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1 Introduction

This technical report contains the refinement equations and rules
used by the constraint refinement system Conjure [1]. Conjure is
a system which transforms high-level specifications of constraint pro-
grams in the language Essence into a low-level language Essence′,
which is similar to existing constraint satisfaction solvers.

2 Type Refinement Rules

These rules refine a single variable, parameter or constant. The rules
for set and multiset types are never actually invoked, as these types
are always refined during the refinement of some other rule. They
are however provided because they demonstrate the extra constraints
which must be added to each representation in order to ensure it is
correct. In later sections when the similar equations differ only by
the addition of these constraints, then only a sample of the equations
will be given.

2.1 Symbols of Atomic Type

Variables of type boolean and integer do not need any further refine-
ment.

BooleanVariable ρ(i:bool)
ref
→

{ i:bool }

IntegerVariable ρ(i:integer(D))
ref
→

{ i:integer(D) }



2.2 Symbols of Matrix Type

The MatrixRefine equation refines a matrix by refining a typical
element of the matrix, and then duplicating the resulting local model
and refined variables for each element of the matrix.
MatrixRefine ρ(M: matrix (indexed by τ1) of τ2)

ref
→

{ M ′: matrix (indexed by τ1) of τ ′

2
such that ∀i:τ1. Γ

|
e′ with local model Γ ∈ ρ(e)
}

τ1 is indexable

e = genSymbol(M [i], τ)
e′:τ ′

2
M ′: matrix (indexed by τ1) of

2.3 Symbols of Set Type

Refines a set of τ , maximum size n to the occurrence representation.

BoundedSet1 ρ(S:set (maxsize n) of τ)
ref
→

{ S′′

such that φ

represent S by occset(S′)
|
φ ∈ ρ(

P

S′ ≤ n)
S′′ ∈ ρ(S′)
}

τ is indexable

S′ = genSymbol(S, matrix (indexed by τ) of bool)
S′′: matrix (indexed by ) of bool

Refines a set of τ , maximum size n to the variable explicit repre-
sentation.
BoundedSet2 ρ(S:set (maxsize n) of τ)

ref
→

{ 〈S′′, Switches〉
such that φ

represent S by varexpset(〈S′,Switch〉)
symmetry indexsym(〈S′,Switch〉.1)
|
φ ∈ ρ(∀i ∈ integer(1..n). ∀j ∈ integer(1..n).

(i 6= j ∧ Switch[i] ∧ Switch[j])→ S′[i] 6= S′[j])
S′′ ∈ ρ(S′)
}

S′ = genSymbol(S, matrix (indexed by integer(1..n)) of τ)
Switch =

genSymbol(S, matrix (indexed by integer(1..n)) of bool)
S′′: matrix (indexed by integer(1..n)) of

Refines a set of τ of size n to the occurrence representation.

SizedSet1 ρ(S:set (size n) of τ)
ref
→

{ S′′

such that φ

represent S by occset(S′)
|
φ ∈ ρ(

P

S′ = n)
S′′ ∈ ρ(S′)
}

τ is indexable

S′ = genSymbol(S, matrix (indexed by τ) of bool)
S′′: matrix (indexed by ) of bool

Refines a set of τ , maximum size n to the occurrence representa-
tion.



SizedSet2 ρ(S:set (size n) of τ)
ref
→

{ S′′

such that φ

represent S by expset(S′)
symmetry indexsym(S′.1)
|
φ ∈ ρ(AllDiff(S’))
S′′ ∈ ρ(S′)
}

S′ = genSymbol(S, matrix (indexed by integer(1..n)) of τ)
S′′: matrix (indexed by ) of bool

Refines a set of τ of size n to the explicit representation.
BoundedSet2 ρ(S:set (maxsize n) of τ)

ref
→

{ 〈S′′, Switches〉
such that φ

represent S by varexpset(〈S′,Switch〉)
symmetry indexsym(〈S′,Switch〉.1)
|
φ ∈ ρ(∀i ∈ integer(1..n). ∀j ∈ integer(1..n).

