS or a DPS, since as-
sumption 1 in Section 5.1 may be pessimistic, Theorem 
2 is a sufficient test in this situation. 

5.3  Verifying Condition 1 of Theorem 2 for 
unbound tasks 

For an application in which all tasks are unbound, 
we provide an efficient way which is sufficient to ver-
ify if L

ss
L

set TCTTAU /)}({ −−≤ . If maxsetU U≤ , 
where: 

max
( )L

s s s
L

s

T T C CU
T T

 − −=  
 

,   (5) 

then { ( )}/L L
set s sU A T T C T≤ − − . 

If sset UU >  then the task set is not schedulable. 
If max ,set sU U U< ≤  then we can calculate the 

worst-case response time of task load L
setU T  in a 

hyper-period to know if Condition 1 is satisfied. 

Lemma 3: For the application in which all tasks are 
unbound, Condition 1 of Theorem 2 is true if and only 
if ( ) ( ),L L

set s sR U T T T C≤ − − where ( )L
setR U T  is the 

worst-case response time of task load L
setU T  in a 

hyper-period. 

Proof: ( ) ( )L
set L s sR U T T T C≤ − −  

⇔   ( ( ))L L
set s sU T A T T C⋅ ≤ − −  

⇔   ( ( )) /L L
set s sU A T T C T≤ − −   □ 

For the fixed priority servers system, ( )L
setR U T  

can be computed by the method of Section 6.2, where 
we let ( ) L

seth t U T= . For the dynamic servers system, 
( )L

setR U T  can be calculated by the method of Section 
7.4, and we let ( ) L

seth t U T= . 
To verify Condition 3 of Theorem 2, we need to 

know the worst-case response time of ( )h t  at each 
kd P∈ , and the synchronous server busy period bT  

for the task set. In the following sections of this paper, 
we will give methods for these calculations. 

6.  Fixed priority global scheduling 
In this part, we use the periodic server (PS), the 

deferrable server (DS), or the sporadic server (SS) to 
construct the hierarchical system. The schedulability 
test for these fixed priority servers follows the existing 
approach of Davis and Burns [7], which builds on the 
results of maximum interference a fixed priority server 
may produce over lower priority servers by Bernat and 
Burns [6]. So in this section, we only give the sched-
ulability test for tasks, and we assume servers are fea-
sible. 

6.1  Compute the worst-case synchronous 
server busy period 

The worst-case synchronous server busy period 
bT  is a busy period when all of the tasks in the server 

are released simultaneously at time t=0, after having 
experienced their maximum release jitter, and in the 
last server period experience the maximum interfer-
ence of other servers. 

Figure 3 

Here we can use the same computation method 
which was provided by Davis and Burns [7] to calcu-
late bT . The task load ( )L w  in a server busy period 
w is: 

1

( )
n

i
i

i i

w JL w C
T=

 +=  
 

∑
    

(6) 

by Section 5.1, release jitter for each unbound task is 
s sT C− , and for bound task is 0. 

Then the gaps in the server not including the final 
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period in w is given by: 

( )( 1)( )s s
s

L w T C
C

 
− − 

 
   (7) 

and the busy period w extends to the final server period 
is: 

( )( 1) s
s

L ww T
C

 
− − 
 

    (8) 

Thus the interference due to higher priority serv-
ers [6] in the final server period is: 

( )

( )( 1)

i

s x
s

X
X hp S x

L ww T J
C

C
T∀ ∈

  
− − +  

  
 
 
  

∑   (9) 

where ( )ihp S  is the server set in which the servers 
have higher priority than server iS . xJ  is the release 
jitter of the higher priority server xS  which belongs to 

( )ihp S , for a periodic or sporadic server, xJ =0, and 
for a deferrable server, x x xJ T C= − , where xT  and 

xC  is the period and execution time of the server xS . 
Therefore the synchronous server busy period is: 

( )( ) ( 1)( )s s
s

L ww L w T C
C

 
= + − − + 

 
 

( )

( )( 1) s x
s

X
X hp s x

L ww T J
C

C
T∀ ∈

  
− − +  
  

 
 
  

∑    (10) 

The 3rd term in equation (10) is not a monotoni-
cally non-decreasing function of w, because at the be-
ginning of the recurrent process, formula (9) may be 
less than zero, therefore the server busy period extends 
into the final period and in the equation may become 
an interval of negative length. So we need to modify 
equation (10): 

1 ( )( ) ( 1)( )
n

n n
s s

s

L ww L w T C
C

+  
= + − − 

 
    

( )

( )max{ ( 1) ,0}
n

n
s x

s
X

X hp s x

L ww T J
C

C
T∀ ∈

  
− − +  
  +  

 
  

∑ (11) 

Recurrence starts with: 

0 1

1

( 1)( )

n

in
i

i s s
i s

C
w C T C

C
=

=

 
 
 = + − −
 
  

∑
∑   (12) 

and ends with 1n nw w+ = , then we set the worst-case 
synchronous server busy period: 

1b nT w +=      (13) 

Lemma 4: For any application task set, if 
( ) ( )L L

set s sR U T T T C≤ − −    (14) 
then equation (11) converges in a finite number of 
steps. 

Proof: In equation (6), task load ( )L w  is non-de-
creasing with w , therefore in the iterative process, 

k N∀ ∈ , when ( )k L
s sw T T C≤ − − , we have: 

1

( )( ) { ( )}
Ln

k L s s i
s s i

i i

T T C JL w L T T C C
T=

 − − +≤ − − =  
 

∑  

1 1 1

L Ln n n
L Li

i i set
i i ii i i

CT TC C T U T
T T T= = =

 
≤ = = = 

 
∑ ∑ ∑ . 

Let { ( )}R L w  be the worst-case response time of 
( )L w , then kw in equation (11), 1{ ( )},k kw R L w −≤  

therefore when 1( )k L
setL w U T− ≤ , we have: 

1{ ( )} ( ) ( )k k L L
set s sw R L w R U T T T C−≤ ≤ ≤ − − .   

From above argument, if kw  continuously in-
creases with the recurrence (the value of k  also in-
creases), ( )kL w  will get to the value ( )k L

setL w U T= . 
Then:  

)()()}({1
ss

LL
set

kk CTTTURwLRw −−≤=≤+  
so m k∀ > , m N∈ , 

( )m L
setL w U T=  and ( )m L

setw R U T≤  
therefore there exists n k> , n N∈ , 

1 ( )n L n
setw R U T w+ = =  □ 

Lemma 4’s condition can be verified by the same 
method of Section 5.3. Here the task set can be of any 
kind and it may contain bound tasks. 

If Lemma 4’s condition is unsatisfied, then we 
only use uT  as the upper bound of the deadlines that 
we have to check. 

6.2  Compute the worst-case response time of 
capacity demand h(t) 
Because  

( )
i i

i i i
i

D t J i

t T J Dh t C
T≤ +

 + + −=  
 

∑   (15) 

is a determined value when t is fixed, we do not need 
to consider any new incoming task load during the 
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response time of ( )h t . So we can assume that there is 
a task with the highest priority in the server, its execu-
tion time equal to ( )h t , and only calculate the 
worst-case response time of this task in the last server 
period (the period [ , ]f ht t  in Figure 4), then we can 
get the whole response time of ( )h t  (the { ( )}R h t  
term). 

Let ( )l t  be the task load of ( )h t  that extends 
into the last server period, then ( )l t  is: 

( )( ) ( ) ( 1) s
s

h tl t h t C
C

 
= − − 

 
   (16) 

{ ( )}R l t is calculated by: 

1

( )

( )
n

n x
x

X hp s x

w Jw l t C
T

+

∀ ∈

 += +  
 

∑   (17) 

where ( )ihp S  is the server set in which the servers 
have higher priority than server iS . xJ  is the release 
jitter of the higher priority server xS  which belongs to 

( )ihp S , for a periodic or sporadic server, xJ =0, and 
for a deferrable server, x x xJ T C= − . Recurrence starts 
with: 