(i 6= j ∧ Switch[i] ∧ Switch[j])→ S′[i] 6= S′[j])
S′′ ∈ ρ(S′)
}

S′ = genSymbol(S, matrix (indexed by integer(1..n)) of τ)
Switch =

genSymbol(S, matrix (indexed by integer(1..n)) of bool)
S′′: matrix (indexed by integer(1..n)) of

Refines a set of τ to the occurrence representation.
Set1 ρ(S:set of τ)

ref
→

{ S′′

such that φ

represent S by occset(S′)
|
S′′ ∈ ρ(S′)
}

τ is indexable

S′ = genSymbol(S, matrix (indexed by τ) of bool)
S′′: matrix (indexed by ) of bool

Refines a set of τ to the variable explicit representation.
Set2 ρ(S:set of τ)

ref
→

{ 〈S′′, Switches〉
such that φ

represent S by varexpset(〈S′,Switch〉)
symmetry indexsym(〈S′,Switch〉.1)
|
φ ∈ ρ(∀i ∈ integer(1..|τ |). ∀j ∈ integer(1..|τ |).

(i 6= j ∧ Switch[i] ∧ Switch[j])→ S′[i] 6= S′[j])
S′′ ∈ ρ(S′)
}

S′ = genSymbol(S, matrix (indexed by integer(1..|τ |)) of τ)
Switch =

genSymbol(S, matrix (indexed by integer(1..|τ |)) of bool)
S′′: matrix (indexed by integer(1..|τ |)) of

2.4 Variables of Multiset Type

Refines a multiset of τ , maximum size n to the occurrence represen-
tation.
BoundedMset1 ρ(S:mset(maxsize n) of τ)

ref
→

{ S′′

such that φ

represent S by occmset(S′)
|
φ ∈ ρ(

P

S′ ≤ n)
S′′ ∈ ρ(S′)
}

τ is indexable

S′ = genSymbol(S, matrix (indexed by τ) of integer(1..n))
S′′: matrix (indexed by ) of integer(1..n)



Refines a multiset of τ , maximum size n to the variable explicit

representation.
BoundedMset2 ρ(S:mset(maxsize n) of τ)

ref
→

{ 〈S′′, Switches〉
represent S by varexpmset(〈S′,Switch〉)
symmetry indexsym(〈S′,Switch〉.1)
|
S′′ ∈ ρ(S′)
}

S′ = genSymbol(S, matrix (indexed by integer(1..n)) of τ)
Switch =

genSymbol(S, matrix (indexed by integer(1..n)) of bool)
S′′: matrix (indexed by integer(1..n)) of

Refines a multiset of τ of size n to the occurrence representation.
SizedMset1 ρ(S:mset(size )) of τ

ref
→

{ S′′

such that φ

represent S by occmset(S′)
|
φ ∈ ρ(

P

S′ = n)
S′′ ∈ ρ(S′)
}

τ is indexable

S′ = genSymbol(S, matrix (indexed by τ) of integer(1..n))
S′′: matrix (indexed by ) of integer(1..n)

Refines a multiset of τ of size n to the explicit representation.
SizedMset2 ρ(S:mset(size n) of τ)

ref
→

{ S′′

such that φ

represent S by expset(S′)
symmetry indexsym(S′.1)
|
S′′ ∈ ρ(S′)
}

S′ = genSymbol(S, matrix (indexed by integer(1..n)) of τ)
S′′: matrix (indexed by integer(1..n)) of

3 Rules for Operators on Atomic Symbols

3.1 Operators on Integer types

This rule refines operator + on integer types.
IntegerAdd ρ(a:integer(Da) + b:integer(Db))

ref
→

{ (a′ + b′):integer(Da + Db)

|
a′ ∈ ρ(a)
b′ ∈ ρ(b)
}

a′:integer(Da)
b′:integer(Db)

This rule refines operator − with both operands type Integer.
IntegerMinus ρ(a:integer(Da)− b:integer(Db))

ref
→

{ (a′ − b′):integer(Da −Db)

|
a′ ∈ ρ(a)
b′ ∈ ρ(b)
}

a′:integer(Da)
b′:integer(Db)

This rule refines operator × with both operands type integer.