0 ( )w l t= ,     (18) 
and ends with 1n nw w+ =  (we assume that the servers 
are schedulable). Then we set: 1{ ( )} nR l t w += . So the 
worst-case response time of ( )h t  is: 

( ){ ( )} ( 1) { ( )}s
s

h tR h t T R l t
C

 
= − + 

 
  (19) 

( )( 1) s
s

h t TC
 
 
 
 
 

− { ( )}R l t

Figure 4 

6.3  Illustrations of the analysis 
Example A: Here we revisit the example given in Sec-
tion 3. The parameters of the server and tasks are 
shown in Figure 1. The position of 0t =  (different 
from Figure 1) and release time of the tasks are shown 
in Figure 4. We assume that all tasks are unbound in 
this example. As we mentioned before, we only test the 
schedulability of the tasks in this section. 

Step 1 (Verify Condition 1 of Theorem 2): 
0.5 0.6 0.7 0.1332
7 20 22setU = + + ≅  

max
140 3.5 1 0.2143

4.5 140
U − = ≅  

  

As max ,setU U≤  then Condition 1 of Theorem 2 is 
satisfied. 

Step 2 (Calculate synchronous server busy period bT ): 
0 1.81.8 ( 1)(4.5 1) 5.3

1
w  = + − − =  

 

0 5.3 3.5 5.3 3.5 5.3 3.5( ) 0.5 0.6 0.7 2.3
7 20 22

L w + + +     = + + =          
 

1 2.32.3 ( 1)(4.5 1) 0 9.3
1

w  = + − − + =  
 

1 9.3 3.5 9.3 3.5 9.3 3.5( ) 0.5 0.6 0.7 2.3
7 20 22

L w + + +     = + + =          

2 2.32.3 ( 1)(4.5 1) 0 9.3
1

w  = + − − + =  
 

As 2 1,w w=  the synchronous server busy period 
bT =9.3. 

Step 3 (Calculate another upper bound of the time in-
terval uT ): 

0.5 0.6 0.71 ( 4.5 10.1 11.8)
7 20 22

1/ 4.5 (0.5 / 7 0.6 / 20 0.7 / 22)
uT

+ × + × + ×
= ≅

− + +
22.4768 

Because b uT T< , the tasks’ absolute deadlines we 
need to check are:  

{ : , 9.3}b
k k i i i kd d kT D J d T= + − ≤ =  

Step 4 (Verify Condition 3 of Theorem 2): 
There’s only one absolute deadline in the period [0,9.3], 
that is 2.5kd = , 

when t=2.5, 2.5 7 3.5 6( ) 0.5 0.5
7

h t + + − = =  
,  

according to equations (16)(17)(18)(19), ( ( )) 0.5R h t =  
(remember 0t =  is the release time of a bound task, 
and the server has the highest priority and hence suf-
fers no interference), so ( ( )) 2.5.R h t t≤ =  Hence all 
conditions in Theorem 2 are satisfied, and the task set 
is schedulable. 

Example B: In order to give a further illustration of 
how this mechanism works, we change the parameters 
of the tasks in Example A. If we let each of these three 
tasks’ execution time be 0.1, it is easy to see 0.3bT = . 
Since there’s no absolute deadline in the period 
[0,0.3] , we don’t need to check any absolute deadline. 
This means, from the tasks point of view, any busy 
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period of the tasks (obviously bT  is the longest one) 
finishes before it meets a deadline, so such a task set is 
always schedulable. 

Example C: In this example, we let the parameters of 
the tasks and server iS  be the same as Example A, and 

iS  be a periodic server. If there is another higher prior-
ity server  with period 4.5sT =  and execution time 

1sC = , then server iS  could get the maximum inter-
ference of 1 time unit in the final server period of bT , 
and so 10.3bT = . Therefore there are three absolute 
deadlines we need to check: ,5.2{ 1 =d  ,9.92 =d  

}.2.103 =d  When 3 10.2t d= = , ( ) 2.3,h t =  
))}({( thR  = 10.3. Because { ( )}R h t t> , the task set is 

unschedulable. 

What these three examples illustrate is that while the 
derivation of the test may be considered complex, its 
application is straightforward and easily incorporated 
into tools. 

7.  EDF Global Scheduling 
In this part, we use the dynamic periodic server 

(DPS), the dynamic deferrable server (DDS) or the 
dynamic sporadic server (DSS) to construct the hierar-
chical system, thus both of the global and local sched-
ulers are EDF. We will present the schedulability tests 
for these different server types, and the schedulability 
test for tasks based on Theorem 2. 

7.1  Maximum interference of a dynamic 
server 
7.1.1  Dynamic periodic server. The DPS is 
time-triggered and can be regarded as an ordinary pe-
riodic task with execution time sC  and with release 
jitter equal to zero. So the remaining objective of this 
section is to find out the maximum interference a DDS 
or DSS can produce over other servers. 
7.1.2  Dynamic deferrable server. 

Lemma 5 ([13]) For every time interval [ ', ]t t  such 
that t is a missed deadline, ' st t C≤ − , and there is no 
task with deadline later than t  executing in the 
interval, an upper bound of the dynamic deferrable 
server’s demand for CPU time in the interval is: 

s
s s

s

C C C
T

 ∆ − + 
 

, 

where 't t∆ = −  is the length of the interval. 

Lemma 5 tells us that in any time interval [0, ∆ ], 
the worst-case (maximum) interference a dynamic de-
ferrable server can produce over other servers occurs 
when: 1) There is a request with execution time 

i sC C≥  in the server, 2) and this request arrives at 

sC  time units before the end of that server period, let 
the arrival time be 't , 't  should be the beginning 
time of the interval [0, ∆ ], 3) and there should be no 
other request arrival before 't  in that server period, 4) 
and in every following server period the server’s ca-
pacity can be exhausted. As shown in Figure 5. 

't t

∆

Figure 5 
So we can conclude that when a DDS produces 

maximum interference over other servers, the DDS can 
be modeled as a periodic task with execution time 
equal to sC , relative deadline equal to its period, and 
release jitter equal to s sT C− . 
7.1.3  Dynamic sporadic server. 

Lemma 6 ([13]) For every time interval [ ', ]t t  such 
that t  is a missed deadline, ' st t C≤ − , and there is no 
task with deadline later than t  executing in the 
interval, an upper bound of the dynamic sporadic 
server’s demand for CPU time in the interval is: 

s
s

C
T
 ∆
 
 

 

where 't t∆ = −  is the length of the interval. 

From Lemma 6, in the worst-case, we can regard 
the DSS as a periodic task with execution time equal to 

sC , relative deadline equal to its period, and release 
jitter equal to 0. 

7.2  Schedulability of servers 
Following Section 7.1, each dynamic server can 

be modeled as a periodic task with execution time 
equal to its capacity sC , relative deadline equal to its 
period sT , and release jitter depends on the server 
type. 

As each dynamic polling server (DPS) or dy-
namic sporadic server (DSS) can be regarded as a pe-
riodic task without release jitter, so if there are only 
DPS and DSS in a hierarchical system, we can use the 
sufficient and necessary condition by Liu and Layland 
[21] to test the feasibility of servers, that is: 

If    
1

1
n

Si
i

U
=

≤∑ ,  

then servers are schedulable, where SiU  is the utiliza-
tion of server i, equal to /s sC T . 

If there are dynamic deferrable servers (DDS) in 
the system, we can use Theorem 1 to test the servers 
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feasibility. For a DDS, the release jitter i s sJ T C= − , 
for a DPS or DSS, 0iJ = . 

For the tasks in each application, we still use 
Theorem 2 to test their schedulability. 

7.3  Compute the worst-case synchronous 
server busy period 

When we are calculating the worst-case synchro-
nous server busy period bT  in this section, in order to 
reduce the calculation complexity, we suppose the 
server capacity is only available at the end of the final 
server period, as shown in Figure 6. Note that in this 
assumption, we don’t increase the pessimism for 
schedulability, we only increase the length of bT , so 
we may need to check more absolute deadlines when 
we are verifying the feasibility of the tasks, but we 
save a lot of computation time in calculating the exact 
value for bT  in the EDF global scheduling environ-
ment. 