IntegerTimes ρ(a:integer(Da)× b:integer(Db))
ref
→

{ (a′ × b′):integer(Da −×Db)

|
a′ ∈ ρ(a)
b′ ∈ ρ(b)
}

a′:integer(Da)
b′:integer(Db)

This rule refines operator = with both operands type integer.
IntegerEquality ρ(a:integer(Da) = b:integer(Db))

ref
→

{ (a′ = b′):bool

|
a′ ∈ ρ(a)
b′ ∈ ρ(b)
}

a′:integer(Da)
b′:integer(Db)

This rule refines operator 6= with both operands type integer.
IntegerEquality ρ(a:integer(Da) 6= b:integer(Db))

ref
→

{ (a′ 6= b′):bool

|
a′ ∈ ρ(a)
b′ ∈ ρ(b)
}

a′:integer(Da)
b′:integer(Db)

3.2 Operators of Boolean Type

This rule refines the boolean and operator.
BooleanAnd ρ(a:bool ∧ b:bool)

ref
→

{ (a′ ∧ b′):bool

|
a′ ∈ ρ(a)
b′ ∈ ρ(b)
}

a′:bool
b′:bool

This rule refines the boolean or operator.
BooleanOr ρ(a:bool ∨ b:bool)

ref
→

{ (a′ ∨ b′):bool

|
a′ ∈ ρ(a)
b′ ∈ ρ(b)
}

a′:bool
b′:bool

This rule refines the boolean equality operator.
BooleanEquality ρ(a:bool = b:bool)

ref
→

{ (a′ = b′):bool

|
a′ ∈ ρ(a)
b′ ∈ ρ(b)
}

a′:bool
b′:bool

This rule refines the boolean inequality operator.



BooleanInequality ρ(a:bool 6= b:bool)
ref
→

{ (a′ 6= b′):bool

|
a′ ∈ ρ(a)
b′ ∈ ρ(b)
}

a′:bool
b′:bool

This rule refines the boolean implication operator.
BooleanImplication ρ(a:bool ← b:bool)

ref
→

{ (a′ ← b′):bool

|
a′ ∈ ρ(a)
b′ ∈ ρ(b)
}

a′:bool
b′:bool

This rule refines the boolean not operator.
BooleanNot ρ(¬a:bool)

ref
→

{ ¬a′:bool

|
a′ ∈ ρ(a)
}

a′:bool

4 Unary Constraints on (Multi)sets

4.1 Cardinality Constraints

Refines the constraint |S| for a set maximum size n by transforming
S into the occurrence representation.
BoundedSetCardinality1 ρ(|S:set (maxsize n) of τ |)

ref
→

{ sum(i in τ) S′

such that χ

represent S by occset(S′)
|
χ ∈ ρ(

P

S′ ≤ n)
}

S′ = genSymbol(S, matrix (indexed by τ) of bool)

Refines the constraint |S| for a set maximum size n by transform-
ing S into the variable explicit representation.
BoundedSetCardinality2 ρ(|S:set (maxsize n) of τ |)

ref
→

{ sum(i in integer(1..n)) Switch)
such that χ

represent S by varexpset(〈S′,Switch〉)
|
χ ∈ ρ(AllDiff(S))
}

i = genSymbol(i, integer(1..n))
S′ = genSymbolS, matrix (indexed by integer(1..n)) of τ

Switch = genSymbolS, matrix (indexed by integer(1..n)) of bool

The rules for sets, multisets and bounded multisets follow simi-
larily.



This rule refines cardinality for a set of known fixed size. The
domain returned is a single value, as the size of sets must be either
a parameter or constant.

SizedSetCardinality ρ(|S:set (size n) of τ |)
ref
→

{ n:integer(n) }

This rule refines cardinality for a multiset of known fixed size.

SizedMsetCardinality ρ(|S:mset(size n) of τ |)
ref
→

{ n:integer(n) }

5 Binary Constraints on (Multi)sets

5.1 Element Constraint

This rule of the ElementBoundedSet equation refines an element
constraint by refining the set into the occurrence representation.

ElementBoundedSet1 ρ(s:τ ∈ S:set (maxsize m) of τ)
ref
→

{ φ1

such that φ2

represent S by occset(S′)
|
φ1 ∈ ρ(S′[s] = 1)
φ2 ∈ ρ(

P

S′ ≤ n)
}

τ is indexable

S′ = genSymbol(S, matrix (indexed by τ) of bool)

This rule refines an element constraint by refining the set into
the variable explicit representation.

ElementBoundedSet2 ρ(s:τ ∈ S:set (maxsize m) of τ)
ref
→

{ φ1

such that φ2

represent S by varexpset(〈S′,Switch〉)
symmetry indexsym(〈S′,Switch〉.1)
|
φ1 ∈ ρ(∃x:integer(1..n). Switch[x] = 1 ∧ S′[x] = s)
φ2 ∈ ρ(∀i ∈ integer(1..n). ∀j ∈ integer(1..n).

(i 6= j ∧ Switch[i] ∧ Switch[j])→ S′[i] 6= S′[j])
}

S′ = genSymbol(S, matrix (indexed by integer(1..n)) of τ)
Switch =

genSymbol(S, matrix (indexed by integer(1..n)) of bool)
S′′: matrix (indexed by integer(1..n)) of

Equations for the other types of set and multiset follow similarily.

5.2 Subset Constraint

This rule refines a subset constraint on bounded sets by refining both
the left and right hand side sets to the occurance representation.



SubsetBoundedSet1 ρ(S1:set (maxsize n) of τ ⊆ S2:set (maxsize m) of τ)
ref
→

{ φ

such that χ1 ∧ χ2

represent S1 by occset(S′

1)
represent S2 by occset(S′

2)
|
φ ∈ ρ(∀i:τ.S′

1[i]→ S′

2[i])
χ1 ∈ ρ(

P

S′

1 ≤ n)
χ2 ∈ ρ(

P

S′

2 ≤ m)
}

S′

1 = genSymbol(S1 , matrix (indexed by τ) of bool)
S′

2 = genSymbol(S2 , matrix (indexed by τ) of bool)

This rule refines a subset constraint on bounded sets by refining
the left hand side set to the variable explicit representation and the
right hand side to the occurance representation.

SubsetBoundedSet2 ρ(S1:set (maxsize n) of τ ⊆ S2:set (maxsize m) of τ)
ref
→

{ φ

such that χ1 ∧ χ2

represent S1 by varexpset(〈S′

1, Switch〉)
represent S2 by occmset(S′

2)
symmetry indexsym(〈S′

1, Switch〉.1)
|
φ ∈ ρ(∀k:integer(1..n). Switch[k]→ S′

2[S
′

1[k]])
χ1 ∈ ρ(∀i ∈ integer(1..n). ∀j ∈ integer(1..n).

(i 6= j ∧ Switch[i] ∧ Switch[j])→ S′

1[i] 6= S′

1[j])
χ2 ∈ ρ(

P

S′

2 ≤ n)
}

S′

1 = genSymbol(S1 , matrix (indexed by integer(1..n)) of τ)
Switch =

genSymbol(S, matrix (indexed by integer(1..n)) of bool)
S′

2 = genSymbol(S2 , matrix (indexed by τ) of bool)
S′′: matrix (indexed by integer(1..n)) of

This rule refines a subset constraint on bounded sets by refining
the left hand side set to the occurance representation and the right
hand side to the variable explicit representation.

SubsetBoundedSet3 ρ(S1:set (maxsize n) of τ ⊆ S2:set (maxsize m) of τ)
ref
→

{ φ

such that χ1 ∧ χ2

represent S1 by occmset(S′

1)
represent S2 by varexpset(〈S′

2, Switch〉)
symmetry indexsym(〈S′

2, Switch〉.1)
|
φ ∈ ρ(∀k:τ. S′

1[k]→ ∃l:integer(1..m). (Switch[l] ∧ S′

2[l] = k))
χ2 ∈ ρ(∀i ∈ integer(1..n). ∀j ∈ integer(1..n).

(i 6= j ∧ Switch[i] ∧ Switch[j])→ S′

2[i] 6= S′

2[j])
χ1 ∈ ρ(

P

S′

1 ≤ m)
}

S′

2 = genSymbol(S2 , matrix (indexed by integer(1..n)) of τ)
Switch =

genSymbol(S, matrix (indexed by integer(1..n)) of bool)
S′

1 = genSymbol(S1 , matrix (indexed by τ) of bool)
S′′: matrix (indexed by integer(1..n)) of

This rule refines a subset constraint on bounded sets by refining
both sets to the variable explicit representation.



SubsetBoundedSet4 ρ(S1:set (maxsize n) of τ ⊆ S2:set (maxsize m) of τ)
ref
→

{ φ

such that χ1 ∧ χ2

represent S1 by varexpset(〈S′

1, Switch1〉)
represent S2 by varexpset(〈S′

2, Switch2〉)
symmetry indexsym(〈S′

1, Switch1〉.1)
symmetry indexsym(〈S′

2, Switch2〉.1)
|
φ ∈ ρ(∀k:integer(1..n). Switch1[k]→

∃l:integer(1..m). (Switch2[l] ∧ S′

2[l] = S′

1[k]))
χ1 ∈ ρ(∀i ∈ integer(1..n). ∀j ∈ integer(1..n).