Figure 6 
The task load in the synchronous server busy pe-

riod w is: 

1

( )
n

i
i i

i i

w JL w C
T=

 +=  
 

∑    (20) 

release jitter for each unbound task is s sT C− , and for 
each bound task is 0. 

The total length of the worst-case synchronous 
server busy period is: 

1 ( )( ) ( )
n

n n
s s

s

L ww L w T C
C

+  
= + − 

    
(21) 

Recurrence starts with: 

0 1

1

( )

n

in
i

i s s
i s

C
w C T C

C
=

=

 
 
 = + −
 
  

∑
∑

 

  (22) 

and ends with 1n nw w+ = , then we set the worst-case 
synchronous server busy period: 

1b nT w +=      (23) 
In order to ensure equation (21) converges, we 

need to make sure utilization of the task set 
maxsetU U≤  before we calculate bT , where 

max
( )L

s s s
L

s

T T C CU
T T

 − −=  
 

   (24) 

If maxsetU U> , then we only use uT  as the up-
per bound of the deadlines we have to check. 

7.4  Compute the worst-case response time of 
h(t) 

The difference in the response time of ( )h t  be-
tween fixed priority servers and dynamic servers is 
only in the length of the last server period (the period 
[ , ]f ht t  in Figure 4). It is easy to see that before ft , 
the length of ( )h t ’s worst-case response time is the 
same, no matter what kind of server is being used.  

The task load of ( )h t  in the last server period 
( )l t  can be calculated by equation (16). 

The task load ( )l t  can be regarded as a periodic 
task with execution time equal to ( )l t , relative dead-
line equal to its server period, and release jitter equal to 
zero. Following Section 7.1, all other servers in the 
system are modeled as periodic tasks with execution 
time equal to their capacity, relative deadlines equal to 
their periods, and for a dynamic polling and sporadic 
server, release jitter equal to zero, for a dynamic defer-
rable servers, release jitter equal to s sT C− . Then the 
worst-case response time of ( )l t  can be calculated by 
the existing EDF response time analysis by George et 
al [12].  

Let { ( )}R l t  be the worst-case response time of 
( )l t . After obtaining { ( )}R l t  by the method of [12], 

the worst-case response time of ( )h t  is: 

( ){ ( )} ( 1) { ( )}s
s

h tR h t T R l t
C

 
= − + 

 
.  (25) 

8.  Conclusions 
In this paper, we present schedulability analysis 

for two-level hierarchical scheduling when the local 
scheduler of the system is EDF, and the global sched-
uler could be FP or EDF. A schedulability test which 
considers the release jitter problem for tasks on stan-
dard EDF scheduling is also given, and it can be used 
for testing the feasibility of the dynamic servers con-
sidered in this work. We point out a mistake in the lit-
erature which miss calculates each task’s worst-case 
response time for hierarchical scheduling when the 
local scheduler is EDF. 

We present an exact and efficient schedulability 
test for application tasks based on the capacity demand 
criterion when the local scheduler is EDF and the 
global scheduler is FP or EDF. Each application task 
could be periodic or sporadic, bound or unbound, with 
arbitrary relative deadline which could be less than, 
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equal to or greater than its period. When the studied 
application’s server is a PS or a DPS, or the application 
consists of only bound tasks, the schedulability test is 
necessary and sufficient. A number of server types are 
considered corresponding to various global scheduling 
algorithms. We evaluate the maximum interference a 
dynamic server may produce over other servers, and 
present sufficient and necessary feasibility tests for 
several types of dynamic servers when the global 
scheduler is EDF. 

As future work, we plan to extend this system 
model to share local resources between the tasks, and 
global resources between the applications, and we are 
going to consider some other server types, i.e. the con-
stant bandwidth server [1]. Making experimental com-
parisons between fixed priority and EDF hierarchical 
scheduling is also an interesting area for future work. 
Optimal server parameters selection is another direc-
tion of research. 
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