(i 6= j ∧ Switch1[i] ∧ Switch1[j])→ S′

1[i] 6= S′

1[j])
χ2 ∈ ρ(∀i ∈ integer(1..m). ∀j ∈ integer(1..m).

(i 6= j ∧ Switch2[i] ∧ Switch2[j])→ S′

2[i] 6= S′

2[j])
}

S′

1 = genSymbol(S1 , matrix (indexed by integer(1..n)) of τ)
Switch1 =

genSymbol(S1 , matrix (indexed by integer(1..n)) of bool)
S′

2 = genSymbol(S2 , matrix (indexed by integer(1..m)) of τ)
Switch2 =

genSymbol(S2 , matrix (indexed by integer(1..m)) of bool)

The equations for the other two types of sets follow similarily.

This rule refines a subset constraint on bounded multisets by
refining both the left and right hand side multisets to the occurance

representation.

SubsetBoundedMset1 ρ(S1:mset(maxsize n) of τ ⊆ S2:mset(maxsize m) of τ)
ref
→

{ φ

such that χ1 ∧ χ2

represent S1 by occmset(S′

1)
represent S2 by occmset(S′

2)
|
φ ∈ ρ(∀i:τ.S′

1[i] ≤ S′

2[i])
χ1 ∈ ρ(

P

S′

1 ≤ n)
χ2 ∈ ρ(

P

S′

2 ≤ m)
}

S′

1 = genSymbol(S1 , matrix (indexed by τ) of integer(1..n))
S′

2 = genSymbol(S2 , matrix (indexed by τ) of integer(1..n))

This rule refines a subset constraint on bounded multisets by
refining both the left and right hand side multisets to the variable

explicit representation, and using a common vector in both repre-
sentations.

SubsetBoundedMset2 ρ(S1:mset(maxsize n) of τ ⊆ S2:mset(maxsize m) of τ)
ref
→

{ φ

such that χ1 ∧ χ2

represent S1 by varexpmset(〈S′,Switch1〉)
represent S2 by varexpmset(〈S′,Switch2〉)
symmetry indexsym(〈S′

1, Switch1〉.1)
symmetry indexsym(〈S′

1, Switch1〉.1)
|
φ ∈ ρ(∀i:τ.Switch1[i]→ Switch2[i])
χ1 ∈ ρ(

P

Switch1 ≤ n)
χ2 ∈ ρ(

P

Switch2 ≤ m)
}

S′ = genSymbol(〈S1 , S2〉, matrix (indexed by integer(1..m)) of τ)
Switch1 = genSymbol(S1 , matrix (indexed by integer(1..m)) of bool)
Switch2 = genSymbol(S2 , matrix (indexed by integer(1..m)) of bool)

Equations for the other two types of multiset follow similarily.



5.3 (Multi)set Equality

EqualityBoundedSet1 ρ(S1:set (maxsize n) of τ = S2:set (maxsize m) of τ)
ref
→

{ φ

such that χ1 ∧ χ2

represent S1 by occset(S′

1)
represent S2 by occset(S′

2)
|
φ ∈ ρ(∀i:τ.S′

1[i] = S′

2[i])
χ1 ∈ ρ(

P

S′

1 ≤ n)
χ2 ∈ ρ(

P

S′

2 ≤ m)
}

S′

1 = genSymbol(S1 , matrix (indexed by τ) of bool)
S′

2 = genSymbol(S2 , matrix (indexed by τ) of bool)

This equation refines the constraint X = Y between two bounded
sized sets where both X and Y are transformed into the occurrence
representation. Similar equations exist for other types of sets and
multisets.
EqualityBoundedSet2 ρ(S1:set (maxsize n) of τ = S2:set (maxsize m) of τ)

ref
→

{ φ1 ∧ φ2

|
φ1 ∈ ρ(S1 ⊆ S2)
φ2 ∈ ρ(S2 ⊆ S1)
}

While there is a more efficient method of implementing equality
between two occurrence representations, given in EqualityBound-

edSet1, for all other representations the most efficient method of
implementing X = Y is the same as implementing X ⊆ Y ∧Y ⊆ X.

5.4 (Multi)set Inequality

This rule refines the inequality constraint between two bounded sized
sets by refining them both to the occurance representation.
SubsetBoundedSet1 ρ(S1:set (maxsize n) of τ ⊆ S2:set (maxsize m) of τ)

ref
→

{ φ

such that χ1 ∧ χ2

represent S1 by occset(S′

1)
represent S2 by occset(S′

2)
|
φ ∈ ρ(∃i:τ.S′

1[i] 6= S′

2[i])
χ1 ∈ ρ(

P

S′

1 ≤ n)
χ2 ∈ ρ(

P

S′

2 ≤ m)
}

S′

1 = genSymbol(S1 , matrix (indexed by τ) of bool)
S′

2 = genSymbol(S2 , matrix (indexed by τ) of bool)

This rule refines the inequality constraint between two bounded
sized sets by refining two subset constraints.
InequalityBoundedSet2 ρ(S1:set (maxsize n) of τ = S2:set (maxsize m) of τ)

ref
→

{ φ1 ∨ φ2

|
φ1 ∈ ρ(¬(S1 ⊆ S2))
φ2 ∈ ρ(¬(S2 ⊆ S1))
}



As in EqualityBoundedSet, apart from with the occurrence

representation, the most efficient method to implement X 6= Y on
sets and multisets is ¬(X ⊆ Y )∨¬(Y ⊆ X). Therefore for all types of
sets and multisets a rule like InequalityBoundedSet2 is present.

6 Ternary Constraints on (Multi)sets

6.1 (Multi)set Union

This equation refines the constraint A ∪ B = C for A,B and C

bounded sized sets by refining all the sets into the occurance repre-
sentation.
UnionBoundedSet1 ρ(S1:set (maxsize n1) of τ ∪ S2:set (maxsize n2) of τ = S3:set (maxsize n3) of τ)

ref
→

{ φ

such that χ1, χ2, χ3

represent S1 by occset(S′

1)
represent S2 by occset(S′

2)
represent S3 by occset(S′

3)
|
φ ∈ ρ(∀i:τ.S′

1[i] ∨ S′

2[i] = S′

3[i])
χ1 ∈ ρ(

P

S′

1 ≤ n1)
χ2 ∈ ρ(

P

S′

2 ≤ n2)
χ3 ∈ ρ(

P

S′

3 ≤ n3)
}

τ is indexable

i = genSymbol(quantified, τ)
S′

1 = genSymbol(S1 , matrix (indexed by τ) of bool)
S′

2 = genSymbol(S2 , matrix (indexed by τ) of bool)
S′

3 = genSymbol(S3 , matrix (indexed by τ) of bool)

This equation contains 8 rules, one for each possible way of re-
fining A,B and C to either the occurance or variable explicit repre-
sentation. These are defined for each of the 27 ways A, B and C can
either fixed, bounded or unsized sets, leading to 216 rules.

For multisets, only refining A, B and C to the occurance repre-
sentation is considered, leading to 27 equations with a single rule.

6.2 (Multi)set Intersection

This rule refines the constraint A ∩ B = C for A,B and C bounded
sized sets by refining A, B and C to the occurance representation.
IntersectionBoundedSet1 ρ(S1:set (maxsize n1) of τ ∩ S2:set (maxsize n2) of τ = S3:set (maxsize n3) of τ)

ref
→

{ φ

such that χ1, χ2, χ3

represent S1 by occset(S′

1)
represent S2 by occset(S′

2)
represent S3 by occset(S′

3)
|
φ ∈ ρ(∀i:τ.S′

1[i] ∧ S′

2[i] = S′

3[i])
χ1 ∈ ρ(

P

S′

1 ≤ n1)
χ2 ∈ ρ(

P

S′

2 ≤ n2)
χ3 ∈ ρ(

P

S′

3 ≤ n3)
}

τ is indexable

i = genSymbol(quantified, τ)
S′

1 = genSymbol(S1 , matrix (indexed by τ) of bool)
S′

2 = genSymbol(S2 , matrix (indexed by τ) of bool)
S′

3 = genSymbol(S3 , matrix (indexed by τ) of bool)



As with the union constraints in 6.1, there are 27 equations each
with 8 rules for intersection of sets and 27 equations each with a
single rule for the intersection of multisets.

7 Quantified Constraints

These are the rules which deal with quantified expressions. In Essence′

all quantified expressions are unrolled into a conjunction, disjunction
or sum before they are given to the solver. Therefore these rules must
be sure to produce constraints which can be correctly unrolled by
introducing multiple copies of refined variables or constraints where
necessary.

7.1 Quantifying atomic types

This rule refines a sum expression of an indexable type. The main
operation this rule must perform is ensuring that correct variables
and annotations are generated for each value in the domain of τ .
IndexableSum ρ(

P

i:τ α:integer(lb..ub))
ref
→

{ sum(i in τ) α′

such that ∀i:τ. Γ

|
α′ with local model Γ ∈ ρ(α)
}

τ is indexable

α′:integer(lb..ub)

This rule refines a “for all” quantification for an indexable type.
IndexableForall ρ(∀i:τ φ:bool)

ref
→

{ forall(i in τ) φ′

such that ∀i:τ. Γ

|
φ′ with local model Γ ∈ ρ(φ)
}

τ is indexable

φ′:bool

This rule refines a “there exists” quantification for an indexable
type.
IndexableExists1 ρ(∃i:τ φ:bool)

ref
→

{ exists(i in τ) φ′

such that ∀i:τ. Γ

|
φ′ with local model Γ ∈ ρ(φ)
}

τ is indexable

φ′:bool

This rule is different to the other rules involving quantification,
and actually removes a quantified expression, transforming ∃i ∈
τ. φ(i) into φ(x) for a new CSP variable x. Usually GenSym takes an
existing variable to see what if any indices must be attached to a new
variable. The indices on this new CSP variable are not created from



a previous variable, but instead it gains an index for the quantifying
variable of each quantification this expression is contained in. This
is already handled by Conjure, but only used within this equation
and other which perform a similar operation.
IndexableExists2 ρ(∃i:τ φ:bool)

ref
→

{ φ′

|
φ′ ∈ ρ(φ[i 7→ x])
}

τ is indexable

x = genSymbol(OpenQuantified, τ)
φ′:bool

7.2 Quantified Constraints over non-Atomic Types

These equations deal with quantifying over types which cannot be
quantified over in Essence′. Note that these rules do not perform
the bookwork required to correctly refine a quantified expression into
a set of constraints like those in 7.1, but instead refine the quantified
expression into one which quantifies over an Indexable type, which
is then refined by the equations in 7.1. Also note that depending upon
how the quantified variable is refined, the resulting constraint and
quantification can be very different.

This rule refines a quantificated sum expression over a fixed sized
set by refining the set to the variable explicit representation.
BoundedSetSum1 ρ(

X

i:τ∈S:set (maxsize n) of τ

α:integer(D))
ref
→

{ β

represent S by varexpset(〈S′,Switch〉)
symmetry indexsym(〈S′,Switch〉, 1)
|

β ∈ ρ(
X

j:integer(1..n)

(Switch[i]× α[i 7→ S′[j]]))

φ ∈ ρ(∀i ∈ integer(1..n). ∀j ∈ integer(1..n).
(i 6= j ∧ Switch[i] ∧ Switch[j])→ S′[i] 6= S′[j])

}

S′ = genSymbol(S, matrix (indexed by integer(1..n)) of τ)
Switch = genSymbol(S, matrix (indexed by integer(1..n)) of bool)
β:integer(D × n)
φ:bool

This rule refines a quantificated sum expression over a fixed sized
set by refining the set to the occurance representation.
BoundedSetSum2 ρ(

X

i:τ∈S:set (maxsize n) of τ

α:integer(D))
ref
→

{ β

represent S by occset(S′)
|

β ∈ ρ(
X

i:τ

(S′[i]× α))

φ ∈ ρ(
P

S′ ≤ n)
}

τ is indexable

S′ = genSymbol(S, matrix (indexed by τ) of bool)
β:integer(|τ | ×D)



The rules for the other 2 types of sets and all 3 types of multiset
follow similarly. Furthermore, the rules for quantifying over ∀ and
∃ also follow similarily, leading to a total of 36 rules for quantified
expression.

One exception to this pattern is following rule, which refines
quantification of ∃ by introducing an extra variable. Rules of this
rule follow similarily for the other 2 types of sets and 3 types of
multisets.
BoundedSetExists2 ρ(∃i:τ∈S:set (maxsize n) of τ φ:bool)

ref
→

{ φ′

such that α

represent S by occset(S′)
|
α ∈ ρ(x ∈ S)
φ′ ∈ ρ(φ[i 7→ x])
}

S′ = genSymbol(S, matrix (indexed by τ) of bool)
x = genSymbol(OpenQuantified, τ)
φ′:bool
α′:bool
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